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Abstract

The purpose of this paper is to show the measurement theoretical
approach to a problem of analyzing scores of tests for students. The
obtained score is assumed to be the sum of a true value and a
measurement error caused by the test, in which a student’s score is subject
to a systematic error (= noise) depending on his/her health or
psychological condition at the test. In such cases, statistical measurements
are convenient since these two errors in measurement theory can be
characterized in the different mathematical structures, respectively. As a
result, we show that “reliability coefficient” = “correlation coefficient” in
the clearer formulation.
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1. Introduction

Recently, in [5-15], we propose measurement theory, which is motivated by
dynamical system theory and quantum mechanics, and is constructed in terms of
operator algebras (cf. [17]) such as

“measurment theory (= MT)” = [measurement | + [causality].
(Linguisticrule1)  (Linguistic rule 2)

And we have the following classification:

MT” = {quantum measurement theory (= quantum mechanics [19])

classical measurement theory,

where the algebra is either non-commutative or commutative. Measurement theory
is neither mathematics nor physics but quantitative language. As seen in [9],
measurement theory is quite applicable, that is, it covers dynamical system theory,
Fisher’s statistics, Bayesian statistics, control theory, information theory, quantum
theory, etc. Therefore, we believe that measurement theory gives the framework to
the language of ordinary science.

We note that the world-understanding (or precisely, the world-description) is
composed of two methods, i.e., the linguistic method (i.e., quantitative language,
idealism) and the mechanical method (i.e., physics, materialism), whose ultimate
theory is respectively MT (i.e., measurement theory) and TOE (i.e., the theory of
everything). Throughout the history of quantitative language, we have few
quantitative keywords: “velocity” (cf. [11]), “causality”, “probability” (cf. [16]) and
“measurement”. Note that dynamical system theory (= statistics, cf. [13]) [resp.
measurement] is regarded as the quantitative language that is composed of
“causality” and “probability” [resp. “causality” and “measurement]. That is, in the
history of quantitative language, we have the evolutions, decided by Occam’s razor,

such as “velocity — causality” and “probability — measurement”.

The purpose of this paper is to treat a problem of analyzing scores of tests for
students in measurement theory. The obtained score is assumed to be the sum of a
true value and a measurement error caused by the test, in which a student’s score is
subject to a systematic error depending on his/her health or psychological condition
at the test. It is important to see that systematic and measurement errors can be
respectively represented by the different mathematical structures in measurement
theory. Therefore, we can avoid confusing the two errors in the measurement theory.
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Thus, our main result (i.e., Theorem 4: “reliability coefficient” = “correlation
coefficient”) becomes clearer than the conventional one.

2. Measurement Theory

Focusing on classical measurements, we shall review the measurement theory
introduced in [9].

2.1. Mathematical preparations

Throughout this paper, the symbol Q denotes a locally compact Hausdorff space
with the Borel field B. The space C(Q) denotes the Banach-algebra:

C(Q)={f :Q — R|f is continuous and bounded on Q},

endowed with canonical structures. The functions 0 and 1 denote the zero function
and the constant 1 function, respectively.

Define M(Q) by {p: Bo — R|p is a finite signed measure on Q}. We shall
introduce two subclasses of M(Q): the mixed state class M™(Q) and the pure state

class MP(Q) defined by
M™(Q) = {p € M(Q)|p(A) > 0, for A € B and p(Q) = 1},
MP(Q) = {5, e M(Q)|o € Q},

where 8, : By — {0, 1} is a point measure at ® € Q, i.e.,

1, forme A

50(A) = { (A e By).
0, formeg A

The space MP(Q) with the weak™ topology can be identified with the Q; M P(Q)
is called a state space under the identification.

Following Davies [2], we shall introduce a concept of observables. In all

descriptions of this paper, the symbol X denotes a set, and Fy is the o-subfield of
the power set P(X) = {E|= < X}.

We call a triplet (X, Fyx, F) an observable in C(Q) if F : Fx — C(Q) satisfies
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N O0<SFE)<1 for ZeFy, F(@)=0 and F(X) =1,

(i) for any countable decomposition {Z;, Z,, 23, ...} of & (&, E € Fy

(k =1,2,3,..)), it holds that
N
F(E)(0) = Nngw; FED©) (o).

Remark 1. Note that any locally compact Hausdorff topological space has the
Stone-Cech compactification. Furthermore, if Q is compact, then the above
c-additivity (ii) can be interpreted in the sense of the norm topology (see Pettis’s
complete additivity theorem in [3]). As mentioned in [9], measurement theory has

two formulations, i.e., C*-algebraic formulation and W " -algebraic formulation. In

this paper, we devote ourselves to the C*-algebraic formulation. In W * -algebraic
formulation, the state space Q is not only assumed to be a locally compact Hausdorff

space but also a o-finite measure space (Q, Bn, v) such that v(D) > 0 for any

open set D(c Q).

2.2. Linguistic rule in measurements

The linguistic rule to be presented below is analogous to a classical version of
Born’s probabilistic interpretation of quantum mechanics (see [2, 19]).

With any system S, an algebra C(Q) can be associated in which a measurement
theory of that system can be formulated. A state of the system S is represented by a
pure state 5, € MP(Q) and an observable is represented by an observable O =
(X, Fx, F) in C(Q). Moreover, the measurement of an observable O for the

system S with a state 3, is denoted by Mc(q)(O, S[Bwo]) (or in short,
Mc(Q)(O, S[wy]))> so that we obtain a measured value in X by the measurement
Mc()(O; Sfs,,, 1)-

Linguistic rule 1 (Measurements). Let O = (X, Fx, F) be an observable
in C(Q) and Mc()(O, S[Smo]) be a measurement of the observable O for the

system with a state 60)0. Then the probability that a measured value in X by

Mc(q)(O, S[Smo]) belongs to a set = € Fy is given by F(Z)(wy).
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2.3. Linguistic rule in statistical measurements

In our setting, we assert that most of the measurement problems is to infer an
unknown state 3, € MP(Q). In order to know a state 5, we take a measurement

MC(Q)(O, S[Sm])~ When we want to emphasize that we have no information about
8> the measurement Mc(q)(O, S[5_ ) is often denoted by Mc(q)(O, Sp))-
The measurement Mc(q)(O, Sj) for a statistical state p(e M™(Q)) is

denoted by Mc(q)(O, S(p)) (or in short, Mc(q)(O, S(p))), called a statistical

measurement. This means that the probability that a measured value by
Mc(q)(O, S(p)) belongs to = e Fy is given by

b F@) = [ FElopo) |

Summing up the above arguments, we have the following Linguistic rule.

Linguistic rule 1' (Statistical measurements). Let O = (X, Fx, F) be an
observable in C(Q). Let Mc(q)(O, S(p)) be a statistical measurement of the

observable O for the system with a statistical state p. Then the probability that a
measured value in X by Mc(q)(O, S(p)) belongs to a set E e JFy is given by

{p, F(2))-
2.4. Linguistic rule (causality)

Let Qy (k=1,2) be a locally compact Hausdorff space. The function
1, € C(Qy) denotes the constant 1 function in Q (k =1, 2). A continuous linear

operator @, : C(Q,) — C(Q) is called a Markov operator, if it satisfies
(i) @1 ,f, >0 for f, € C(Q,) satisfying f, >0,
(i) @y 51, =1,

(iii) there exists a bounded linear operator ®7 5 : M(Q;) > M(Q,) which

satisfies

[ @0@po) = [ 1)@} p)(@o) for T e (@)
o} Q,
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Note that the condition (iii) is not needed if Q is compact. If @, : C(Q,)
— C(Q) is a Markov operator, note that the (X, Fy, ®; ,F) is an observable in
C(Q,) for any observable (X, Iy, F) in C(Q,), where (@) ,F)(E) = @, ,(F(2)),
for 2 € Jy.

Now, we can propose Linguistic rule 2 as follows:

Linguistic rule 2 (Causality). The causal relation between systems is
represented by a Markov operator @), : C(Q;) — C(Q;). Moreover, the

observable O, in C(Q;) can be identified with the observable ®; ,0, in C(€),

that is,

. [ .
(Dl 202 m C(Ql) (—1’2—— 02 m C(Qz)
’ identification

Remark 2. (i) In the above case, T = {1, 2} is quite simple. However, in the

W *-algebraic formulation (cf. [9]), it is usual to consider that T is an infinite

complete tree, that is, any subset A(c T) that is bounded under below has an inf A.

(i) Measurement theory is based on dualism, and therefore, “observer” and
“observed object” must be always separated. This fact is sometimes confused. For
example, the famous statement: “I think, therefore I exist” is not the statement in
measurement theory since it includes the confusion. In fact, this statement has never
been effectively used before in science.

2.5. Simultaneous measurement and parallel measurement

For each k =1,2,..,n, we consider an observable Oy := (X, %, F) in
C(Q). Let (XR_; Xy, Xk_1) be the product measurable space of (X, Fx )'s. An
observable O = (XR_; X, Xp_1%, F) in C(Q) is called the product observable of

{Of : k =1,2,..,n} and denoted by X_,Oy if it satisfies
[F(E) x By x+xEp)](0) = [F(ED](0) - [F2(E2)](@) - [Fy (En)] (@),
forall e Q, E¢ € F, k =1, 2, ..., n. The measurement MC(Q)(XEZIOk, S,

is called the simultaneous measurement of {Oy }i/_,.
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For each k =1,2,..,n, we consider an observable Oy := (X, %, F) in
C(Qy ). An observable O = (XP_; Xy, XR_;Fx, F) in C(XR_, Q) is called the

parallel observable of {Oy : k =1, 2, ..., n} and denoted by ®}_; Oy if it satisfies
[F(E) x By x-xEp)](01, 2, ... on) = [F(E)] (@) [F2(E2)](@2) -+ [Fn(En)] (wn),

for all (@), @y, ..., ®y) € XR | Ex € T, k=1,2, ..., n.

.....

i Mc)(Oks S[w,])» is called the parallel  measurement — of

{Mc(q, )(Ok, S[mk])}rk]=1' Moreover, the statistical measurement MC(XLle)
(®k_; Ok, S(®R_; pk)), denoted by ®p_; Mc(q,)(Ok, S(px)), is called the

parallel measurement of {Mcq, )(Ok. S(pk M-

Example 1 (Bell’s inequality) Let a = (aj, ay) € R* such that |a] =

Via|* +|a; > =1, and let b= (b, b,)eR? such that |b]=1. Put X =

{-1, 1}. Further, for any a, b such that |a| =|b| =1, define the probability space

2
(x2,2%7, va) such that
Pap = sz X1 - X [Vap (dxdx; )] (g ) = ayby + ayby

and, for any X € X,

Vo (X< X) = v (X x X), v (X)) = v (Xx {x]),
Voot (XX X) = v (X5 x X), v 2 (X {X)) = v a2 (X x {X5).

It is well known that the above vy, exists (see [18]). Let oy € Q. Further, define

~ 2
the observable Oy = (X2,2X , Fap) in C(Q) such that vgay({X}x{y}) =
[Fan((x} < {y})](@0) (¥x, y € X). Now, putting a' = (af. a3), a* = (a7, a3),

b' = (bf, b)) and b? = (b2, b?), consider the following four measurements:
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MC(Q)(Oalbla S[wo])a Mc(Q)(Oalbz, S[wo])’

Mc(@)(0, 2,15 Siwg]):  Mc(@)(0,2,2+ Sfap))-

That is, consider the parallel measurement

MC(QXQXQXQ)(L j@l,zoaibj > S[(wo,wo,wo,wo)]j'

If we put

al = (0. 1), blz(%,%), a2 = (1, 0), bzz(%,—%),

then we easily calculate that
| Pt — P2 | +] Py + P2 | = 242. (1)

We may say that Bell’s inequality (cf. [1, 18]) is broken even in classical
measurements (as well as in quantum measurements), though (1) is not Bell’s
inequality.

3. Psychological Tests

In this section, we take a problem of tests of measuring intelligence, for example
mathematical intelligence, of students. Through the measurement theory, we study
the reliability of tests.

3.1. Cases 1 and 2

We shall start with a simple problem; the measurement-theoretical

representation of tests for one student. Put X = R and Qi = R.

Case 1 (Tests for one student). Let ® = {0}, 0,, ..., 0,,} be a set of n students.
The set ® will be regarded as a state space. We identify ® with MP(®) by the
identification: © > 0j <> 8y, € M P(®). The mathematical intelligence of a student

is generally depending on his/her health or psychological conditions at the test.

Therefore, in our measurement theory, the intelligence of 0; is assumed to be

represented by a statistical state CD*Sei eM"(Qr)(i=12,..,n), where ®":
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M™(©) > M™(Qp) is the dual Markov operator of @ : C(Qp) — C(®). Let

O = (Xg, Fxg s F) be an observable in C(Qp). As seen in the previous section,
a test for a student O; can be represented by a statistical measurement
Mc(ag)(©; S(CD*SGi )). Linguistic rule 1" asserts that the probability that the
score of 0; by Mc(qp)(O, S(CI)*Sei )) belongs to a set = e Jy, is given by

(@%3,, F(2)).

For each i=1,2,..,n, we consider a measurement Mc(qp)(O, S(<D*69i )
defined in the above problem. We define the variance Gi2 of statistical state d)*éei

by

of = | (0-w) (@) (0. @
Qg
where ; is the expectation of d)*Sei, that is,

b= [ o(@8,)(do) ()
Qr

The positive constant ;j is regarded as a kind of systematic errors (see [3]).

We will next consider tests for a group of n students.
Case 2 (Tests for n students). Let an observable O = (Xg, Jx, F) and a
measurement Mc(q)(O, S(CD*SGi ) (i=1,2,..,n) be as in Case 1. Here, we

consider a parallel measurement M )((5, S(p)), where O =®,0 and

c(Qp
p= ®in:1CD*69i. The parallel measurement ®;, Mc(ag) (O, S(CI)*SOi )) denoted
in the above is called a group test. Linguistic rule 1' in Subsection 2.3 asserts
that the probability that the score in Xp obtained by a group test

L, Mc(ag)(O, S(<I)*69i )) belongs to a set X[ |Z; E?Xﬂng is given by

Xinzl(d)*ﬁei , F(E) = B(X[_,Z;). Here, note that (X, Iy P) is a probability

no»
R

space.
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Let W;: Xgp - R be a statistics, i.e., a measurable function on the

n-dimensional space Xp. Then the expectation of

e N W, |,
®|n 1MC QR)(Oa S(® 69i ))[ 1]

W, concerning I51, is defined by

8®P:1MC(QR)(05 S(@°3y, ))[Wl] = IXR “J‘XRWI(XI’ X2, wees X ) P(AX(0X5 -+ dXp ).

Definition 1 (Expectation and variance). Let ®_, Mc(ag)(©O, S((D*Sei )) be
a group test. By ®, Mc(ag)(O; S(<D*69i )), we will obtain a measured
value (X[, X5, ..., Xy) € Xp as in Case 1. We define the expectation
AV[®[L; Mc(qg)(O, S(®75¢.))] of %(Xl + Xy +-+X,) and the variance
Var[®L M¢(qp)(0, S(©8, )] of (X1, Xa, ..., X,) as follows:
n

1
AMOILt Mg (O S(00, )1= 1 2851 g0, st07s0 )]

_ %.Z:‘ I o ( J’ XRXF(dx)(m))(CD*SGi )(do),

Var[®L; M¢(qg)(0, (@8, ))]

n
1
=;;e®l Mot (0, st@sg I ~ AVI®M Mciag (O, S(@789, )]

AN n . .
2o, [, 0 B Mo 0, 30780 DRG0 005 o

Let p; be an expectation of <D*69i, ie., yj = IQ m(d)*Sei)(d(o). Here, we
R

define @ by the mean of true values defined by

B= %; Hi = %,Z:; .[QR (@3¢, ) (doo). @
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3.2. Reliability coefficients

Definition 2 (Unbiased observable). We call O = (Xg, Fx,, F) an unbiased

observable in C(Qp), if F satisfies the following condition:
I XF(d) (@) =0 (Vo e Qp). )
XR

Here, we have the following theorem.
Theorem 1. Let O = (Xg, Fx,, F) be an unbiased observable in C(Qp). Let
®iL1 Mc(qp)(O, S(®"34,)) be a group test. Then, we see the following conditions

H! and H?.
H: %.Z:‘ j o ( j e m)F(dx)(m)J(CI)*Sei )(do) = 0,
it ([, om0 0F@0e) 000 -
i=1 "R R

_ 1
where i = ;ZL] i (see (4)).

Proof. Since O:(XR,S'“XR, F) is an unbiased observable, we see

IX (X — ®) F(dx) (@) = 0, which results in H} and H7. O
R

From the condition HL we see

MEL Mo 0. 505 =4 Y[ ([ sF@0e (@, 0o
i=1 "R R

_ %Z I o (@5, ) (do)
i=1

=1 (6)

and we see the variance A2E of students’ intelligence
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1 n
2 N2
== ® - D 5. ) (do). 7
g, T, ) )
For o € Q, we define the Azm by
y=[ (-l FE). ®
R

where Azm is a kind of measurement errors (see [3]). Put

N :=—Z J o, 4059 o)

2 [ (1, o o o ®
i=] " RATAR

From what we have seen, we can get the following theorem.

Theorem 2 (Variance of measured values). Let ®]_; Mc(ap)(O, S(CD*Sei )) be

a group test, where O = (Xg, Jx, F) is an observable in C(Qg). Under the

assumption Hi and H12 in Theorem 1, it holds that
Var[®L; Mc(ag)(O, S(@78g,))] = AL + AGr. (10)
Proof. The variance Var[®]_, Mc(ag)(O; S(<1)*89i ))] is calculated as follows:

Var[®L; Mc(qg)(O, S(©*3, )]

0 | R RO

=2 2] (-5 (o)
i=l R
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2% B )
= ; JQR UXR (0 =) (X - ) F(dx)(o))] (@735, ) (do).

On the condition H12 , the third term is equal to 0. Thus, we get equality (10). ([

Now, we can define the reliability coefficient as follows.

Definition 3 (Reliability coefficients). Let ®[, Mc(ag) (O, S(CD*SQi )) be a
group test, where O = (Xp, Fx,, F) is an observable in C(Qg). Under the
assumption that the pair ({CD*Sei I, O) satisfies conditions Hl and H?,
the reliability coefficient RC[®[L; Mc(q,)(O, S(®73q,))] of a group test

®iL1 Mc(qp)(O, S(®73,)) is defined by

A2
RC[®L; M (qg)(0, S(@*3¢, )] = E ——. (1D
= o) Var[®]; Mc(ag)(O. S(@73, )

From Theorem 2, we see the reliability coefficient RC[®], Mc(ap)

(o, S(d)*Sei ))] ranges from 0 to 1.

3.3. Correlation coefficients

Concerning Definition 3, we must note that we cannot directly get the variance
AZE of mathematical intelligence of n students from the measured data in X. Thus,

we shall focus on the problem how to estimate the reliability coefficient. Here, we
recall one typical method, say the split-half method.

Split-half method. Divide the test into equivalent halves and measure the
internal consistency of a test, that is, calculate the correlation coefficient between
these two sets. With psychological tests, a usual procedure is to obtain scores on the
odd and even items.

Under the discussions of Case 2, we shall introduce a characterization of split-
half method through our measurement theory. We adopt the same notation as used
before. Let © = {0, 05, .., 0}, Xg =Qpr =R and ®" : M(®) - M(Qg) be

as in Case 2.
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Definition 4 (Group simultaneous tests). Let O; = (X, Ixg» Fi) and Oy =
(X, Ixp» F2) be observables in C(Qg) and O; x O be the product observable
of O; and O,. Then the parallel simultaneous measurement

®iL; Mc(qp)(0) x Oy, S(078y,)),

is called a group simultaneous test of O; and O,.

Linguistic rule 1" asserts that the probability that a score in Xﬁn obtained by
a group simultaneous test ®|_; Mc(ag)(O1 x O, S(<I)*69i )) belongs to a set

X1, ED x2) e F s given by
XR
Xoje0(®30;. (Fi x Fy) @ x2)) = Py(xiL ) < =),
Here note that (X 3", Fyon, P, ) is a probability space.
R

.y 2n ‘g
Let W, : Xi' — R be a statistics. Then 8®P=1MC(QR)(OIXOZ’ S(@75,, ))[Wz],

the expectation of W, concerning |:32’ is defined by
e * W
®L Mc(ap)(01x0,, S(0"3y; ))[ 2]

= | wWa (Y, X2, xD, xP) By (axMax?) ... dxPex(?).
Xg"

In the same manner as Definition 1, we use the following notations.

Definition 5 (Expectation, variance and covariance). Let ®. Mc(ap)
(0O x0,, S((D*Sei )) be a group simultaneous test as in Definition 4. By the
®iL1 Mc(qg)(O; x Oy, S(@"8p, ), we will obtain a measured value (xl(l), Xl(z),

s X,(11), Xs,z)) € Xﬁn, and introduce the following notation:

AVM[BL) Mc(gy)(0) x Oy, S(©*5¢,))]

n
= LN _
B 8®P:1MC(QR)(01XOL S(®"3; ))[n ZX' ] b2



PSYCHOLOGICAL TESTS IN MEASUREMENT THEORY 95
Var®[@[L; M, (O x 0,5, S(®*3, )]
= 8 *
®L, Mc(qp)(01x0,, S("3¢,))
1 : Kk
x| = () = AV Mg ) (04 x 05, (@86 | (k =1, 2),

j=1

Cov[®iL; Mc(qg)(O) x Oy, S(®"8,))]

=E «
®L Mc(qp )(01x02, S(@*3¢; )

n
x [%Z (xI) — AV[BIL, Mc(a)(O)1 x 05, S(®73,)))
=

(Xi(z) - AV(Z)[®i”=1 Mc(ag)(01 x O, S((D*Sei D |

We see
AVI[®IL) Mc(ap)(O) x O, S(@*5y, ))] = AV[®I; Mc(gy)(Ok. S(@°5,))]

and
(K * n D"5p;
Var [®i:1 MC(QR)(OI X 02, S(CD 69i ))] = Var[@i:1 Mok ] (k = l, 2)

Here, recall that AvV[®], Mc(ag) Ok S(<I>*8ei D=1 (k=12), under the
assumption H% in Theorem 1. That is, we see

Var®[@fL) Mc(q,)(0; x O, S(®75, )]

n
- 1 (k) _ )2
B €®P:1MC(QR)(OIX02: S(®" 3, ))[n ;(Xl ) ]’

Cov[®L; Mc(qg)(O1 x O3, S(@*3g, )]

n
- 1 M _3y(x? _g
= 8®P=1MC(QR)(OIX02’ S(@50 ))[n iZz;(x. ) (% u)].
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In the similar way in Subsection 3.2, we assume that the pair ({<D*69i i, Ok)
(k =1, 2) satisfies conditions H} and H?.

As in (9), we define

n 1/2
AK) — {%; I o UXR (X - )2 Fk(dx)(m)j(CD*Sei )(dm)] (k =1, 2).

As we have seen in (10), we get
Varl)[®[L; M )(0) x 05, S(®785)] = AL + (A&} )*  (k=1,2). (12)

Definition 6 (Equivalence condition of unbiased observables). Two unbiased
observables O; = (Xg, Fx, Fy) and Oy = (Xg, Fx,,, F») in C(QR) are called

to be equivalent if

A) = A2 (Vo e Qp), (13)

where AK) — ( Jy, (- 0PFR (o|x)(@)j1/2 k=1 2)

Equivalence condition of unbiased observables induces an equivalency of group
averages of error variances.

Theorem 3. Let ®L; M¢(q,)(O; x Oy, S(®*3y,)) be a group simultaneous

test as in Definition 4. Suppose two unbiased observables O; = (Xg, Fx,,, F;) and
O, = (Xg, Jxy, F2) are equivalent. Then we see A%)T = A(é%

Proof. From definition (9) of group average of error variances, we see

n 1/2
1 *
Al = [i};jg (A (@7, )(dco)J = 8Gf (k=1,2)
That is,
Var[®[L; Mc(ag)(0) x 05, S(@84, )]
= Var[®L; Mc(ag)(01 x 05, S(@78, )]

Then we see A(é)-r = A(Gz-)r O
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Under these assumptions, we shall calculate the correlation coefficient of the
measured values by ®[L; M¢(q,)(O; x O, S(®78g, ).

Theorem 4 (Correlation coefficients). Let ®{_; Mc(qp)(Oy x O,, S(®*8g,))
be a group simultaneous test in Definition 4 and assume that ({CD*ESei M, Ok)

(k =1, 2) satisfies conditions H}, H? and H,. Then it holds that
RC[®L Mc(qg)(Ok, S(78,))]

Cov[®[L; M¢(qg)(O; x Oy, S(®73¢,))]

~ Val®l, Me(a,) (01, S@°55 )] - {Va@], Mc(gy (O, S(@°5 )]

k=12), (14
where

RC[®(L; M¢(qg)(Ok, S(O78g, )]
= A /VarM[®IL) Mc(qg)(01 x Oy, S(@8g)] (k = 1, 2).
Proof. Using x; — v = (0 — ) + (X; — ®), we see

Cov[®L; Mc(qp)(O1 x O3, S(*3, )]
N M) _ (2
N — _
- ﬁz €®in:1 Mc(ap )(01x02, (03, ))[(Xi AR

IQ (IX Ix (Xa(”—m(xi@)—m(a(dxi(”»Fz<dx§2>>)(w>j(q>*aei)(dm)
R R R

_1
_n'
i=1

1N (@~ )X ("3, ) (do)
n Q
i=1 "R

+%ZIQU X J o, (=@ - 0)(F (@x)- Fy 0 W‘”j (©73¢; )(do)

+%Zf o U W o) (@-DF (dx“))(w))(cb*aei ) (do)

(
XR
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R B )
o .Z:; JQR UXR (0-1)(x? - 0)F, (dx(2))(@)j (©"5¢, ) (do).

The second term is equal to 0 by H,, and the third and the fourth terms are also 0
by H?. Thus, we see Cov[®, Mc(ag)(O1 x O, S(®73, )] = A%, which

completes the proof. O

4, Conclusions

In this paper, we proposed a measurement-theoretical understanding of
psychological tests and a split-half method and found the following

correspondences:

Usual test <> Group test,
®_ Mc(ap (O, S(®"3g,))

Split-half method <>  Group simultaneous test.
®LMc(ap )(01%02, S(*3¢, ))

In Theorem 4 (in Subsection 3.3), we clarified the well-known theorem: “reliability
coefficient” = “correlation coefficient” in terms of measurement theory.

We have to take good care of the concept of “errors” when we treat
psychological tests. Though we generally classify these errors as either random or
systematic, we may have some difficulties to make a strict distinction of two
differences in conventional statistical approaches. By contrast, our approach
characterizes tests as an observable, the ability of students as a statistical state and
the score of tests as a measured value. Also, the measurement errors and the
systematic ones are, respectively, characterized in (8) and in (2). Therefore, we can
avoid confusing the two errors in the measurement theory. It is reasonable to
consider that the psychological test is a kind of measurement. Thus, we assert that
the measurement-theoretical approach has some advantage of formulating the
methods of psychological tests.
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