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Abstract

By using the variable-coefficient extended generalized hyperbolic
function method, we present explicit solutions of a class of variable-
coefficient Korteweg-de Vries (vcKdV) equations. The main idea of this
method is to express solutions of these equations as polynomials in the
solution of the Riccati equation that the generalized hyperbolic functions
(GHFs) and generalized triangular functions (GTFs) satisfy.

1. Introduction

In recent decades, the study of nonlinear problems has been greatly intensified
in many areas of science and technology. The investigation of exact solutions to
nonlinear evolution equations (NLEES) plays an important role in the study of
nonlinear phenomena. In the past several decades, great progress has been made on
the construction of exact solutions of NLEEs and many significant methods have
been established such as inverse scattering method [21], Darboux transformation,
Cole-Hopf transformation, Hirota method [1], Backlund transformation [1, 6],
Painlevé method [1, 43], homogeneous balance method [16, 17, 19, 41, 42], tanh
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method [27, 34], the generalized hyperbolic function method [14, 20] and so on. Due
to the availability of computer systems like Maple or Mathematica which allow us
to perform some complicated and tedious algebraic calculations and differential
calculations on a computer, at the same time, help us to find new exact solutions of
NLEEs.

One of the most efficient methods for finding exact solutions of NLEEs is the
tanh method [27, 34]. Recently, Fan [14] has proposed an extended tanh-function
method. Fan et al. [15, 18], Yan [45] and Chen et al. [5, 29-32] further developed
this method for a class of NLEEs. More recently, Elwakil et al. [11-13] modified the
extended tanh-function method and obtained some new exact solutions. Gao and
Tian [20] have presented a generalized hyperbolic function method by introducing
coefficient functions. The finding of a new mathematical algorithm to construct
exact solutions of NLEEs is important and might have significant impact on future
research.

Recently, much attention has been paid to the vcKdV type models which are
often used to describe various physical phenomena in the nature and actual physics
and engineering [8, 10, 23, 25, 40]. The generalized vcKdV model with dissipative,
perturbed and external-force terms can be written as

U + kg (D)uuy + pp(t) Uy + pg(t)uy + pg(t)u = ps(t), 1)

where the wave amplitude u(x, t) is a function of the scaled ‘space’ x and scaled
‘time” t, the real functions pq(t), po(t), ns(t), pa(t) and ps(t) represent the

coefficients of the nonlinear, dispersive, dissipative, perturbed and external-force
terms, respectively. Many authors have studied equation (1) [8, 10, 23-25, 40].

The generalized veKdV [3, 4, 22, 26, 35, 38, 39],
U + 2B()u + [B(t) X + au(t)]uy — Sey(t)uuy + y(t)uyex = 0. )

The generalized variable coefficient modified Korteweg-de Vries (vemKdV)
equation reads as

U +B(u + [Bt)x — da(t)]uy + GY(t)Uzux —y(O)Uyux =0, 3)

which is of importance in mathematical physics field. The mKdV and cylindrical
mKdV equation, etc. are special cases of equation (3) [9, 37, 44, 46, 47].
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This paper is organized as follows: in the following section, we introduce the
variable coefficient extended generalized hyperbolic function (vcEGHF) method to
construct exact solutions for NLEEs. In Sections 3, 4 and 5, we apply this method to
the vcKdV (1), the generalized vcKdV (2) and the generalized vemKdV (3). Section
6 is a short summery discussion.

2. The Variable Coefficient Extended Generalized
Hyperbolic Function Method

The main idea of this method is to express the solutions of NLEEs as a
polynomials in the solution of the Riccati equation that the GHFs and GTFs satisfy.
Consider a given variable-coefficient nonlinear partial differential equation

H(u, ug, Uy, U, Up, Uy, ) = 0. (4)

Suppose that u(x, t) can be expressed by a finite power series of F(§),

u(x, 1) = D aOF EX D), &= Ex 1) = D)X+ g(b), (5)

i=0
where n is the highest degree of the series, which can be determined by balancing
the highest derivative term with the nonlinear term(s) in equation (4) and a;(t),
f(t) and g(t) are arbitrary functions of t to be determined. The function F(&)
satisfies the Riccati equation
d

F'(€)= A+ BF%(g), '= i (6)

where A and B are constants. Substituting (5) with (6) into (4), then the left-hand
side of equation (4) can be converted into a polynomial in F(§). Setting each
coefficient of the polynomial to zero yields system of PDEs for ag(t), a(t), ..., a,(t),
f(t) and g(t). Solving this system, then ay(t), a;(t), ...,a,(t), f(t) and g(t) can be

expressed by A and B. Substituting these results into (5), then a general formula
solution of equation (4) can be obtained. Choose properly A and B in ODE (6) such
that the corresponding solution F(&) is one of the GHF and GTF given below.

Some definitions and properties of the GHFs and GTFs are given in Appendix A.
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Case 1. If A=k and B = k, then (6) possesses a solution tan pq (&)-
Case 2. If A=k and B = —k, then (6) possesses a solution cot yq (§)-

Case 3. If A=k and B =-k, then (6) possesses solutions tanh (&),

coth pgk (&).

Case 4. If A:g, B:—%, p=1, (or pz%) and q:%, (or g =1),
) tanh o (€)

then (6) possesses a solution ~— P>/

©)p 1+ sech pg(€)

Case 5. If Azg, B:%, p=I, (or p :%) and q :%, (or g =1), then

. tan pgx (€)
pak

(6) possesses a solution tan pg (&) £ sec pgi (€), T 5eCpq (D)

(or g =1), then (6)

Case 6. If A=k, B=4k, p=l, (orp:%) and q:%,

tan pok (&)

possesses a solution 5 .
1+ tanfek(8)

Case 7. If A=k, B=-4k, p=1, (or pz%j and q:%,

(or g=1), then (6)

tanh pqx (€)

possesses a solution 5
1+ tanhyok (8)

, Where | is an arbitrary constant.

Now, we can apply the vcEGHF method to a class of vcKdV equations.
3. Exact Analytic Solutions of the vcKdV Equation (1)

Now, we can apply the vcEGHF method to the vcKdV equation (1), balancing
the highest derivative term uy,, with the nonlinear term uu,, gives n = 2. Therefore,

the solution of equation (1) can be expressed as

u(x, t) = ag(t) + ay(t) F (&) + ap(t) F2(&), (7)
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and we get
U = agr + aA(fx + g¢) + [2ap A(fix + g¢) + ag ] F(€)
+ [aB(fox + gp) + g ]F2(€) + 2aB( fx + 9 F3(9), ®)
Uy = aAf + 2a,AfF () + aBFF2(&) + 2a,BfF (&), 9)
uuy, = agq Af + (2agay + alz)AfF(g) + a1(apB + 3a,A) fF2(¢)
+[(2aga, + a?)B + 2a3A] fF3(&) + 3@, BIF 4(¢) + 2aZBfF(¢),  (10)
Ugey = 28A°BF > + 162, A2Bf 3F (&) + 83, AB? f 3F 2(£) + 402, AB% £ 3F3(¥)
+6ayB3f3F4(e) + 24a,B3 1 3F5(¢). (11)

By substituting (7)-(11) into the veKdV (1) yields a system of PDEs with respect to
F(&). Solving this system of equations for ay(t), a;(t), ..., a,(t), f(t) and g(t),
we find that

f(t) =c, g(t):j[—cm(t)ao(t)—8c3uz(t)AB—czus(t>B]dt+cO, ay(t) = 0,

3y(t) = [I us(t)e(I u4(t)dtjdt + clle(j Mt)dt), ay(t) = _%, (12)

with constraint condition
pae (D) pa (1) = por (D Ry () — (O p2(Dps(t) = 0, (13)

where ¢, ¢y, ¢; are constants of integration. Thus, we obtain the general formulae
of the solutions of the generalized vcKdV equation (1):

us= [I H5(t)e(I M(t)dt)dt + Cl]eU HA(t)dt) - M F2(cx + g(t)), (14)
py(t)

where g(t) is given in (12) and p; (i =1, 2, 5) satisfies the constraint condition
(13). By selecting the special values of the A, B and the corresponding function
F(&), we have the following solutions of the veKdV equation (1):

12¢%u,(t)k?

™o tan%qk (ex + g(t)), (15)

up = ag(t) -
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with g(t) = j [—cpy (t)ag(t) — 83y (t)k? — cPug(t)k]dt + ¢ and

2 2
Uy = ag(t) — 22 H2(OK” M*ﬁg)" cot2ge(cx + gi(t)),
12¢%u,(k%
uz = ag(t) - Wtanh ngk (CX + 9(1)),
122, (k% 5
Uy = ag(t) - Wcoth ngk (CX + 9(1)),

with g(t) = j [—cpy(t)ag(t) + 8¢, (t)k? + c?ug(t)k]dt + ¢y and

B 34, (K2 [ tanhpg(ex + g(t) T
Us = 2g(t) - ﬁlz(t) {145 secququ (cx + g(t))} ’

with g(t) = j {—cul(t)ao(t)Jr 23, (t) k2 +CZ“3#}dt +¢g and

3¢, (t)k?

U = 3o(t) = = "y~ (18N poic (X + 9 (1))  sec pg (O + g,

u7:a0(t)_3czuz(t)k2{ tan pgi (ex + g(t) T,

i@ | T 580 (X + g(U)

with g(t) = I{—cul(t)ao(t) - 203u2(t)k2 - CZM?‘T(t)k} dt + ¢y and

o = ag(t) - 19262 (0K? | tanpok(cx + (V) 2
° pa(t) 1+ tang (cx + g(1)) '

with g(t) = j [—cpy (t) ag(t) — 32¢3u, (1)k? — 4c2uz(t)k]dt + ¢y and

Ug = ag(t) - 19202u2(t)k2 [ tanh pgi (X + g(t)) ]2,

pa(t) 1+ tanh%qk(cx +9(t))

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)
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with g(t) = [ [-cua()ag(t) + 2 (DK + 4cPva(t)K]dt + co, p =1, (or b= 1),

|

4. Exact Analytic Solutions of the Generalized vcKdV Equation (2)

In order to obtain the exact solution of the generalized vcKdV equation (2), we
first assume that the form of solution to equation (2) is the same as equation (7). By
substituting (7)-(11) into the vcKdV (1) yields a system of PDEs with respect to
F(&). Solving this system of equations for ay(t), a;(t), ..., a,(t), f(t) and g(t),
we find that

(-2 bor] 412(t)B?

a(t)=0, ag(t)=cee o B(t) = ———,

g(t) = J.[—oc(t) f(t)-8f 3(t)a(t)AB + 3caut)ag(t) f(t)]dt + ¢,

(7 | ﬁ(t)dtj

f(t) = cye , (24)
where c5, ¢; and ¢, are constants of integration. Thus, we obtain the general
formulae of the solutions of the generalized vcKdV equation (1):

F2(f(O)x + g(1)), (25)

-2 t)dt 2 2
ool AP0 J_%

where f(t) and g(t) are given in (24). By selecting the special values of the A, B
and the corresponding function F(£&), we have the following solutions of the
generalized vcKdV equation (2):

(—2j B(t)dtj ) 412(t)k>

U = Cpe
1 0 c

tan5g (F (1) + g(t)), (26)
with

g(t) = J‘ [—a(t) f(t) - 8F3(t)au(t)k? + 3calt)ag(t) f (t)]dt + cy,

(— | B(t)dtj

f(t) =cye
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and

Uy = coe(_Zj B(t)dtj - Wtanh%qk(f(t)x +g(t)), (27)
with

g(t) = J‘ [—a(t) f(t) + 8F3(t)au(t)k? + 3calt)ay(t) f (t)]dt + cy,

(— | B(t)dt)

f(t) =coe .
We omitted the remaining solutions for simplicity.

5. Exact Analytic Solutions of the Generalized vemKdV Equation (3)

In this section, we apply the EGHF method to the vemKdV equation (1),
balancing the highest derivative term u,,, with the nonlinear term uzux, gives

n = 1. Therefore, the solution of equation (3) can be expressed as

u(x, t) = ag(t) + ay(t) F(€). (28)

Also, we get
Uy = agy + agA(feX + gy) + g F (&) + aB(fyx + g¢) F2(2), (29)
Uy = agAf + aBfF2(€), (30)

u?u, = ada Af + 2apa’ ATF(€) + a’(2ayB + a; A) fF2(€)
+2apalBIF3(¢) + aBIF 4(¢), (31)
Uy = 23y AZBF 3 + 8y AB? f 3F 2(£) + 6a,B> F 3F4(¢). (32)

By substituting (28)-(31) into the generalized vemKdV (3) yields a system of PDEs
with respect to F(&). Solving this system of equations for ag(t), a(t), ..., a,(t),

f(t) and g(t), we find that

(7 | ﬁ(t)dtj

ao(t) =0, a(t)==Bf(t), f(t)=rcgee ,

g(t) = I [4(t) f (t) + 2 F 3(t)y(t) AB]dt + ¢y, (33)
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where ¢y and ¢; are constants of integration. Thus, we obtain the general formulae
of the solutions of the generalized vemKdV equation (2):

ye chOe(_I B(‘)dtjp{coe(‘f B“)dtjx ; J' [40(t)  (t)+ 2 £ 3(t) y(t) AB]dt + cl} (34)

By selecting the special values of the A, B and the corresponding function F(E), we
have the following solutions of the generalized vemKdV equation (3):

(— | B(t)dt)

u = tkcge

ctan qu[%e(—f 0% et 10+ 20107+ ol} )

(7 | B(t)dt)

Uy = Fkecge

x tanh qu{%e(_j g (t)dt)x + j [4a(t) f(t) — 2 £3(t)y(t)k?]dt + olJ. (36)

We omitted the remaining solutions for simplicity.

Remark 1. The method proposed is an extension of the methods of [14, 20, 27,
34]. If setting p=q =k =1 and ay(t), a(t), ..., a,(t) to be real constants, the tanh

method and the generalized hyperbolic function method can be recovered.

Remark 2. Because some arbitrary constants are included in the solutions (14),
(25) and (34), we can obtain some special exact solutions of a class of vcKdV
equations. We omitted here for simplicity.

6. Summary and Discussion

In this paper, using the variable-coefficient EGHF method, we present explicit
solutions of a class of vcKdV equations. These solutions include solitary wave
solution, soliton like solutions and trigonometric function solutions, among which
some are found for the first time. The obtained solutions may be of important
significance for the explanation of some practical physical problems. We can
successfully recover the known solitary wave solutions that had been found by the
tanh-function method and other methods. The EGHF method can be applied to other
NLEEs.
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7. Appendix A

7.1. The generalized hyperbolic functions

The generalized hyperbolic sine, the generalized hyperbolic cosine and the
generalized hyperbolic tangent functions are

kg —kg kg —kg
. e~ —qe e + Qe
sinh qu(E_’) = %, cosh qu(};) = %,
kg —kg
pe= —qe
tanh =" (37)
qu(E») pekg 4 qe—kg

where & is an independent variable, p, g and k are arbitrary constants greater than
zero. The generalized hyperbolic cotangent function is coth py (&) = 1/tanh pg (€),

the generalized hyperbolic secant function is sech (&) = 1/cosh g (€), the
generalized hyperbolic cosecant function is csch g (&) = 1/sinh 5y (€), the above
six kinds of functions are said GHFs. These functions satisfy the following relations
[2, 28]:
. . . 1
cosh%qk(é) - smhlzoqk(é) = pa, sinhpg(€) = v pq smh(kg -3 In %) (38)

Also, from the above definition, we give the derivative formulas of GHFs as follows:

(i pgi (€)= K cosh g (8),  (cosh pgi (€)' = K sinh o (&),

(tanh ook (&) = kpasechy (&), (coth ooy (8)) = —kpacsehig(®).  (39)

We see that when p =q =k =1 in (37), the GHF sinhq (£), coshpq(€) and
tanh ;o (§) degenerate as hyperbolic function sinh(€), cosh(¢) and tanh(g),

respectively. Also, when p =k =1 and q is an arbitrary parameter in (37), the

GHF sinh 54 (&), cosh g (&) and tanh ;o (€) degenerate as g-deformed hyperbolic
function sinhg (&), coshy(€) and tanh (&), respectively. If g =k =1 and p is an
arbitrary parameter in (37), the GHF sinh g (€), coshq (&) and tanh o (§)
degenerate as p-deformed hyperbolic function sinh,(£), cosh(€) and tanh (&),
respectively, [2, 7, 28, 33, 36].
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7.2. The generalized triangular functions

The generalized triangular sine, the generalized triangular cosine and the
generalized triangular tangent functions are

_ oKe _ ok oK, qo-ike
Sin g (8) = 21—, cospq(8) = A,
ke  —ikg
_ pe"™ —qe
tan pg (§) = m, (40)

where & is an independent variable, p, g and k are arbitrary constants greater than
zero. The generalized triangular cotangent function is cot g (€) = 1/tan pyc (€), the

generalized triangular secant function is sec g (€) = 1/cospqx(§), the generalized
triangular cosecant function is csc gy (&) = 1/sin g (€), the above six kinds of

functions are said GTFs. These functions satisfy the following relations:
. . . i
costok (£) + sinde (€)= pa, sinp(®) = pasin( ks + 5 ). (4)
Also, from the above definition, we give the derivative formulas of GTFs as follows:

(5N g () = koS pg(8), (€08 pgi (8)) = —k sin e (&),

(tan pak (&)), = kpq sec%qk (&), (coth pak (&))l = —kpq CSC%)qk (&) (42)

We see that when p=q=k =1 in (40), the GTF sinpy (&), cosyq (&) and
tan (&) degenerate as triangular function sin(g), cos(€) and tan(g), respectively.
Also, when p =k =1 and q is an arbitrary parameter in (40), the GTF sinqu(g),
oS (§) and tan p (§) degenerate as g-deformed triangular function sing(€),
cosq(g) and tanq(é), respectively. If q = k =1 and p is an arbitrary parameter in
(40), the GTF sinpq (&), cospg(€) and tan,q (€) degenerate as p-deformed

triangular function sin, (&), cosy(&) and tan (&), respectively.

References

[1] M. J. Ablowitz and P. A. Clarkson, Soliton, Nonlinear Evolution Equations and
Inverse Scattering, Cambridge University Press, New York, 1991.



72

(2]

(3]

[4]

5]

(6]

[7]

(8]

9]

[10]

(11]

(12]

(13]

(14]

[15]

[16]

ZEID I. A. AL-MUHIAMEED

A. Arai, Exactly solvable supersymmetric quantum mechanics, J. Math. Anal. Appl.
158 (1991), 63-79.

W. L. Chan and K.-S. Li, Nonpropagating solitons of the variable coefficient and
nonisospectral Korteweg-de Vries equation, J. Math. Phys. 30 (1989), 2521-2526.

W. L. Chan and X. Zhang, Symmetries, conservation laws and Hamiltonian structures
of the non-isospectral and variable coefficient KdV and MKdV equations, J. Phys. A
28 (1995), 407-419.

Y. Chen, Z.-Y. Yan, B. Li and H.-Q. Zhang, New explicit exact solutions for a
generalized Hirota-Satsuma coupled KdV system and a coupled MKdV equation,
Chinese Phys. 12 (2003) 1-10.

Y. Chen, Z. Y. Yan and H. Q. Zhang, Exact solutions for a family of variable-
coefficient “reaction-Duffing” equations via the Backlund transformation, Theor.
Math. Phys. 132 (2002), 970-975.

C.-Q. Dai, Exotic localized structures based on variable separation solution of the
(2 +1) -dimensional Kortweg-de Vries equation, Phys. Scr. 75 (2007), 310-315.

H.-H. Dai and Y. Huo, Solitary waves in an inhomogeneous rod composed of a
general hyperelastic material, Wave Motion 35 (2002), 55-69.

C. Q. Dai, J. M. Zhu and J. F. Zhang, New exact solutions to the mKdV equation with
variable coefficients, Chaos Solitons Fractals 27 (2006), 881-886.

H. Demiray, The effect of a bump on wave propagation in a fluid-filled elastic tube,
Internat. J. Engng. Sci. 42 (2004), 203-215.

S. A. Elwakil, S. K. El-labany, M. A. Zahran and R. Sabry, Modified extended tanh-
function method for solving nonlinear partial differential equations, Phys. Lett. A.
299 (2002), 179-188.

S. A. Elwakil, S. K. El-labany, M. A. Zahran and R. Sabry, Exact travelling wave
solutions for the generalized shallow water wave equation, Chaos Solitons Fractals
17 (2003), 121-126.

S. A. Elwakil, S. K. El-labany, M. A. Zahran and R. Sabry, New exact solutions for a
generalized variable coefficients 2D KdV equation, Chaos Solitons Fractals 19 (2004),
1083-1086.

E. Fan, Extended tanh-function method and its applications to nonlinear equations,
Phys. Lett. A 277 (2000), 212-218.

E. Fan, Auto-Béacklund transformation and similarity reductions for general variable
coefficient KdV equations, Phys. Lett. A 294 (2002), 26-30.

E. Fan and H. Q. Zhang, New exact solutions to a system of coupled KdV equations,
Phys. Lett. A 245 (1998), 389-392.



[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

... VARIABLE-COEFFICIENT KORTEWEG-DE VRIES EQUATIONS 73

E. Fan and H. Q. Zhang, A note on the homogeneous balance method, Phys. Lett. A
246 (1998), 403-406.

E. Fan, J. Zhang and B. Y. C. Hon, A new complex line soliton for the two-
dimensional KdV-Burgers equation, Phys. Lett. A 291 (2001), 376-380.

Y.-T. Gao and B. Tian, Using symbolic computation to exactly solve for the
Bogoyavlenskii’s generalized breaking soliton equation, Comput. Math. Appl.
33 (1997), 35-37.

Y.-T. Gao and B. Tian, Generalized hyperbolic-function method with computerized
symbolic computation to construct the solitonic solutions to nonlinear equations of
mathematical physics, Comput. Phys. Comm. 133 (2001), 158-164.

C. S. Gardener, J. M. Greene, M. D. Kruskal and R. M. Miura, Method for solving the
Korteweg-de Vries equation, Phys. Rev. Lett. 19 (1967), 1095-1097.

G. Gottwald, R. Grimshaw and B. Malomed, Parametric envelope solitons in coupled
Korteweg-de Vries equations, Phys. Lett. A 227 (1997), 47-54.

R. Grimshaw and M. Pavlov, Exact periodic steady solutions for nonlinear wave
equations: a new approach, Phys. Lett. A 251 (1999), 25-30.

R. Grimshaw, E. Pelinovsky and T. Talipova, Soliton dynamics in a strong periodic
field: The Korteweg-de Vries framework, Phys. Lett. A 344 (2005), 203-210.

X. G. Huang, J. Szeftel and S. H. Zhu, Dynamics of dark solitons in quasi-one-
dimensional Bose-Einstein condensates, Phys. Rev. A 65 (2002), 053605-053616.

N. Joshi, Painlevé property of general variable-coefficient versions of the Korteweg-de
Vries and nonlinear Schrodinger equations, Phys. Lett. A 125 (1987), 456-460.

A. H. Khater, W. Malfliet, D. K. Callebaut and E. S. Kamel, The tanh method, a
simple transformation and exact analytical solutions for nonlinear reaction-diffusion
equations, Chaos Solitons Fractals 14 (2002), 513-522.

B. Li, Exact soliton solutions for the higher-order nonlinear Schrédinger equation,
Internat. J. Modern Phys. C 16 (2005), 1225-1237.

B. Li, Y. Chen and H. Q. Zhang, Explicit exact solutions for new general two-
dimensional KdV-type and two-dimensional KdV-Burgers-type equations with
nonlinear terms of any order, J. Phys. A 35 (2002), 8253-8265.

B. Li, Y. Chen and H. Q. Zhang, Travelling wave solutions for generalized
Pochhammer-Chree equations, Z. Naturforsch. A 57 (2002), 874-882.

B. Li, Y. Chen and H. Q. Zhang, Explicit exact solutions for compound KdV-type and
compound KdV-Burgers-type equations with nonlinear terms of any order, Chaos
Solitons Fractals 15 (2003), 647-654.



74

[32]

[33]

(34]

[35]

[36]

(37]

(38]

(39]

[40]

[41]

[42]

[43]

[44]

[45]

ZEID I. A. AL-MUHIAMEED

B. Li, Y. Q. Li and Y. Chen, Finite symmetry transformation groups and some exact
solutions to (2 + 1) -dimensional cubic nonlinear Schrodinger equation, Commun.
Theor. Phys. 51 (2002), 773-776.

X.-Q. Liu and S. Jiang, The secy—tanhg -method and its applications, Phys. Lett. A
298 (2002), 253-258.

W. Malfliet, Solitary wave solutions of nonlinear wave equations, Amer. J. Phys.
60 (1992), 650-654.

Y. Z. Peng, Exact solutions for the generalized variable-coefficient KdV equation,
Fisika A 12 (2003), 9-14.

Y. Ren and H. Zhang, New generalized hyperbolic functions and auto-Bécklund
transformation to find new exact solutions of the (2 + 1) -dimensional NNV equation,
Phys. Lett. A 357 (2006), 438-448.

H. Y. Ruan and X. Y. Chen, The study of exact solutions to the nonlinear Schrédinger
equations in optical fiber, J. Phys. Soc. Japan 72 (2003), 1350-1355.

R. Sabry, M. A. Zahran and E. Fan, A new generalized expansion method and its
application in finding explicit exact solutions for a generalized variable coefficients
KdV equation, Phys. Lett. A 326 (2004), 93-101.

C. Tian, Symmetries and a hierarchy of the general KdV equation, J. Phys. A
20 (1987), 359-366.

B. Tian, G.-M. Wei, C.-Y. Zhang, W.-R. Shan and Y.-T. Gao, Transformations for
a generalized variable-coefficient Korteweg-de Vries model from blood vessels,
Bose-Einstein condensates, rods and positons with symbolic computation, Phys. Lett.
A 356 (2006), 8-16.

M. L. Wang, Exact solutions for a compound KdV-Burgers equation, Phys. Lett. A
213 (1996), 279-287.

M. L. Wang, Y. B. Zhou and Z. B. Li, Application of a homogeneous balance method
to exact solutions of nonlinear equations in mathematical physics, Phys. Lett. A
216 (1996), 67-75.

J. Weiss, M. Tabor and J. Carnevale, The Painlevé property for partial differential
equations, J. Math. Phys. 24 (1983), 522-526.

Z. Y. Yan, Symmetry reductions and soliton-like solutions for the variable coefficient
MKdV equations, Commun. Nonlinear Sci. Numer. Simul. 4 (1999), 284-288.

Z. Y. Yan, New explicit travelling wave solutions for two new integrable coupled
nonlinear evolution equations, Phys. Lett. A 292 (2001), 100-106.



... VARIABLE-COEFFICIENT KORTEWEG-DE VRIES EQUATIONS 75

[46] J.F. Zhang and P. Han, Symmetries of the variable coefficient KdV equation and three
hierarchies of the integrodifferential variable coefficient KdV equation, Chinese Phys.
Lett. 11 (1994), 721-723.

[47] Y.B. Zhou, M. L. Wang and Y. M. Wang, Periodic wave solutions to a coupled KdV
equations with variable coefficients, Phys. Lett. A 308 (2003), 31-36.



