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Abstract 

The non-commutativity of the self-homotopy groups ( ) [ ]∗= XXX ,H  of 

some simple p-compact groups X is studied, by extending the method due 
to Kono and Ōshima for compact Lie groups. 

1. Introduction 

Kono and Ōshima [7] studied the non-commutativity of the self-homotopy 
groups ( )GH  for compact Lie groups G. As an extension of their work, we consider 

the case of simple p-compact groups X. 

Let p be an odd prime. The mod p cohomology ( )pXH Z;∗  of a simply 

connected p-torsion free p-compact group X is an exterior algebra with primitive 
generators of odd degree: 

( ) ( ),...,,; 1 kxxpXH Λ=∗ Z  

( ) .primitive:,12deg 1 ikii xnnnx ≤≤−=  
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We call the set of odd numbers ( )12...,,12 1 −− knn  the type of X. Here, a p-compact 

group is a space X with finite mod p cohomology ( )pXH Z;∗  together with a 

homotopy equivalence BXX Ω→  to the loop space of a path connected p-
complete space BX. The space BX is called the classifying space of X. Then 

( )pBXH Z;∗  is a finitely generated polynomial algebra: 

( ) [ ] .2deg,...,,; 1 iik nyyyppBXH ==∗ ZZ  

We call the set of even numbers ( )knn 2...,,2 1  the type of the above polynomial 

algebra. 

Let X be a simply connected p-torsion free p-compact group. By Dwyer et al. [3, 

Theorem 1.1], there exist a p-adic pseudoreflection group ( )∧⊂ pkGLW Z,  and a 

map BXBTf →:  equivariant up to homotopy to the projection with respect to 

the natural action of W on BT such that f induces an isomorphism ( ) =∗ ~; pBXH Z  

( ) ,; WpBTH Z∗  where ∧
pZ  is the ring of p-adic integers, and BT is the classifying 

space of the p-completion of the k-dimensional torus .kT  The space BX is called a 
realization of W. 

All irreducible p-adic pseudoreflection groups are classified by Clark and Ewing 
[2], using the classification of irreducible pseudoreflection groups over C  by 
Shephard and Todd [12]. By a simple p-compact group, we mean a simply 
connected p-compact group X such that BX realizes one of the irreducible p-adic 
pseudoreflection groups in Clark-Ewing list. 

Which simple p-compact group is homotopy commutative is determined by 
McGibbon and Saumell. 

Theorem 1.1 ([9, Theorem 4], [11, Theorem 1.1]). The multiplication of a 
simple p-compact group X of type ( )12...,,12 1 −− knn  is homotopy commutative if 

and only if 

 (i) ,2 knp >  or 

(ii) X is p-equivalent to ( )pB1  for p odd, ( ) ( ) ( ) ( ),19,41,19,17 111957 BBBB  

( ) 11
3 11 SB ×  or ( ) ( ).1919 111 BB ×  
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If the multiplication of X is homotopy commutative, then ( )XH  is commutative. 

Thus, if X satisfies (i) or (ii) in the above theorem, then ( )XH  is commutative. 

On the other hand, even if the multiplication of X is not homotopy commutative, 

then ( )XH  can be commutative. Lie group 3S  is such an example: 3S  is not 

homotopy commutative, but ( ) ( ) Z=π= ~3
3

3 SSH  is commutative. Thus, our 

problem is to determine simple p-compact groups X such that the groups ( )XH  are 

not commutative. 

To study this problem we first show the following theorem: 

Theorem 1.2. Suppose that a loop space X is homotopy equivalent to a product 

space .21 XX ×  Let 1: XSf n →  and 2: XSg m →  be continuous maps. We 

consider ( )211 XXn ×π∈α  and ( )212 XXm ×π∈α  defined by 

( ) ( )( )∗=α ,1 xfx  and ( ) ( )( ).,2 ygy ∗=α  

If the Samelson product 21, αα  is non-trivial, then the self-homotopy group ( )XH  

is not commutative. 

Kono and Ōshima [7, Lemma 2.4] showed the above theorem in the case that 

the space X has nS  and mS  as product factors. 

By using Theorem 1.2, we get the following theorem which is a partial answer 
to the problem. 

Theorem 1.3. If X is a simple p-compact group of the following type for a prime 
p, then the self-homotopy group ( )XH  of X is not commutative. 

(1) ( ) ( )23,17,15,11,9,3,11,7  for .7=p  

(2) ( ) ( ) ( ),23,15,11,3,23,17,11,23,15  

( ) ( )23,17,15,11,9,3,35,23,19,11,7  for .13=p  

(3) ( )47,39,23,15  for .17=p  

(4) ( ) ( ),23,17,15,11,9,3,23,15,11,3  

( ) ( )59,47,39,35,27,23,15,3,35,27,23,19,15,11,3  for .19=p  
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(5) ( ) ( ) ( ),59,39,23,3,59,23,59,39  

( ) ( )59,47,39,35,27,23,15,3,59,47,35,23  for .31=p  

(6) ( )59,39,23,3  for .41=p  

2. Proof of Theorem 1.2 

From now on we assume that p is a fixed odd prime. 

Proof of Theorem 1.2. Let mnmnmn SSSSSp +≈∧→×:  be the quotient 

map and nmn SSSp →×:1  and mmn SSSp →×:2  the projection maps. Then 

we consider the following diagram: 

[ ] [ ] ( ) [ ] .,,, 21212121 ∗
×

∗∗
+ ××⎯⎯⎯ ⎯←××⎯⎯ →⎯×

∗∗
XXXXXXSSXXS gfmnpmn  

By the definition of the Samelson product, we have 

( ) ( ) ( ) ( ) ( ) ., 1
22

1
11221121

−∗−∗∗∗∗ α⋅α⋅α⋅α=αα ppppp  

Here, we consider the commutator  [ ] [ ] [ ] [ ] [ ] ,, 2121
1

2
1

121 ∗
−− ××∈⋅⋅⋅ XXXXiiii  

where 212121 :, XXXXii ×→×  are defined by ( ) ( ),,,1 ∗= xyxi  ( ) =yxi ,2  

( )., y∗  Then it is clear that 

( ) ( ) ([ ] [ ] [ ] [ ] )., 1
2

1
12121

−−∗∗ ⋅⋅⋅×=αα iiiigfp  

We will show that ∗p  is an injection. In fact, the inclusion ( ) →∨ΣΣ mn SSi :  

( )mn SS ×Σ  has a homotopy left inverse ( ) ( ) .~:: idirSSSSr mnmn −Σ∨Σ→×Σ  

Thus, the map ( )mnmn SSSS ∨Σ→∧  in the cofibers sequence n
p

mn SSS →×  

( ) ( )mnmnm SSSSS ×Σ→∨Σ→∧  is null-homotopic, and so ∗p  is an injection. 

Thus, we have 

[ ] [ ] [ ] [ ] ,01
2

1
121 ≠⋅⋅⋅ −− iiii  

since .0, 21 ≠αα  Therefore, ( ) ( )21
~ XXX ×= HH  is not commutative.  

Now to show the non-triviality of Samelson product 21, αα  in Theorem 1.2, 

we study the cohomology of the classifying space of X as follows: 
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Lemma 2.1. Let BXX Ω−~  be a loop space. Suppose that 21~ XXX ×−  for 

some 1X  and ,2X  and 

( ) [ ]....,,; 1 kyyppBXH ZZ =∗  

We assume that there are a, i, j and l with 0>a  and ji <  such that 

( ) ( )∑
≤

∗ ≠≡
ts

jitstsl
a cwithpBXHDyycy ,0;mod ,

3
, ZP  

where ( )pBXHD Z;3 ∗  is the module of 3-fold decomposables in ( ).; pBXH Z∗  

Furthermore, we suppose also that there are maps 1: XSf n →  and 2: XSg m →  

such that the adjoint maps 

BXSBXS mn →β→β ++ 1
2

1
1 :,:  

of 1α  and ,2α  respectively, satisfy 

( ) ( ) ( ) ( ) ( ) ( ),0,0,0,0 2211 jtyyisyy tjsi ≠∀=β≠β≠∀=β≠β ∗∗∗∗  

for the maps BXXXXS
f

n Ω−×⊂→α ~: 2111  and −×⊂→α ~: 2122 XXXS
g

m  

BXΩ  are defined in Theorem 1.2. Then Samelson product 21, αα  is non-trivial. 

Proof. Suppose that Whitehead product [ ]21, ββ  is trivial. Then there is a 

continuous map 

BXSS mn →×μ ++ 11:  

such that ( ) ( ),, 1 xx β=∗μ  ( ) ( )., 2 yy β=∗μ  We consider the homomorphism 

( ) ( ) ( ) ( ).;;~;;: 1111 pSHpSHpSSHpBXH mnmn ZZZZ +∗+∗++∗∗∗ ⊗=×→μ  

Taking i and ( )jij <  in the assumption, we have 

( ) ( ) ( ) ( ),1,1 21 jjii yyyy ∗∗∗∗ β⊗=μ⊗β=μ  

( ) ( ) ( ) ( ) ( ) .021 ≠β⊗β=μμ=μ ∗∗∗∗∗
jijiji yyyyyy  
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Since 

( ) ( ) ,0with;mod ,
3

,∑
≤

∗ ≠≡
ts

jitstsl
a cpBXHDyycy ZP  

 for l in the assumption, we have 

( ) ( ( )) ( ) .0, =μ=μ=μ ∗∗∗
l

a
l

a
jiji yyyyc PP  

This is a contradiction. Therefore, Whitehead product [ ]21, ββ  is non-trivial. Thus, 

Samelson product 21, αα  is non-trivial.  

3. Proof of Theorem 1.3 

First, we recall the following: 

Theorem 3.1 ([4], [8]). Let X be a simple p-compact group of type ( ...,,12 1 −n  

).12 −kn  

(1) If ( ),1222 1 −<− pnnk  then X is p-regular. 

(2) If ( ),1422 1 −<− pnnk  then X is quasi p-regular. 

Here, a simply connected H-space is called p-regular if it is p-equivalent to a 
product of odd-dimensional spheres and is called quasi p-regular if it is p-equivalent 
to a product of odd-dimensional spheres and ( ) .s’pBn  Here, ( )pBn  is a space 

introduced in [10] and the mod p cohomology of ( )pBn  is as follows: 

( )( ) ( ),,; yxppBH n Λ=∗ Z  

( ) .,122deg,12deg 1 yxpnynx =−+=+= P  

Now, we show Theorem 1.3 by dividing the proof into several cases. 

Lemma 3.2. The self-homotopy groups of the simple p-compact groups of the 
following types are not commutative: 

( )

( )

( ) ( ) .3159,39,59,23

,1323,15

,711,7

=

=

=

pfor

andpfor

pfor
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Proof. We only give the proof for the type ( )11,7  with 7=p  since the proofs 

for the other types are similar. 

Let X be a simple p-compact group of type ( )11,7  for .7=p  Then X is p-

regular: 

.~ 117
7 SSX ×−  

In ( ) [ ],,7~7; 128 yyBXH ZZ =∗  we have 

( ) ,1288
1 yhyy =P  

where .deg iyi =  We see ,0≠h  since otherwise ( ) ( ) ( ) ( )8
411

8
47

8 !4 yyy PP
−==  

,0=  which is a contradiction. So, the assumptions of Lemma 2.1 are satisfied by 

taking the identity maps 77:1 SS →  and 1111:1 SS →  for f and g. Thus, the self-
homotopy group of X is not commutative by Theorem 1.2 and Lemma 2.1.  

Lemma 3.3. The self-homotopy group of the simple p-compact group of type 
(11, 17, 23) with 13=p  is not commutative. 

Proof. Let X be a simple p-compact group of type (11, 17, 23) with .13=p  

Then X is p-regular: 

.~ 231711
13 SSSX ××−  

In ( ) [ ],,,13~13; 241812 yyyBXH ZZ =∗  we have 

( ) ,2
18324122

3
12112

1 yhyyhyhy ++=P  

( ) ,2418218
2
12118

1 yylyyly +=P  

where .deg iyi =  We see ( ) ( ).0,0, 22 ≠lh  In fact, if ( ) ( ),0,0, 22 =lh  then the 

subalgebra [ ]1812 ,13 yyZ  is a non-modular ( )pA -algebra, where ( )pA  is the mod 

p Steenrod algebra. According to Adams and Wilkerson [1, Theorem 1.2], the type 
of any non-modular polynomial ( )pA -algebra must be a union of types in Clark-

Ewing list, which is not the case. Thus, we have ( ) ( ).0,0, 22 ≠lh  

If ,02 ≠h  we can see that the assumptions of Lemma 2.1 are satisfied by taking 
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the identity map 1111:1 SS →  and the inclusion map 231723: SSSi ×→  for f 

and g with 11
1 SX =  and .2317

2 SSX ×=  

On the other hand, if ,02 ≠l  then we can see that the assumptions of Lemma 

2.1 are satisfied by taking the identity map 1717:1 SS →  and the inclusion map 
231123: SSSi ×→  for f and g with 17

1 SX =  and .2311
2 SSX ×=  Thus the 

self-homotopy group of X is not commutative by Theorem 1.2 and Lemma 2.1.  

Lemma 3.4. The self-homotopy groups of the simple p-compact groups of the 
following types are not commutative: 

( )

( )

( ) .1323,17,15,11,9,3

,3159,47,35,23

,413159,39,23,3

=

=

=

pfor

andpfor

orpfor

 

Proof. Let X be a simple p-compact group of type ( )59,39,23,3  with .31=p  

Then X is p-regular: 

.~ 5939233
31 SSSSX ×××−  

In ( ) [ ],,,,31~31; 6040244 yyyyBXH ZZ =∗  we have 

( ) ( ),31;mod 3
4024260414

1 ZBXHDyyhyyhy ∗+≡P  

where .deg iyi =  We see .02 ≠h  In fact, if ,02 =h  then the ideal ( )4y  generated 

by 4y  is closed under the action of ( ).pA  Therefore, 

[ ] ( ) [ ]60402446040244 ,,31~,,,31 yyyyyyyy ZZ =  

is a non-modular ( )pA -algebra. Hence, as in the proof of Lemma 3.3, we have a 

contradiction, and so .02 ≠h  

Then we can see that the assumptions of Lemma 2.1 are satisfied by taking the 

inclusion maps 23323
1 : SSSi ×→  and 593939

2 : SSSi ×→  for f and g. Thus, 

the self-homotopy group of X is not commutative by Theorem 1.2 and Lemma 2.1. 

For the other spaces, we use the same method. In fact, for the type (3, 23, 39, 

59) with 41=p  the coefficient of 6024 yy  in ( )4
1 yP  is non-zero, while for the 

type ( )59,47,35,23  with 31=p  the coefficient of 4836 yy  in ( )24
1 yP  is non-
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zero. On the other hand, for the last one for ,13=p  we can show that at least one of 

the coefficients of 1810 yy  and 1612 yy  in ( )4
1 yP  is non-zero.  

Lemma 3.5. The self-homotopy groups of the simple p-compact groups of the 
following types are not commutative: 

( )

( ) .1335,23,19,11,7

,1747,39,23,15

=

=

pfor

andpfor
 

Proof. Let X be a simple p-compact group of type ( )47,39,23,15  with 

.17=p  Then X is quasi p-regular and we have 

( ) ,17~ 3923
717 SSBX ××−  

since X is not p-regular by [6]. In ( ) [ ],,,,17~17; 48402416 yyyyBXH ZZ =∗  we 

have 

( ) ( ),17;mod 3
401624

1 ZBXHDyhyy ∗≡P  

where .deg iyi =  Furthermore, we can show 0≠h  by using the same method as in 

the proof of Lemma 3.4. 

So, we can see that the assumptions of Lemma 2.1 are satisfied by taking the 

inclusion maps ( )17: 7
15

1 BSi →  and 392339
2 : SSSi ×→  for f and g. Thus, the 

self-homotopy group of X is not commutative by Theorem 1.2 and Lemma 2.1. 

We can show the non-commutativity for the type ( )35,23,19,11,7  with 

13=p  by using the same method. In fact, we can show that the coefficient of 

2012 yy  in ( )8
1 yP  is non-zero.  

Lemma 3.6. The self-homotopy groups of the simple p-compact groups of the 
following types are not commutative: 

( )

( )

( ) .1959,47,39,35,27,23,15,3

,723,17,15,11,9,3

,1323,15,11,3

=

=

=

pfor

pfor

pfor

 and 

Proof. Let X be a simple p-compact group of type ( )23,15,11,3  with .13=p  
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Then X is p-regular: 

.~ 2315113
13 SSSSX ×××−  

In ( ) [ ],,,,13~13; 2416124 yyyyBXH ZZ =∗  we have 

( ) ( )124241616
1 ,mod yyyhyy ≡P  

for some h, where iyi =deg  and ( )124, yy  is the ideal generated by 4y  and .12y  

We see .0≠h  In fact, if ,0=h  then we have ( ) ( )., 12416
1 yyy ∈P  Furthermore, 

we have ( )( ) ( ).,, 124124
1 yyyy ⊂P  Therefore 

( ) ( ) ( ) ( ) ( ).,!8 12416
811

16
813

16 yyyyy ∈== −
PP  

This is a contradiction and we have .0≠h  

So, we see that the assumptions of Lemma 2.1 are satisfied by taking the 

inclusion maps 15315
1 : SSSi ×→  and 231123

2 : SSSi ×→  for f and g. Thus, 

the self-homotopy group of X is not commutative by Theorem 1.2 and Lemma 2.1. 

Let X be a simple p-compact group of type ( )23,17,15,11,9,3  with .7=p  

Then X is quasi p-regular. Furthermore, by [5, Theorem 1.2], we can choose 

primitive generators ix  of ( )7; ZXH ∗  with ixi =deg  such that ( ) 153
1 xx =P  

and ( )11
1 xP  .23x=  Thus, 

( ) ( ) .77~ 179
517 SSBBX ×××−  

In ( ) [ ],,,,,,7~7; 24181612104 yyyyyyBXH ZZ =∗  we have 

( ) ( )164121010
1 ,mod yyyhyy ≡P  

for some h, where iyi =deg  and ( )164, yy  is the ideal generated by 4y  and .16y  

We see .0≠h  In fact, if ,0=h  then we have ( ) ( )., 16410
1 yyy ∈P  Furthermore, the 

generators iy  can be chosen to satisfy ( ) ,164
1 yy =P  and so ( ) ( )4

11
16

1 yy PPP =   

.2 7
4y=  Thus, we have ( )( ) ( ).,, 164164

1 yyyy ⊂P  Therefore, 

( ) ( ) ( ) ( ) ( ).,!5 16410
511

10
57

10 yyyyy ∈== −
PP  
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This is a contradiction and we have .0≠h  Thus, we can apply Theorem 1.2 and 
Lemma 2.1 to prove the desired fact. 

Let X be a simple p-compact group of type ( )59,47,39,35,27,23,15,3  with 

.19=p  Then X is quasi p-regular. Furthermore, by [5, Theorem 1.2], we can choose 

primitive generators ix  of ( )19; ZXH ∗  with ixi =deg  such that ( ) 393
1 xx =P  

and ( ) .5923
1 xx =P  Thus, 

( ) ( ) .1919~ 47352715
11119 SSSSBBX ×××××−  

In ( ) [ ],,,,,,,,19~19; 604840362824164 yyyyyyyyBXH ZZ =∗  we have 

( ) ( )404282423616116
1 ,mod yyyyhyyhy +≡P  

for some 1h  and ,2h  where iyi =deg  and ( )404, yy  is the ideal generated by 4y  

and .40y  We see ( ) ( ).0,0, 21 ≠hh  In fact, if ( ) ( ) ,0,0, 21 =hh  then we have 

( ) ( )., 40416
1 yyy ∈P  Furthermore, the generators iy  can be chosen to satisfy 

( ) ,404
1 yy =P  and so ( ) ( ) .2 19

44
11

40
1 yyy == PPP  Thus, we have ( )( )404

1 , yyP  

( )., 404 yy⊂  Therefore, 

( ) ( ) ( ) ( ) ( ).,!8 40416
811

16
819

16 yyyyy ∈== −
PP  

This is a contradiction and we have ( ) ( ).0,0, 21 ≠hh  Thus, we can apply Theorem 
1.2 and Lemma 2.1 to prove the desired result.  

Lemma 3.7. The self-homotopy groups of the simple p-compact groups of the 
following types are not commutative: 

( )

( )

( )

( ) .3159,47,39,35,27,23,15,3

,1935,27,23,19,15,11,3

,1923,17,15,11,9,3

,1923,15,11,3

=

=

=

=

pfor

andpfor

pfor

pfor

 

Proof. This lemma is proved by Kono and Ōshima [7]. In fact, these spaces are 
the p-completion of the Lie groups ,4F  ,6E  7E  and .8E   

Proof of Theorem 1.3 is completed through Lemmas 3.2-3.7. 
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