L& ", Far East Journal of Mathematical Sciences (FIMS)
. Volume 41, Number 1, 2010, Pages 97-113
4 q'p \ Published Online: July 19, 2010

This paper is availab'le f)nline at http://pphmj.com/journals/fjms.htm
= © 2010 Pushpa Publishing House

REFINEMENTS OF HERMITE-HADAMARD-TYPE
INEQUALITIES FOR a-STAR s-CONVEX FUNCTIONS

JAEKEUN PARK

Department of Mathematics
Hanseo University

Seosan, Chungnam 356-706, Korea
e-mail: jkpark@hanseo.ac.kr

Abstract
In this article, some inequalities of Hermite-Hadamard-type for quasi-
convex, convex, concave, S-convex, S-concave and o-star S-convex
functions are given.

1. Preliminaries

For a convex mapping f :T < R — R defined on the interval I of real numbers

b
and a, b in T with a <b, define the integral mean 1 3 Ia f(x)dx of f and the

b

. . a+b I . .
arithmetic mean on an interior subinterval (a, b) of I, respectively.

2

The classical Hermite-Hadamard’s inequality [1, 2, 5-8] asserts that:

f(a;b)sﬁj:f(x)dxﬁw. )
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A function f : T < Rt — R is said to be s-convex and o-star s-convex on I if

ftx+ (1-t)y) <t5F(x)+ (1-1)° f(y)

and

fix+(1-t)y) <t F(x)+ {1 -t)a}® f(y)

forany X, y e T and t, o € [0, 1], respectively. For the definitions of s-concave and

o-star S-concave functions on I, the inequalities in (2) are reversed.

For the simplicities of notations, define R (a, b) and L (a, b) by

R (a, b) = bia{f(a); f(b) biaj: f(x)dx}

and

L;(a,b) = ﬁ[bi—aj‘:f(x)dx - f(a : bﬂ

In recent years, many authors established several inequalities connected to
Hadamard’s inequality. For recent results, refinements, counterparts, generalizations

and new Hadamard’s-type inequalities, see [1-13].

Abramovich and Pecari¢ [1], Pearce and Pecari¢ [12], Dragomir et al. [4, 5],
Alomari et al. [2, 3], Dragomir and Agarwal [4] and Kirmaci et al. [8-10] obtained
inequalities for differentiable convex mapping which are connected with Hermite-

Hadamard’s inequality, and they used the following lemma to prove them:
Lemma 1. Let f:T < R — R be a differentiable mapping defined on the

interior I° of T and a, b in I with a<b. If f'e L([a, b]), then the following

equalities hold:

(a) Ry (a, b):%I;(l—zt)f'(ta+(l—t)b)dt, )

1
() L (a b) = J‘Oztf'(ta+(l—t)b)dt+j‘i(t—1)f'(ta+(1—t)b)dt. 3)
2
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The main inequality in [4] pointed out as follows:

Theorem 1.1. Let f : T < R — R be a differentiable mapping defined on the

interior T° of T anda, bin T with a <b. If f' e L([a, b]) and | f'| is convex on

I, then the following inequality holds: | R¢ (a, b) | < %(| f'(@)]+] f'(b)|).

In [12], Pearce and Pecari¢ proved the following theorem by using the equalities
(a) and (b) in Lemma 1.

Theorem 1.2. Let f : T < R — R be a differentiable mapping defined on the

interior I° of I and a, bin I with a<b and p > 1. Then the following inequalities
hold:
1

p PTp
(a) If | £'|P is convex on I, then | R¢ (a, b)|s%{|f(a)| ;lf(b)l } .

(b) If | /| is concave on T, then | R¢ (a, b) | < H f'(aTer)‘.

A function f : T — R is said to be quasi-convex on I if

f(tx +(1—1t)y) <sup{f(x), f(x)}

forany X, y e I and t € [0, 1].

Clearly, any convex function is a quasi-convex function. Furthermore, there
exist quasi-convex functions which are not convex [7].

Recently, Ion [7] introduced two inequalities of the right hand side of
Hadamard’s type for quasi-convex functions, as follows:

Theorem 1.3. Let f : I < R — R be a differentiable mapping defined on the

interior I° of I and a,bin T with a <b and p > 1. Then the following inequalities
hold:

(@) |R¢(a, b)| < %supﬂ f'@)l, | f'(b)|} if | f'| is quasi-convex on L.

p-1

®) | Ry (a, b)|s%(22__12j P sup{ £(a)[P, | F(b)[P}YP if | £/|P is quasi-

convex 1.
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By the equality (b) in Lemma 1, Alomari et al. [2, 3] and Kirmaci and Ozdemir
[8, 10] established refinements inequalities of the right hand side of Hadamard’s
type for quasi-convex functions:

Theorem 1.4 [8-11]. Let f : T < R — R be a differentiable mapping defined

on the interior I° of I and a, b in I with a < b. Then the following inequalities
hold:

(a) If | f'] is quasi-convex on I, then

| R¢(a, b) | < %[supﬂ f'(a%bj‘, | f’(a)|} + sup{‘ f'(a ; bj‘, | f'(b)|H.

(b) If | f’|p/(p_1) is quasi-convex on 1 for p > 1, then
p-1

1
01535 o] (352 )]
oo

Theorem 1.5 [2]. Let f : T < R — R be a differentiable mapping defined on

the interior 1° of T and a, b in T with a < b. If | £'|P is quasi-convex on T for
p > 1, then

|Rf(as b)l

1 1
s% (sup“ f'(a;b)‘pJ f’(a)|p}]p +(sup{‘ f'(a;bj‘p,| f’(b)|p}]p .

Theorem 1.6 [6]. Suppose that f : T < R™ — R* is a mapping defined on the

interior 1° of T, anda, bin T with a < b, s e (0,1), and f e L([a, b]).

(a) If fis a convex mapping on I, then
2s—1f(a+b - Lj‘bf(x)dx 2
2 “lb-al;

<
s+1

@i g
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(b) If f is a concave mapping on I, then

2
s+1

f(a)+ f(b)

< 25—1
2

<

U

2. Hermite-Hadamard’s Inequalities for a-star s-convex Functions

1 b
b—aL f(x)dx

In this article, we will use the following new equalities not used in other articles:
Lemma 2. Let f:T < R — R be a differentiable mapping defined on the

interior 1° of T and a, b in T with a <b. If f'e L([a, b]), then the following
equalities hold:

(a)
1 _ 1 _
R (a, b):%UO(—t)f(%aﬂTtb)dt+J'Otf'(%b+%a)dt}, ©)
1 1 1
:—U (1—t)f’(ta+(l—t)b)dt+j (t—l)f’(tb+(1—t)a)dt}, )
2|Jo 0
(b)

+j;(t_1)f'(%tb+%ta)dt} ®)

1
- —[Etf (th+ (1—t)a)dt + .[11 t'(ta + (1 - t)b)dt]. )
2

In the following theorem, we shall propose some new upper and lower bound
for the left-hand and right-hand sides of Hermite-Hadamard’s inequality for quasi-
convex, convex, and concave mapping, which is better than the inequality had done
in other articles.

Theorem 2.1. Let f : T < R — R be a differentiable mapping on the interior

1° of T suchthat f' e L([a, b]), where a, b e I with a <b and s < (0, 1.
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(a) If | f] is an s-convex mapping on I = [a, b], then
(@)

Ry, b)|< g (%}uuawf(bm—uf(a>|+|f(b>|>

or
[Re(a,b)| <3 @]+ £B) 1< I @) +] F )]
(i)

|Li(a b)| < [%Juuawf(bm—uf(a>|+|f(b>|>

(b) If | /| is an s-convex mapping on T = [a, b] for p > 1, then

(1)

et 3 ¥ e
+ {I F'o)]° + f(a%b)‘p}ﬂ

1

" f’(a)ﬁ’}F

or

-1 s 1 1
1 p=1Yp ,p||l¢fat30)[p J(3a+b\[p
|Rf(a,b)|£4(2p_1) 2 Uf(—4 MREESA

(i)

| Lt (a, b)|<%H f,(a;b) p

+] f’(a)|p}6+{| f'(b)|P +| f
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Proof. (a) By (6), (7) and (8) in Lemma 2, we have
(i)
|R¢(a, b)|

< %D f’(a)|'|‘;t(1%t)sdt i f’(b)|'|‘;t(1%tjsdt
@i 5 e v [ o5 e

25 + 2178

< 1(mJ [ 1@ +] TO)) < (| F@)]+] b))

or

|Rf(a9 b)l
S%[J‘Sll—tll f’(ta+(1—t)b)|dt+I;|t—1|| f’(tb+(1—t)a)|dt}
= [ @]+ FO) ] (| @]+ b))

1-s
bythefactthat 2542 )_1 for 0 <s<1.

(s +1)(s+2
(i)
| L¢(a, b)|

H|f(a)|j (1- t)(l”j +|f'(b)|j;(1—t)(1%)sdt}
{|f(a)|j (- t)[ )dt+|f(b)|J' (1- t)( j H

< (| F@)]+] b))

103
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(b) By (6) and (8) in Lemma 2, we have

®
| Rt (a, b)|
1 1
B o 1 e G S
4\ 2p-1 s+1 s+1

1

p-1 1 L
1(p=1Yp( 1 Yp ,a+b)p vovip P
<3lzpo1) * (541) Hf( )| 1Tl

+{| f'(b) [P +] f

or

1 1

s%(zpp__llj%l {b 2 aJ‘a;bl (f)P Idt}_ +{b 2 aJ‘azbl ()P |dt}_
(=)

ez (-

(i1)
| Lf (av b) |

1 1

| . p-1 a+b P b )
A e rore
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1

1

p Pl p

32 sr@r| " e (252
+

s+1 s+1

IA
ENE

1

"l f’<a>|p}3+{| )P +

IA
I
[gd—
—
—

%}

N+
o
~

1
.
=)
2

<lfor0<s<1and p>1

p-1

1 p-1\Yp 1
—< <
by the fact that 3 _[Zp—lj <1 and (S+1j

and by Theorem 1.6(a).

o |=

Theorem 2.2. Let f : T < R — R be a differentiable mapping on the interior
1% of T such that f' e L([a, b]), where a, b e T witha<bh, se(0,1]and p >1.

If | '|P is an s-concave mapping on I = [a, b], then the following inequalities
hold:

(i)

1-

p-1 S
1(p=1Y\p (1Y []s(3a+h
|Rf(a=b)|g4(2p—lj (2) Hf( 4

[Re(a b)] < (zpp_—llezTH f’(aZbJH-

or

(i)

L= ()T (] ) ()]

Proof. By Theorem 1.6(b), we have the following inequalities:
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Do+t 1-t )P

La+h P )
<2 f 3 2 f (A( 7 .
-1
By using (6), (7) and (8) in Lemma 2 and the fact that % < (pr—_—ll] P <
1-s
and 1 < (le <1, we have
27 \2 -
(1)
| Rt (a, b) |

Pl Ls
A e
or
|R¢(a,b)|
Pl b 1
A el 7
p-1 s-1
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(a+b)|P
f(zj"

(a+b)\|[P
f(zj‘

by the fact that

1
I | f'(ta+(1—-t)b)|Pdt < 2°7!
0

1
j | £t + (1 - t)a) |Pdt < 257!
0

by Theorem 1.2(b).
(i)
| Lf (as b) |

p-1 L 1
1 p=1\ |51 ¢ 3a+bjp P s ,(a+3b)p P
L) | ) P o (2
1 LY (15 b b
“ilo5m) )T )
4\2p -1 2 4 4
Theorem 2.3. Let f : T < R — R be a differentiable mapping on the interior
1° of I suchthat f' e L([a, b]), where a,b e T with a<b and a, s € (0, 1].

(a) If | f] is an a-star s-convex mapping on I = [a, b], then
(1)
1] 1425+ 08
Ri(@, b)|<—————(| f'(a)|+]| f'(b
|Re(a.b)| 4{2_S(S+1)(S+2) (1@ +] 16)])
or

IRi(ab)| < 1L @)+ 1))
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(ii)

2s+2

|Lf(a,b>|s§{ _”“(S“)“s}<|f'<a>|+|f'<b>|>.

(s+1)(s+2)2°
(b) If | /| is an a-star s-convex mapping on I = [a, b] for p > 1, then

@
1 1

Pt -s\p -s \p
Reab)|= (5] {[Zsfl j" +[§+1jp}<| f(@)] +| b))

(i)

1

p-1 s 1 N
@b s (2] " {(2531 j" +[§+1]"}(| @)+ b))

Proof. By (6), (7) and (8) in Lemma 2, we have

(@)()

IRi(a b)|s§{j$t( )dejolt(a\l%\jsdt}u (@) +] 1))

1+25 s + 08
275(s +1)(s +2)

1+t
2

<

ju (@) +| 1))

n—

[ReCa. D)< 5| [L0-010] 1@+ (=00 1) e
0
[ -0 POl -0 @i
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(i)

strofie-ofets o) fo-of( 5o

12" —s+34+(s+ Do’
8 (s+1)(s+2)2°

%Hmnﬂvmn

(b)(@)

Pl s PN
| Rt (a, b)|<—(;’p—llj P Hf( )|P[ ]+|f(b)|p S(fﬂj}p
oL
otz
ool N
“3lzem)’ {[2 X&) }(l CIREOI

or

1

b1
|mmeS%@pﬂ)pkﬁmﬂwaw+mowﬂwmqup

p

1
+Ukﬂfmw+mtmﬂrwwwq1
0

1 1 1

<%(yn] [0 /@) 7+ £0)[P)P +(| F'(0)|° +a| F(a)[")P ]
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(i)
| Lt (a, b)|

<_U (l—t)‘ (IT +151 j‘dt I(l—t)‘ ( %aj‘dt}
A1 st s
p 0
+U; f'( j‘pdtj%
%(;p—_)% {If(a)lpj ﬂ )dt+|f(b)|PJ'( ‘1%

o s oo

<352 ) ()< 16 < L @l Fo))

1+t 1-t
— b+r—-a

1

o

By using Theorem 1.6, we have the following inequalities:

Theorem 2.4. Let f : T < R — R be a differentiable mapping on the interior
1° of I suchthat f'e L([a, b]), where a,b e I with a<b and a, s e (0, 1]. If

| £/|P is an o-star s-convex mapping on I = [a, b], then

(1)

p-1 1
1(p=1Yp (1 Yp|| ¢ a+b)p
IReta o)1= 5(355) () {‘f( 2

1

+|f'(a>|"}p

+{| f'(0)|P +| f




or
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1

il 1 L
Re(a.b) = (=) P ()P @I+ 1O) PP,

s+1
(i1)
1

" f'(a)|p}F

p-1

@bl ﬂzpp_—lle(siJ% {‘ "(2)

|
(a+b)[P|P
ICEHS

Proof. By (6), (7) and (8) in Lemma 2, we have

rop-

(1)
| Rf (as b) |
1 1

o1 p-1 5 a+b P ) b )
— p 2 np n\P
C= {b—aja (1) |dt} +{b_aja§b|(f) |dt}

<

ENEE

1

" f'(a)lp}F

bl 1
<4351 " (=) (55
4\2p-1 S+1 2

+{|f’<b)|p+

(a+b)|P|P
(=5
1 |

s froe | (2

e
4 2

111
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or

(i)

<

<

JAEKEUN PARK

-S|~

FINE!
| Rt (a, b)IS% U;(l—t)P‘ldtj P Uol| f’(ta+(1—t)b)|pdtJ

1

N = L
+Uol(l—t)P1dt) P U01| f'(tb+(1—t)a)|pdtjp

1

s(ﬁ;ﬂff(ljfume+|wmwﬁ.

s+1

|Lf(asb)|
1 1

| IE ) a+h P 5 b )
2 p- p 2 npP nPp
D) P e 7 1P e +-5j;j%#uf)|m

1 1
1 J(a+b P , p p , p J(a+b Plp
Z{‘f(ZJ +|f(a)|}+{|f(b)|+f(2j‘ .

References

S. Abramovich and J. Pecari¢, Functional equalities and some mean values, J. Math.
Anal. Appl. 250 (2000), 181-186.

M. Alomari, M. Darus and S. S. Dragomir, Inequalities of Hermite-Hadamard’s type
for functions whose derivatives absolute values are quasi-convex, RGMIA 12 (suppl.
14) (2009).

M. Alomari, M. Darus and U. S. Kirmaci, Refinements of Hadamard-type inequalities
for quasi-convex functions with applications to trapezoidal formula and to special
means, Comput. Math. Appl. 59 (2010), 225-232.

S. S. Dragomir and R. P. Agarwal, Two inequalities for differentiable mappings and
applications to special means of real numbers and to trapezoidal formula, Appl. Math.
Lett. 11(5) (1998), 91-95.



(5]

REFINEMENTS OF HERMITE-HADAMARD-TYPE INEQUALITIES ... 113

S. S. Dragomir and S. Fitzpatrick, The Hadamard inequalities for s-convex functions
in the second sense, Demonstratio Math. 32(4) (1999), 687-696.

N. Hadjisavvas, Hadamard-type inequalities for quasi-convex functions, J. Inequal.
Pure Appl. Math. 4(1) (2003), Article 13, 6 pp. (in electronic).

D. A. Ion, Some estimates on the Hermite-Hadamard inequality through quasi-convex
functions, An. Univ. Craiova Ser. Math. Inform. 34 (2007), 83-88.

U. S. Kirmaci, Inequalities for differentiable mappings and applications to special
means of real numbers and to midpoint formula, Appl. Math. Comput. 147 (2004),
137-146.

U. S. Kirmaci, M. Klari¢i¢ Bakula, M. E. Ozdemir and J. Pegari¢, Hadamard-type
inequalities for S-convex functions, Appl. Math. Comput. 193 (2007), 26-35.

U. S. Kirmaci and M. E. Ozdemir, On some inequalities for differentiable mappings
and applications to special means of real numbers and to midpoint formula, Appl.
Math. Comput. 153 (2004), 361-368.

M. E. Ozdemir, A theorem on mappings with bounded derivatives with applications to
quadrature rules and means, Appl. Math. Comput. 138 (2003), 425-434.

C. E. M. Pearce and J. Pecari¢, Inequalities for differentiable mappings with
application to special means and quadrature formula, Appl. Math. Lett. 13 (2000),
51-55.

G.-S. Yang, D.-Y. Hwang and K.-L. Tseng, Some inequalities for differentiable
convex and concave mappings, Comput. Math. Appl. 47 (2004), 207-216.



