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Abstract 

In this article, some inequalities of Hermite-Hadamard-type for quasi-
convex, convex, concave, s-convex, s-concave and α-star s-convex 
functions are given. 

1. Preliminaries 

For a convex mapping RRI →⊆:f  defined on the interval I  of real numbers 

and a, b in I  with ,ba <  define the integral mean ( )∫−
b

a
dxxfab

1  of f and the 

arithmetic mean 2
ba +  on an interior subinterval ( )ba,  of ,I  respectively. 

The classical Hermite-Hadamard’s inequality [1, 2, 5-8] asserts that: 

 ( ) ( ) ( )∫ +≤
−

≤⎟
⎠
⎞⎜

⎝
⎛ + b

a

bfafdxxfab
baf .2

1
2  (1) 
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A function RRI →⊆ +:f  is said to be s-convex and α-star s-convex on I  if 

( )( ) ( ) ( ) ( )yftxftyttxf ss −+≤−+ 11  

and 

( )( ) ( ) ( ){ } ( )yftxftyttxf ss α−+≤−+ 11  

for any I∈yx,  and [ ],1,0, ∈αt  respectively. For the definitions of s-concave and 

α-star s-concave functions on ,I  the inequalities in (2) are reversed. 

For the simplicities of notations, define ( )baR f ,  and ( )baL f ,  by 

( ) ( ) ( ) ( ) ⎥
⎦

⎤
⎢
⎣

⎡
−

−+
−

= ∫
b

a
f dxxfab

bfaf
abbaR 1

2
1,  

and 

( ) ( ) .2
11, ⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛ +−

−−
= ∫

b

a
f

bafdxxfababbaL  

In recent years, many authors established several inequalities connected to 
Hadamard’s inequality. For recent results, refinements, counterparts, generalizations 
and new Hadamard’s-type inequalities, see [1-13]. 

Abramovich and Pečarić [1], Pearce and Pečarić [12], Dragomir et al. [4, 5], 
Alomari et al. [2, 3], Dragomir and Agarwal [4] and Kirmaci et al. [8-10] obtained 
inequalities for differentiable convex mapping which are connected with Hermite-
Hadamard’s inequality, and they used the following lemma to prove them: 

Lemma 1. Let RRI →⊆:f  be a differentiable mapping defined on the 

interior 0I  of I  and a, b in I  with .ba <  If [ ]( ),, baLf ∈′  then the following 

equalities hold: 

(a) ( ) ( ) ( )( )∫ −+′−=
1

0
,1212

1, dtbttaftbaR f  (2) 

(b) ( ) ( )( ) ( ) ( )( ) .111, 2
1

0

1

2
1

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−+′−+−+′= ∫ ∫ dtbttaftdtbttaftbaL f  (3) 
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The main inequality in [4] pointed out as follows: 

Theorem 1.1. Let RRI →⊆:f  be a differentiable mapping defined on the 

interior 0I  of I  and a, b in I  with .ba <  If [ ]( )baLf ,∈′  and f ′  is convex on 

,I  then the following inequality holds: ( ) ( ) ( )( ).8
1, bfafbaR f ′+′≤  

In [12], Pearce and Pečarić proved the following theorem by using the equalities 
(a) and (b) in Lemma 1. 

Theorem 1.2. Let RRI →⊆:f  be a differentiable mapping defined on the 

interior 0I  of I  and a, b in I  with ba <  and .1≥p  Then the following inequalities 

hold: 

(a) If pf ′  is convex on ,I  then ( ) ( ) ( ) .24
1,

1
ppp

f
bfafbaR

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ +
≤  

(b) If pf ′  is concave on ,I  then ( ) .24
1, ⎟

⎠
⎞⎜

⎝
⎛ +′≤ bafbaR f  

A function RI →:f  is said to be quasi-convex on I  if 

( )( ) ( ) ( ){ }xfxfyttxf ,sup1 ≤−+  

for any I∈yx,  and [ ].1,0∈t  

Clearly, any convex function is a quasi-convex function. Furthermore, there 
exist quasi-convex functions which are not convex [7]. 

Recently, Ion [7] introduced two inequalities of the right hand side of 
Hadamard’s type for quasi-convex functions, as follows: 

Theorem 1.3. Let RRI →⊆:f  be a differentiable mapping defined on the 

interior 0I  of I  and a, b in I  with ba <  and .1≥p  Then the following inequalities 

hold: 

(a) ( ) ( ) ( ){ }bfafbaR f ′′≤ ,sup4
1,  if f ′  is quasi-convex on .I  

(b) ( ) { ( ) ( ) } pppp
p

f bfafp
pbaR 1

1

,sup22
1

2
1,

−

⎟
⎠
⎞⎜

⎝
⎛

−
−≤  if pf ′  is quasi-

convex .I  
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By the equality (b) in Lemma 1, Alomari et al. [2, 3] and Kirmaci and Özdemir 
[8, 10] established refinements inequalities of the right hand side of Hadamard’s 
type for quasi-convex functions: 

Theorem 1.4 [8-11]. Let RRI →⊆:f  be a differentiable mapping defined 

on the interior 0I  of I  and a, b in I  with .ba <  Then the following inequalities 
hold: 

(a) If f ′  is quasi-convex on ,I  then 

( ) ( ) ( ) .,2sup,2sup8
1, ⎥⎦

⎤
⎢⎣
⎡

⎭⎬
⎫

⎩⎨
⎧ ′⎟

⎠
⎞⎜

⎝
⎛ +′+

⎭⎬
⎫

⎩⎨
⎧ ′⎟

⎠
⎞⎜

⎝
⎛ +′≤ bfbafafbafbaR f  

(b) If ( )1−′ ppf  is quasi-convex on I  for ,1>p  then 

( ) ( )
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎭
⎬
⎫

⎩
⎨
⎧

′⎟
⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

−
−≤

−
pp

pp
p

f afbafp
pbaR

11

,2sup12
1

4
1,  

( ) .,2sup

1

⎥
⎥
⎥

⎦

⎤

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎭
⎬
⎫

⎩
⎨
⎧

′⎟
⎠
⎞⎜

⎝
⎛ +′+

pp
p

bfbaf  

Theorem 1.5 [2]. Let RRI →⊆:f  be a differentiable mapping defined on 

the interior 0I  of I  and a, b in I  with .ba <  If pf ′  is quasi-convex on I  for 
,1≥p  then 

( )baR f ,  

( ) ( ) .,2sup,2sup8
1

11

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎭
⎬
⎫

⎩
⎨
⎧

′⎟
⎠
⎞⎜

⎝
⎛ +′+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

⎭
⎬
⎫

⎩
⎨
⎧

′⎟
⎠
⎞⎜

⎝
⎛ +′≤

pp
ppp

p
bfbafafbaf  

Theorem 1.6 [6]. Suppose that ++ →⊆ RRI:f  is a mapping defined on the 

interior 0I  of ,I  and a, b in I  with ,ba <  ( ),1,0∈s  and [ ]( )., baLf ∈  

(a) If f is a convex mapping on ,I  then 

 ( ) ( ) ( ) .21
21

22 1 bfaf
sdxxfab

baf
b

a
s +

+
≤

−
≤⎟

⎠
⎞⎜

⎝
⎛ + ∫−  (4) 
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(b) If f is a concave mapping on ,I  then 

 ( ) ( ) ( ) .221
21

2 1 ⎟
⎠
⎞⎜

⎝
⎛ +≤

−
≤+

+
−∫ bafdxxfab

bfaf
s

sb

a
 (5) 

2. Hermite-Hadamard’s Inequalities for α-star s-convex Functions 

In this article, we will use the following new equalities not used in other articles: 

Lemma 2. Let RRI →⊆:f  be a differentiable mapping defined on the 

interior 0I  of I  and a, b in I  with .ba <  If [ ]( ),, baLf ∈′  then the following 

equalities hold: 

(a) 

 ( ) ( ) ,2
1

2
1

2
1

2
1

4
1,

1

0

1

0
⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛ −++′+⎟

⎠
⎞⎜

⎝
⎛ −++′−= ∫ ∫ dtatbtftdtbtatftbaR f  (6) 

( ) ( )( ) ( ) ( )( ) ,11112
1 1

0

1

0
⎥
⎦

⎤
⎢
⎣

⎡
−+′−+−+′−= ∫ ∫ dtattbftdtbttaft  (7) 

(b) 

( ) ( )⎢
⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛ −++′−= ∫

1

0 2
1

2
114

1, dtbtatftbaL f  

( ) ,2
1

2
11

1

0
⎥
⎦

⎤
⎟
⎠
⎞⎜

⎝
⎛ −++′−+ ∫ dtatbtft  (8) 

( )( ) ( )( ) .112
1

0

1

2
1 ⎥

⎥

⎦

⎤

⎢
⎢

⎣

⎡
−+′+−+′−= ∫ ∫ dtbttaftdtattbft  (9) 

In the following theorem, we shall propose some new upper and lower bound 
for the left-hand and right-hand sides of Hermite-Hadamard’s inequality for quasi-
convex, convex, and concave mapping, which is better than the inequality had done 
in other articles. 

Theorem 2.1. Let RRI →⊆:f  be a differentiable mapping on the interior 
0I  of I  such that [ ]( ),, baLf ∈′  where I∈ba,  with ba <  and ( ].1,0∈s  
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(a) If f ′  is an s-convex mapping on [ ],, ba=I  then 

(i) 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )bfafbfafss
sbaR

s
f ′+′≤′+′⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++

+≤
−

2
1

21
22

4
1,

1
 

or 

( ) ( ) ( )[ ] ( ) ( )[ ].4
1

1
1

2
1, bfafbfafsbaR f ′+′≤′+′

+
≤  

(ii) 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )( ).4
1

21
22

2
1, bfafbfafssbaL

s
f ′+′≤′+′⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++

−≤
−

 

(b) If pf ′  is an s-convex mapping on [ ]ba,=I  for ,1>p  then 

(i) 

( ) ( )
⎢
⎢
⎢

⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

′+⎟
⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

+⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−
pp

ppp
p

f afbafsp
pbaR

111

21
1

12
1

4
1,  

( )
⎥
⎥
⎥

⎦

⎤

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +′+′+

pp
p bafbf

1

2  

or 

( ) .4
3

4
3212

1
4
1,

1111

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛ +′+⎟

⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

−
−≤

−−
ppp

s
p

p

f
bafbafp

pbaR  

(ii) 

( ) ( ) ( ) .224
1,

11

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +′+′+

⎭
⎬
⎫

⎩
⎨
⎧

′+⎟
⎠
⎞⎜

⎝
⎛ +′≤

pp
ppp

p
f

bafbfafbafbaL  
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Proof. (a) By (6), (7) and (8) in Lemma 2, we have 

(i) 

( )baR f ,  

( ) ( )⎢
⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛ −′+⎟

⎠
⎞⎜

⎝
⎛ +′≤ ∫ ∫

1

0

1

0 2
1

2
1

4
1 dtttbfdtttaf

ss
 

( ) ( ) ⎥
⎦

⎤
⎟
⎠
⎞⎜

⎝
⎛ +′+⎟

⎠
⎞⎜

⎝
⎛ −′+ ∫ ∫

1

0

1

0 2
1

2
1 dtttbfdtttaf

ss
 

( ) ( ) ( ) ( )( ) ( ) ( )( )bfafbfafss
s s

′+′≤′+′⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

+≤
−

4
1

21
22

4
1 1

 

or 

( )baR f ,  

( )( ) ( )( ) ⎥
⎦

⎤
⎢
⎣

⎡
−+′−+−+′−≤ ∫ ∫

1

0

1

0
11112

1 dtattbftdtbttaft  

( ) ( )[ ] ( ) ( )( )bfafbfafs
′+′≤′+′

+
= 4

1
1

1
2
1  

by the fact that ( ) ( ) 121
22

2
1 1

≤
++

+<
−

ss
s s

 for .10 ≤< s  

(ii) 

( )baL f ,  

( ) ( ) ( ) ( )⎢
⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ −−′+⎟

⎠
⎞⎜

⎝
⎛ +−′≤ ∫ ∫

1

0

1

0 2
112

114
1 dtttbfdtttaf

ss
 

( ) ( ) ( ) ( ) ⎥
⎦

⎤

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +−′+⎟

⎠
⎞⎜

⎝
⎛ −−′+ ∫ ∫

1

0

1

0 2
112

11 dtttbfdtttaf
ss

 

( ) ( )( ).4
1 bfaf ′+′≤  
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(b) By (6) and (8) in Lemma 2, we have 

(i) 

( )baR f ,  

( ) ( )

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

+

′+⎟
⎠
⎞⎜

⎝
⎛ +′

+

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

+

′+⎟
⎠
⎞⎜

⎝
⎛ +′

⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−
pp

ppp
p

p
p

s

bfbaf

s

afbaf

p
p

11

1

1
2

1
2

12
1

4
1  

( )
⎢
⎢
⎢

⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

′+⎟
⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

+⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−
pp

ppp
p

afbafsp
p

111

21
1

12
1

4
1  

( )

⎥
⎥
⎥
⎥

⎦

⎤

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +′+′+

pp
p bafbf

1

2  

or 

( )baR f ,  

( ) ( )

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

′
−

+
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

′
−⎟

⎠
⎞⎜

⎝
⎛

−
−≤ ∫∫ +

+− pb

ba
p

pba

a

pp
p

dtfabdtfabp
p

1

2

1

2
1

22
12

1
4
1  

.4
324

3212
1

4
1

1
1

1
1

1

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛ +′+⎟

⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

−
−≤ −−

−
pspsp

p
bafbafp

p  

(ii) 

( )baL f ,  

( ) ( )

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

′+
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

′⎟
⎠
⎞⎜

⎝
⎛

−
−= ∫∫ +

+− pb

ba
p

pba

a

pp
p

dttfdttfp
p

1

2

1

2
1

12
1

4
1  
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( ) ( )

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

+

⎟
⎠
⎞⎜

⎝
⎛ +′+′

+

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

+

′+⎟
⎠
⎞⎜

⎝
⎛ +′

≤

pp
ppp

p

s

bafbf

s

afbaf

11

1
2

1
2

4
1  

( ) ( )
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +′+′+

⎭
⎬
⎫

⎩
⎨
⎧

′+⎟
⎠
⎞⎜

⎝
⎛ +′≤

pp
ppp

p bafbfafbaf

11

224
1  

by the fact that 112
1

2
1

1

≤⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−
p

p

p
p  and 11

1
1

≤⎟
⎠
⎞⎜

⎝
⎛

+
p

s  for 10 ≤< s  and 1>p  

and by Theorem 1.6(a). 

Theorem 2.2. Let RRI →⊆:f  be a differentiable mapping on the interior 
0I  of I  such that [ ]( ),, baLf ∈′  where I∈ba,  with ,ba <  ( ]1,0∈s  and .1≥p  

If pf ′  is an s-concave mapping on [ ],, ba=I  then the following inequalities 

hold: 

(i) 

( ) ⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ +′+⎟

⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛⎟

⎠
⎞⎜

⎝
⎛

−
−≤

−−

4
3

4
3

2
1

12
1

4
1,

11
bafbafp

pbaR p
s

p
p

f  

or 

( ) .2212
1,

11

⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

−
−≤

−−
bafp

pbaR p
s

p
p

f  

(ii) 

( ) .4
3

4
3

2
1

12
1

4
1,

11

⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ +′+⎟

⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛⎟

⎠
⎞⎜

⎝
⎛

−
−≤

−−
bafbafp

pbaL p
s

p
p

f  

Proof. By Theorem 1.6(b), we have the following inequalities: 

∫ ⎟
⎠
⎞⎜

⎝
⎛ −++′

1

0 2
1

2
1 dtbtatf

p
 

,4
322

22 11
p

s

p

s baf
aba

f ⎟
⎠
⎞⎜

⎝
⎛ +′=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ ++
′≤ −−  
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∫ ⎟
⎠
⎞⎜

⎝
⎛ −++′

1

0 2
1

2
1 dtatbtf

p
 

.4
322

22 11
p

s

p

s baAf
bab

f ⎟
⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛ +′=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ ++
′≤ −−  

By using (6), (7) and (8) in Lemma 2 and the fact that 112
1

2
1

1

≤⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−
p

p

p
p  

and ,12
1

2
1

1

≤⎟
⎠
⎞⎜

⎝
⎛≤

−
p

s

 we have 

(i) 

( )baR f ,  

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ −++′⎟

⎠
⎞⎜

⎝
⎛

−
−≤ ∫

−
ppp

p

dtbtatfp
p

1
1

0

1

2
1

2
1

12
1

4
1  

⎥
⎥
⎥

⎦

⎤

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ −++′+ ∫

pp
dtatbtf

1
1

0 2
1

2
1  

⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ +′+⎟

⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛⎟

⎠
⎞⎜

⎝
⎛

−
−≤

−−

4
3

4
3

2
1

12
1

4
1

11
bafbafp

p p
s

p
p

 

or 

( )baR f ,  

( )
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

−
−≤ −

−
pp

sp
p

bafp
p

1

1
1

22212
1

2
1  

⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

−
−≤

−−

2212
1

11
bafp

p p
s

p
p
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by the fact that 

( )( )∫ ⎟
⎠
⎞⎜

⎝
⎛ +′≤−+′ −

1

0
1 ,221

p
sp bafdtbttaf  

( )( )
p

sp bafdtattbf ⎟
⎠
⎞⎜

⎝
⎛ +′≤−+′ −∫ 221 11

0
 

by Theorem 1.2(b). 

(ii) 

( )baL f ,  

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ −++′⎟

⎠
⎞⎜

⎝
⎛

−
−≤ ∫

−
ppp

p

dtbtatfp
p

1
1

0

1

2
1

2
1

12
1

4
1  

⎥
⎥
⎥

⎦

⎤

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ −++′+ ∫

pp
dtatbtf

1
1

0 2
1

2
1  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ +′+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

−
−≤ −−

−
pp

spp
sp

p
bafbafp

p
1

1

1

1
1

4
324

3212
1

4
1  

.4
3

4
3

2
1

12
1

4
1

11

⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ +′+⎟

⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛⎟

⎠
⎞⎜

⎝
⎛

−
−≤

−−
bafbafp

p p
s

p
p

 

Theorem 2.3. Let RRI →⊆:f  be a differentiable mapping on the interior 
0I  of I  such that [ ]( ),, baLf ∈′  where I∈ba,  with ba <  and ( ].1,0, ∈α s  

(a) If f ′  is an α-star s-convex mapping on [ ],, ba=I  then 

(i) 

( )
( ) ( )

( ) ( )( )bfaf
ss

sbaR s

ss
f ′+′

⎭
⎬
⎫

⎩
⎨
⎧

++
α++≤ −

+

212
21

4
1,

1
 

or 

( ) ( )
( ) ( ) ( ) ( )[ ].21

11
2
1, bfafss

sbaR
s

f ′+′
++
++α≤  
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(ii) 

( ) ( )
( ) ( )

( ) ( )( ).
221

132
8
1,

2
bfaf

ss
ssbaL s

ss
f ′+′

⎭
⎬
⎫

⎩
⎨
⎧

++

α+++−≤
+

 

(b) If pf ′  is an α-star s-convex mapping on [ ]ba,=I  for ,1>p  then 

  (i) 

( ) ( ) ( )( ).1
2

1
22

12
1

4
1,

111

bfafssp
pbaR

pspsp
p

f ′+′
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
−

⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−−
−

 

(ii) 

( ) ( ) ( )( ).1
2

1
22

12
1

4
1,

111

bfafssp
pbaL

pspsp
p

f ′+′
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
−

⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−−
−

 

Proof. By (6), (7) and (8) in Lemma 2, we have 

(a)(i) 

( ) ( ) ( )( )bfafdtttdtttbaR
ss

f ′+′
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ −α+⎟

⎠
⎞⎜

⎝
⎛ +≤ ∫ ∫

1

0

1

0 2
1

2
1

4
1,  

( ) ( )
( ) ( )( )bfaf

ss
s

s

ss
′+′⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

++
α++≤ −

+

212
21

4
1 1

 

or 

( ) ( ){( ( ) (( ) ) ( ) )}⎢
⎣

⎡ ′α−+′−≤ ∫
1

0
112

1, dtbftafttbaR ss
f  

( ){( ( ) (( ) ) ( ) )} ⎥
⎦

⎤′α−+′−+ ∫
1

0
11 dtaftbftt ss  

( )
( ) ( ) ( ) ( )[ ].21

11
2
1 bfafss

ss
′+′

++
++α≤  
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(ii) 

( ) ( ) ( ) ( )⎢
⎣

⎡

⎩
⎨
⎧

⎩
⎨
⎧

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ −α−+

⎭
⎬
⎫

⎭
⎬
⎫

⎟
⎠
⎞⎜

⎝
⎛ +−′≤ ∫ ∫

1

0

1

0 2
11

2
11

4
1, dtttdtttafbaL

ss
f  

( ) ( ) ( ) ⎥
⎦

⎤

⎩
⎨
⎧

⎩
⎨
⎧

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +−+

⎭
⎬
⎫

⎭
⎬
⎫

⎟
⎠
⎞⎜

⎝
⎛ +α−′+ ∫ ∫

1

0

1

0 2
112

11 dtttdtttbf
ss

 

( )
( ) ( )

( ) ( )( ).
221

132
8
1 2

bfaf
ss

ss
s

ss
′+′

⎭
⎬
⎫

⎩
⎨
⎧

++

α+++−=
+

 

(b)(i) 

( ) ( ) ( )
⎢
⎢
⎢

⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

α′+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

−′⎟
⎠
⎞

⎜
⎝
⎛

−
−

≤
−−

−
ps

sp
s

pp
p

f s
bf

s
af

p
pbaR

11

1
2

1
22

12
1

4
1,  

( ) ( )
⎥
⎥
⎥

⎦

⎤

⎭
⎬
⎫

⎩
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
−′+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

α′+
−− ps

p
s

sp
sbfsaf

1

1
22

1
2  

( ) ( )( )bfafssp
p pspsp

p

′+′
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
−

⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−−
− 111

1
2

1
22

12
1

4
1  

or 

( ) {( ( ) (( ) ) ( ) )}
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′α−+′⎟
⎠
⎞⎜

⎝
⎛

−
−≤ ∫

−
ppspsp

p

f dtbftaftp
pbaR

1
1

0

1

112
1

2
1,  

{( ( ) (( ) ) ( ) )}
⎥
⎥
⎥

⎦

⎤

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′α−+′+ ∫
ppsps dtaftbft

1
1

0
1  

[( ( ) ( ) ) ( ( ) ( ) ) ].
1

1
2
1

111
ppspppspp afbfbfaf

s
′α+′+′α+′⎟

⎠
⎞⎜

⎝
⎛

+
≤  
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 (ii) 

( )baL f ,  

( ) ( ) ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛ −++′−+⎟

⎠
⎞⎜

⎝
⎛ −++′−≤ ∫ ∫

1

0

1

0 2
1

2
112

1
2

114
1 dtatbtftdtbtatft  

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ −++′⎟

⎠
⎞⎜

⎝
⎛

−
−≤ ∫

−
ppp

p

dtbtatfp
p

1
1

0

1

2
1

2
1

12
1

4
1  

⎥
⎥
⎥

⎦

⎤

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ −++′+ ∫

pp
dtatbtf

1
1

0 2
1

2
1  

( ) ( )
⎢
⎢
⎢

⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ −α′+⎟

⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

−
−≤ ∫ ∫

−
ps

p
s

pp
p

dttbfdttafp
p

1
1

0

1

0

1

2
1

2
1

12
1

4
1  

( ) ( )
⎥
⎥
⎥

⎦

⎤

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +′+⎟

⎠
⎞⎜

⎝
⎛ −α′+ ∫ ∫

ps
p

s
p dttbfdttaf

1
1

0

1

0 2
1

2
1  

( ) ( )( ) ( ) ( )( ).2
1

12
1

2
1

1

bfafbfafp
p p

p

′+′≤′+′⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−

 

By using Theorem 1.6, we have the following inequalities: 

Theorem 2.4. Let RRI →⊆:f  be a differentiable mapping on the interior 
0I  of I  such that [ ]( ),, baLf ∈′  where I∈ba,  with ba <  and ( ].1,0, ∈α s  If 

pf ′  is an α-star s-convex mapping on [ ],, ba=I  then 

(i) 

( ) ( )
⎢
⎢
⎢

⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

′+⎟
⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

+⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−
pp

ppp
p

f afbafsp
pbaR

111

21
1

12
1

4
1,  

( )
⎥
⎥
⎥

⎦

⎤

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +′+′+

pp
p bafbf

1

2  
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or 

( ) { ( ) ( ) } .1
1

12
1,

111
ppppp

p

f bfafsp
pbaR ′+′⎟

⎠
⎞⎜

⎝
⎛

+⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−

 

(ii) 

( ) ( )
⎢
⎢
⎢

⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

′+⎟
⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

+⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−
pp

ppp
p

f afbafsp
pbaL

111

21
1

12
1

4
1,  

( ) .2

1

⎥
⎥
⎥

⎦

⎤

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +′+′+

pp
p bafbf  

Proof. By (6), (7) and (8) in Lemma 2, we have 

(i) 

( )baR f ,  

( ) ( )

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

′
−

+
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

′
−⎟

⎠
⎞⎜

⎝
⎛

−
−≤ ∫∫ +

+− pb

ba
p

pba

a

pp
p

dtfabdtfabp
p

1

2

1

2
1

22
12

1
4
1  

( )
⎢
⎢
⎢

⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

′+⎟
⎠
⎞⎜

⎝
⎛ +′⎟

⎠
⎞⎜

⎝
⎛

+⎟
⎠
⎞⎜

⎝
⎛

−
−≤

−
pp

ppp
p

afbafsp
p

111

21
1

12
1

4
1  

( )
⎥
⎥
⎥

⎦

⎤

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +′+′+

pp
p bafbf

1

2  

( ) ( )
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +′+′+

⎭
⎬
⎫

⎩
⎨
⎧

′+⎟
⎠
⎞⎜

⎝
⎛ +′≤

pp
ppp

p bafbfafbaf

11

224
1  
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or 

( ) ( ) ( )( )
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+′⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−≤ ∫∫

−

− ppp
p

p
p

f dtbttafdttbaR

1
1

0

1
1

0
1 11

2
1,  

( ) ( )( )
⎥
⎥
⎥

⎦

⎤

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+′⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+ ∫∫

−

− ppp
p

p
p

dtattbfdtt

1
1

0

1
1

0
1 11  

[ ( ) ( ) ] .1
1

12
1

111
ppppp

p

bfafsp
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