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Abstract

In this paper, we mainly discuss the one-point extensions of A-Koszul
algebras. More precisely, we mainly discuss the “A-Koszulity” of the
A
0
ground field, A is a positively graded algebra and M is a finitely generated
graded A-module.

M
extension algebra of the forms E,\A,I = ( K j where k is a fixed

1. Preliminaries

A-Koszul algebra, another class of “Koszul-type” algebras possessing a lot of
beautiful homological properties similar to Koszul algebras (see [5]), was first
introduced by LU in [3] in 2009. However, it is a pity that [3] does not provide
enough examples of such algebras. Therefore, it is important, of course interesting to
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construct new A-Koszul algebras from the given ones. In this paper, by using the
matrix-construction method: “One-point extension”, we mainly discuss how to
construct new A-Koszul algebras from the known ones. More precisely, we mainly
discuss the conditions for the extension algebra

A M
ES =
M (o kj

to be A-Koszul, where A is a positively graded k -algebra and M is a finitely
generated graded A-module.

The name of positively graded algebra will stand for a graded k -algebra
A = ®j>gA such that Ag = k x --- x k is a finite product of the fixed ground field

k and A is of finite dimension as a k -space. A graded k -algebra A = @5 A is
called locally finite if for all i>0, dim, Af <. If the graded k -algebra
A =®j>9A is positively, locally finite and generated in degrees O and 1, i.e.,

A -Aj = Ay forall 0<i, j <oo, then Ais called standard.

Let A be a k -algebra and M be an A-module (not necessary graded). In general,
the one-point extension of A by M is defined to be the upper triangular matrix algebra

A M
(0 K ] we call the upper triangular matrix algebra one-point extension algebra,

denoted by Efy. It is obvious that the elements in the extension algebra Ej; have

the form: (g Tj Hence we have

EA =% ™lacAameM, kekl.
0 k

The addition and the multiplication in EQ are given by the matrix addition and

matrix multiplication, that is,

a1 my + as mo . d) +ay m; + ms
0 kl 0 k2 o 0 kl + kz

and
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[al ml} . (32 sz _ (alaZ g - my +ky 'mlj
0 kJ)l0o k)" Lo kyko '
whereall 3; e A, mj e M, kj ek, i=1 2
Proposition 1.1. Using the above notations, we have the following statements:
Q) E,G is a positively graded k -algebra under the grading: (E,Q o =
(AO 0) and (Ef} )i = (Ai I\g'j for all integers i >1 if and only if A is a

0 k 0

positively graded k -algebra and M is a positively graded A-module with
dim]k Ml < o0,

(2) E,G is locally finite if and only if A is locally finite and each dimy M; < o

3) E,G is standard if and only if A is standard and M is a graded A-module
generated in degree 1.

Proof. (1) is immediate from the definition of the multiplication of the extension
algebra Efy. For all i>1 it is obvious that dim, (Efj); < if and only if
dim]k('gi l\g'J < oo if and only if both dim, A <o and dimy M; < . Now
we complete the proof of (2) since degree 0 part is obvious. For the last statement,
note that (Ef} )i (Ef )j = (E{ )i+ j ifand only if

A M) (A My (AA AMG) (AL My
0 0 0 0 0 0 0 0
if and only if A/A; = A j and AM; = M, ;. Now (3) is proved by combining
(1) and (2). 0
Proposition 1.2. Let E,G be defined as above (A and M are not necessary
| N
graded) and | = ((; | j Then I is an ideal of E,G if and only if 1; and I, are
2
ideals of A and k, respectively; and N is a submodule of M such that IM < N.

I N I N
Moreover, the ideals of E,G only have two forms: (0 Oj and (0 k]’ where

| is an ideal of A and N is a submodule of M such that IM < N.
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Proof. The first assertion is a routine check by using the definition of an ideal.
The last statement is immediate from the first assertion and by noting that k is a
simple ring. 0

Now it is the time to recall the definition of A-Koszul algebra.

Let A : N — N be a periodic function; write the smallest positive period as
| & |. Assume that (1) > 2 and that A is strictly increasing on the interval [1, | 1]

Introduce a function
8 :N >N
with the following properties:
(@ 8,(0)=0, 5,(1) =1 §,(2)=d, where d =A(1)+1, afixed integer;
(b) 8, (2n +1)-5;(2n) =1 forall n > 0;
(c) 8,(2n) -3, (2n —-1) = A(n) forall n >1.

Definition 1.3. A positively graded algebra A = @9 A is called a A-Koszul
algebra if the trivial A-module k admits a minimal graded projective resolution

> P PR >R > A >0

such that each P, is generated in degree &, (n) forall n > 0.

Throughout, let Z, N and N* denote the set of integers, natural numbers and
positive integers, and k denote an arbitrary ground field.

2. The A-Koszulity of E,G

Define a functor

G:gr(A) - gr(E{)
by
G(X(A)) = (X(A), 0, 0)

and

G(X(A) —L— Y (A) = (X(A), 0,00 — 25 (v(A), 0, 0)),
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where X (A) and Y(A) are finitely generated A-modules. From the definition of G,
it is clear that G is an exact faithful functor and if P e gr(A) is a graded A-

projective module, then G(P) is a graded E,G -projective module.

0 0

Lemma 2.1. Let ¢ = a0 and e —(
1. 1 = 0 0 2—0 11k

j be a complete set of

orthogonal idempotents of E,{j. Then the category gr(A) can be viewed as a full
subcategory of gr(E,G) consisting of the E,G -modules such that e, - X =0,

where X e gr(Eq} ).
a m
Proof. It is trivial that for all (0 kj € E,\AA, we have ez(g T)el =0.

That is to say, e,Eqje; =0. Let X = (X(A),V, a) e gr(Eg) ) such that e, - X = 0.
0 O

Since e, - X =
0 1

X 0
j-(vj:(v)zo forall veV, we getthat V=0 and a=0.

It is easy to see that such an E,G -module X can be viewed as a graded A-module.

Thatis X e gr(A). Conversely, forall M e gr(A), we have (M, 0, 0) e gr(E,G ).

Therefore we complete the proof. 0

A M
Lemma 2.2. (0) and (kj are the all non-isomorphic projective modules in
Ay (Ao 0 : o
the category gr(Ey ) 0 and K are the all non-isomorphic simple modules
in the category gr(Ef ).
1 0 0 ©
Proof. Note that e; = A and e, = are a complete set of
0 O 0 I
orthogonal idempotents of E,G . The results are proved by

Efe = (g) Efie, = (ﬁ) (Ed o1 = (%Oj and (E{) )o€2 = Gg 0

Lemma 2.3. We can get a minimal graded projective resolution of (E,ﬁ o =

0
(%0 ]12) from the minimal graded projective resolutions of (A(;Oj and (kj
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Proof. Let

3 (23] (3]
cof§)(3)(2) (L)

be minimal graded projective resolutions of the related simple E,G -modules. Then it

and

is easy to see that the following is the minimal graded projective resolutions of

(EI\A/I )o:
R _ R M
L — n®Qn1—>~-—> Ole — (Eff )y = 0. O
0 0 0 k
Lemma 2.4. Using the notations of Lemma 2.3, for all n > 1,
P
Ln - n ® Qn—l
0 0
is generated in degree s as a graded E,G -module if and only if P, and Q,_; are

generated in degree s as graded A-modules.

P
Proof. Let s € N. Then [ (;‘] ® (Q’(‘)_lJ is generated in degree s if and only if

P
(6‘) and (Q'(‘)_l] are generated in degree s as graded E,\AA -modules, which is

equivalent to

I R i R e
and

A Y A e
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Theorem 2.5. Let A be a standard graded algebra and M be a graded A-module
generated in degree 1. Let E,G be the one-point extension algebra. Then using the
notations of Lemma 2.3, the following are equivalent:

1) E,\AA is a A-Koszul algebra;

(2) Ais a A-Koszul algebra, Q2* “1(M )[=58,.(2 A |)] is a A-Koszul module and
Q; is generated in degree 8, (i +1) forall (i=1, 2, ..., 2| A|-2);

() Forall i >0, P,y and Q; are generated in degree &, (i +1).

Proof. E,\A,| is a A-Koszul algebra if and only if (E,G )o Possesses a minimal

graded projective resolution
P P, M
Lo @ Qn-1 S| e —>(E,C|‘)O—>O
0 0 0 k

P
such that for all n >0, Ly, = ( ’glj ® (QO”J is generated in degree 8, (n +1),

which is equivalent to that of P,,; and Q, are generated in degree 3; (n+1) as
graded A-modules by Lemma 2.4. Hence (1) < (3). But (2) is obviously equivalent
to that of P,,; and Q, are generated in degree §; (n +1) as graded A-modules for
all n >0, which implies that (2) < (3). 0
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