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Abstract 

In this paper, we mainly discuss the one-point extensions of λ-Koszul 
algebras. More precisely, we mainly discuss the “λ-Koszulity” of the 

extension algebra of the forms ,
0

: ⎟
⎠
⎞

⎜
⎝
⎛=

k
MA

E A
M  where k  is a fixed 

ground field, A is a positively graded algebra and M is a finitely generated 
graded A-module. 

1. Preliminaries 

λ-Koszul algebra, another class of “Koszul-type” algebras possessing a lot of 
beautiful homological properties similar to Koszul algebras (see [5]), was first 
introduced by Lü in [3] in 2009. However, it is a pity that [3] does not provide 
enough examples of such algebras. Therefore, it is important, of course interesting to 
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construct new λ-Koszul algebras from the given ones. In this paper, by using the 
matrix-construction method: “One-point extension”, we mainly discuss how to 
construct new λ-Koszul algebras from the known ones. More precisely, we mainly 
discuss the conditions for the extension algebra 

⎟
⎠
⎞

⎜
⎝
⎛=

k0
:

MA
E A

M  

to be λ-Koszul, where A is a positively graded k -algebra and M is a finitely 
generated graded A-module. 

The name of positively graded algebra will stand for a graded k -algebra 

ii AA 0≥⊕=  such that kk ××=0A  is a finite product of the fixed ground field 

k  and lA  is of finite dimension as a k -space. A graded k -algebra ii AA 0≥⊕=  is 

called locally finite if for all ,0≥i  .dim ∞<iAk  If the graded k -algebra 

ii AA 0≥⊕=  is positively, locally finite and generated in degrees 0 and 1, i.e., 

jiji AAA +=⋅  for all ,,0 ∞<≤ ji  then A is called standard. 

Let A be a k -algebra and M be an A-module (not necessary graded). In general, 
the one-point extension of A by M is defined to be the upper triangular matrix algebra 

,
0

⎟
⎠
⎞

⎜
⎝
⎛

k
MA

 we call the upper triangular matrix algebra one-point extension algebra, 

denoted by .A
ME  It is obvious that the elements in the extension algebra A

ME  have 

the form: .
0

⎟
⎠
⎞

⎜
⎝
⎛

k
ma

 Hence we have 

.,,
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⎬
⎫

⎩
⎨
⎧ ∈∈∈|⎟

⎠
⎞

⎜
⎝
⎛= kkMmAa

k
ma

E A
M  

The addition and the multiplication in A
ME  are given by the matrix addition and 

matrix multiplication, that is, 
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and 
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where all ,Aai ∈  ,Mmi ∈  ,k∈ik  .2,1=i  

Proposition 1.1. Using the above notations, we have the following statements: 

(1) A
ME  is a positively graded k -algebra under the grading: ( ) =0

A
ME  

⎟
⎠
⎞⎜

⎝
⎛

k0
00A  and ( ) ⎟

⎠
⎞

⎜
⎝
⎛=

00
ii

i
A
M

MA
E  for all integers 1≥i  if and only if A is a 

positively graded k -algebra and M is a positively graded A-module with 
.dim 1 ∞<Mk  

(2) A
ME  is locally finite if and only if A is locally finite and each .dim ∞<iMk  

(3) A
ME  is standard if and only if A is standard and M is a graded A-module 

generated in degree 1. 

Proof. (1) is immediate from the definition of the multiplication of the extension 

algebra .A
ME  For all ,1≥i  it is obvious that ( ) ∞<i

A
MEkdim  if and only if 

∞<⎟
⎠
⎞

⎜
⎝
⎛

00
dim ii MA

k  if and only if both ∞<iAkdim  and .dim ∞<iMk  Now 

we complete the proof of (2) since degree 0 part is obvious. For the last statement, 

note that ( ) ( ) ( ) ji
A
Mj

A
Mi

A
M EEE +=⋅  if and only if 
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⎜
⎝
⎛⋅⎟

⎠
⎞

⎜
⎝
⎛ ++

00000000
jijijijijjii MAMAAAMAMA

 

if and only if jiji AAA +=  and .jiji MMA +=  Now (3) is proved by combining 

(1) and (2). � 

Proposition 1.2. Let A
ME  be defined as above (A and M are not necessary 

graded) and .
0

:
2

1 ⎟
⎠
⎞

⎜
⎝
⎛=

I
NI

I  Then I is an ideal of A
ME  if and only if 1I  and 2I  are 

ideals of A and ,k  respectively; and N is a submodule of M such that .NIM ⊆  

Moreover, the ideals of A
ME  only have two forms: ⎟

⎠
⎞

⎜
⎝
⎛

00
NI

 and ,
0

⎟
⎠
⎞

⎜
⎝
⎛

k
NI

 where 

I is an ideal of A and N is a submodule of M such that .NIM ⊆  
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Proof. The first assertion is a routine check by using the definition of an ideal. 
The last statement is immediate from the first assertion and by noting that k  is a 
simple ring. � 

Now it is the time to recall the definition of λ-Koszul algebra. 

Let NN →λ :  be a periodic function; write the smallest positive period as 
.λ  Assume that ( ) 21 ≥λ  and that λ is strictly increasing on the interval [ ].,1 λ  

Introduce a function 

NN →δλ :  

with the following properties: 

(a) ( ) ,00 =δλ  ( ) ,11 =δλ  ( ) ,2 d=δλ  where ( ) ,11 +λ=d  a fixed integer; 

(b) ( ) ( ) 1212 =δ−+δ λλ nn  for all ;0≥n  

(c) ( ) ( ) ( )nnn λ=−δ−δ λλ 122  for all .1≥n  

Definition 1.3. A positively graded algebra ii AA 0≥⊕=  is called a λ-Koszul 

algebra if the trivial A-module k  admits a minimal graded projective resolution 

0001 →→→→→→ APPPn  

such that each nP  is generated in degree ( )nλδ  for all .0≥n  

Throughout, let ,Z  N  and ∗N  denote the set of integers, natural numbers and 
positive integers, and k  denote an arbitrary ground field. 

2. The λ-Koszulity of A
ME  

Define a functor 

( ) ( )A
MEgrAgr →:G  

by 

( )( ) ( )( )0,0,AXAX =G  

and 

( ( ) ( )) (( ( ) ) ( ) ( ( ) )),0,0,0,0, 0, AYAXAYAX ff ⎯⎯⎯ →⎯=⎯⎯ →⎯G  
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where ( )AX  and ( )AY  are finitely generated A-modules. From the definition of ,G  

it is clear that G is an exact faithful functor and if ( )AgrP ∈  is a graded A-

projective module, then ( )PG  is a graded A
ME -projective module. 

Lemma 2.1. Let ⎟
⎠
⎞

⎜
⎝
⎛=

00
01

1
Ae  and ⎟

⎠
⎞⎜

⎝
⎛=

k10
00

2e  be a complete set of 

orthogonal idempotents of .A
ME  Then the category ( )Agr  can be viewed as a full 

subcategory of ( )A
MEgr  consisting of the A

ME -modules such that ,02 =⋅ Xe  

where ( ).A
MEgrX ∈  

Proof. It is trivial that for all ,
0

A
ME

k
ma

∈⎟
⎠
⎞

⎜
⎝
⎛  we have .00 12 =⎟

⎠
⎞⎜

⎝
⎛ ec

mae  

That is to say, .012 =eEe A
M  Let ( )( ) ( )A

MEgrVAXX ∈α= ,,  such that .02 =⋅ Xe  

Since 0
0

10
00

2 =⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛⋅⎟

⎠
⎞

⎜
⎝
⎛=⋅

vv
x

Xe
k

 for all ,Vv∈  we get that 0=V  and .0=α  

It is easy to see that such an A
ME -module X can be viewed as a graded A-module. 

That is ( ).AgrX ∈  Conversely, for all ( ),AgrM ∈  we have ( ) ( ).0,0, A
MEgrM ∈  

Therefore we complete the proof. � 

Lemma 2.2. ⎟
⎠
⎞

⎜
⎝
⎛

0
A

 and ⎟
⎠
⎞

⎜
⎝
⎛
k
M

 are the all non-isomorphic projective modules in 

the  category ( ).A
MEgr  ⎟

⎠
⎞

⎜
⎝
⎛

0
0A

 and ⎟
⎠
⎞

⎜
⎝
⎛
k
0

 are the all non-isomorphic simple modules 

in the category ( ).A
MEgr  

Proof. Note that ⎟
⎠
⎞

⎜
⎝
⎛=

00
01

1
Ae  and ⎟

⎠
⎞

⎜
⎝
⎛=

k10
00

2e  are a complete set of 

orthogonal idempotents of .A
ME  The results are proved by 

,
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M    ,2 ⎟
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eE A
M    and   ( ) .

0
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k

eE A
M  � 

Lemma 2.3. We can get a minimal graded projective resolution of ( ) =0
A
ME  

⎟
⎠
⎞⎜

⎝
⎛

k0
00A  from the minimal graded projective resolutions of ⎟

⎠
⎞

⎜
⎝
⎛

0
0A

and .
0
⎟
⎠
⎞

⎜
⎝
⎛
k
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Proof. Let 

0
0000
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be minimal graded projective resolutions of the related simple A
ME -modules. Then it 

is easy to see that the following is the minimal graded projective resolutions of 

( ) :0
A
ME  

( ) .0
000

: 0
01 →→⎟

⎠
⎞

⎜
⎝
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Lemma 2.4. Using the notations of Lemma 2.3, for all ,1≥n  

⎟
⎠
⎞

⎜
⎝
⎛⊕⎟

⎠
⎞

⎜
⎝
⎛= −

00
: 1nn

n
QP

L  

is generated in degree s as a graded A
ME -module if and only if nP  and 1−nQ  are 

generated in degree s as graded A-modules. 

Proof. Let .N∈s  Then ⎟
⎠
⎞

⎜
⎝
⎛⊕⎟
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ME -modules, which is 

equivalent to 
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Theorem 2.5. Let A be a standard graded algebra and M be a graded A-module 

generated in degree 1. Let A
ME  be the one-point extension algebra. Then using the 

notations of Lemma 2.3, the following are equivalent: 

(1) A
ME  is a λ-Koszul algebra; 

(2) A is a λ-Koszul algebra, ( ) ( )[ ]λδ−Ω λ
−λ 212 M  is a λ-Koszul module and 

iQ  is generated in degree ( )1+δλ i  for all ( );22...,,2,1 −λ=i  

(3) For all ,0≥i  1+iP  and iQ  are generated in degree ( ).1+δλ i  

Proof. A
ME  is a λ-Koszul algebra if and only if ( )0

A
ME  possesses a minimal 

graded projective resolution 
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: 0
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such that for all ,0≥n  ⎟
⎠
⎞

⎜
⎝
⎛⊕⎟

⎠
⎞

⎜
⎝
⎛= +

+ 00
: 1

1
nn
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L  is generated in degree ( ),1+δλ n  

which is equivalent to that of 1+nP  and nQ  are generated in degree ( )1+δλ n  as 

graded A-modules by Lemma 2.4. Hence ( ) ( ).31 ⇔  But (2) is obviously equivalent 

to that of 1+nP  and nQ  are generated in degree ( )1+δλ n  as graded A-modules for 

all ,0≥n  which implies that ( ) ( ).32 ⇔  � 
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