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Abstract 

The eigenvalues and eigenvectors for a class of nonlinear Hammerstein 
integral equations are considered in the paper, where the sign of the kernel 
( )yxk ,  may be variable. Weakening the conditions of Sun and Lou [4], 

the same results are still obtained. 

1. Introduction 

In this paper, we consider the eigenvalues and eigenvectors of nonlinear 
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Hammerstein integral equation 

( ) ( ) ( )( ) ( )∫ ϕ=ϕ=λϕ
G

xAdyyyfyxkx .,,  (1.1) 

In [1], Guo used the theory of Leray-Schauder degree to investigate the 
eigenvalues and eigenvectors of some completely continuous nonlinear operators 
and applied the abstract results to (1.1), where ( )yxk ,  must be nonnegative. In [4], 

Sun and Lou improved Theorem 1 in [1] and applied the result to (1.1), but the sign 
of ( )yxk ,  may be variable. But in [4] some conditions are too strong. We will show 

that we also can obtain the same results when conditions are weakened, thus the 
extent of application will be expanded. 

We proved that, except for at most a sequence of numbers { },nλ  all other 

numbers are eigenvalues of (1.1). 

2. Main Result and its Proof 

In the following, G always denotes a bounded closed domain in Euclidean space 
nR  and the kernel ( )yxk ,  is defined on .GG ×  Consider the nonlinear 

Hammerstein integral equation (1.1). In this section, the discussion is in ( )GC  

space, ⋅  denotes the norm of ( ) pGC ⋅,  denotes the norm of ( ).GLp  

Theorem 2.1. Suppose that (i) ( )yxk ,  is continuous on GG ×  and there exists 

a function ( ) ( )1>∈ pGLh p  such that ( ) ( )∫ >
G

dxyxkxh 0,  for all ;Gy ∈  (ii) 

( )uxf ,  is continuous on ( ) ( )uxfxfG u ,,00,, ′≡× R  exists and is continuous for 

sufficiently small ;u  and (iii) ( )uxf ,  has the lower bound, +∞→ulim  

( ) +∞=uuxf ,  uniformly on ( ){ }.0:\1 =∈=∈ xhGxGGx  Then 

(i) for any λ=λ≠λ≠λ ...,,2,1,,0 nn  is an eigenvalue of A, where { }nλ  is 

the sequence of eigenvalues of the linear integral operator ( ) ( ),:1 GCGCK →  

defined by 

( ) ( ) ( ) ( )∫ ϕ′=ϕ
G

u dyyyfyxkxK ;0,,1  (2.1) 

(ii) ,lim +∞=ϕλ+∞→λ  where λϕ  is the eigenvector of A with respect to ;λ  
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(iii) for any ...,,2,1,,0 =λ≠λ≠λ nn  there exist ( ) 0>λσ=σ  and =R  

( ) 0>λR  such that, for every ( )GC∈φ  satisfying ,0 σ<φ<  the equation ( )xλϕ  

( ) ( )xxA φ+ϕ=  has at least two continuous solutions satisfying 0≡/ϕ  and 

.R<ϕ  

Proof. The proof of conclusions (ii) and (iii) is similar to the proof of [1, 
Theorem 1]. We only need to prove the conclusion (i). 

Let ...,,3,2,1,, =λ≠λλ nn  be fixed. Then by the Leray-Schauder theorem 

(see [3] or [2, Chapter 2, Theorem 2.6]), we can choose a sufficiently small number 
( ) 0>λ= rr  such that 

( ) ,1,,deg 1 ±=θλ− −
rTAI  (2.2) 

where ( ){ },: rGCTr <ϕ∈ϕ=  θ  is the zero element of ( ).GC  Next we will 

show that there exist ( ),GC∈ϕ  θ≠ϕ  and a sufficiently large number 0>R  

such that 

,1
1

1 ϕµ+ϕλ≠ϕ − A  (2.3) 

for all ( )GC∈ϕ1  satisfying R=ϕ1  and a real number .0≥µ  If this is true, by 

the homotopy invariance property of the topological degree, we will obtain 

( ) .0,ind 1 =∞λ− A  (2.4) 

It follows from (2.2) and (2.4) that there exists ( ),GC∈ϕλ  Rr <ϕ< λ  such 

that ,1
λλ

− ϕ=ϕλ A  i.e., λ is an eigenvalue of A. 

Now we will prove that (2.3) holds. Since ( )uxf ,  has the lower bound, there 

exists 0≥b  such that 

( ) 0, ≥+ buxf    for all   ( ) ., R×∈ Gux  (2.5) 

Set 

( )
( ) ( ) ( )∫ >=β=

∈×∈ GGyGGyx
dxyxkxhyxkM .0,inf,,max

,
 

For any ,0>N  by the condition (iii), there exists 0>∗u  such that ( ) ≥uxf ,  
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uN  for any ., 1Gxuu ∈≥ ∗  Choose a number 0≥a  such that 

( )[ ] .,inf
,1

auNuxf
uuGx

−≥−
∗≤∈

 

Then 

( ) auNuxf −≥,  for all .,1 ∞+<<∞−∈ uGx  (2.6) 

Define a linear operator K and a nonlinear operator F as 

( ) ( ) ( ) ( ) ( )( )∫ ϕ=ϕϕ=ϕ
G

xxfxFdyyyxkxK ,,,,  

then .KFA =  Define a linear functional ( ) ( ) ( ) ( )∫ ∈ϕϕ=ϕ
G

GCdxxxhh .,,  

Choose a number 0>R  and let ( ){ }.: RGCTR <ϕ∈ϕ=  Choose ( )xϕ  

( ) ( ) ( )∫ ⋅λ=⋅λ=
G

xKdyyxk .1sgn,sgn  Suppose there exist RT∂∈ϕ1  and 01 ≥µ  

such that 

,11
1

1 ϕµ+ϕλ=ϕ − KF  (2.7) 

i.e., 

( ).1sgn 11111 λµ+ϕ=⋅λλµ+ϕ=λϕ FKKKF  

Then 

( ) ( ) ( ) ( )( )[ ]∫ ∫ λµ+ϕ=λϕ
G G

dydxyyfyxkxhh 111 ,,,  

( ) ( ) ( )( )[ ]∫ ∫ −+λµ+ϕ=
G G

dydxbbyyfyxkxh 11,,  

( )( )[ ] ( ) ( ) ( ) ( )∫ ∫ ∫ ∫−λµ++ϕ=
G G G G

dydxyxkxhbdxdyyxkxhbyyf ,,, 11  

( )( )[ ] ( )∫ −λµ++ϕβ≥
G

Kbhdybyyf ,, 11  

( ) ( )( )[ ] ( )∫ −λµ++ϕβ≥ −

G
KbhdybyyfyxkM ,,, 11

1  
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( ) ( )( )[ ] ( )KbhdybyyfyxkM
G

,,, 11
1 −λµ++ϕβ≥ ∫−  

( )( ) ( ) ( )KbhxbFKM ,11
1 −λµ++ϕβ= −  for all .Gx ∈  

Therefore, 

( ) ( ) ( )KbhbFKMh ,, 11
1

1 −λµ++ϕβ≥λϕ −  

( )KbhKbM ,1
1 −+λϕβ= −  

( )KbhKbMM ,1
1

1 −β−ϕλβ≥ −−  

,1
1 CRM −λβ= −  (2.8) 

where ( ).,1
1 KbhKbMC +β= −  Since 

( ) ( ) ( ) ( ) ( )∫ ∫ ϕλ=ϕλ=λϕ
G G

dxxxhdxxxhh
1

111,  

( ) ( ) ( ),111 11 GLpGLGL qqp hh ϕλ=ϕλ≤  

where ,111 =+ qp  and 

( )
( ) ( ) ( ) ( )∫ ∫ ϕ≤ϕϕ=ϕ=ϕ −−

1 1
1

1
1

,1
11

1111
G G GL

qqqq
GL

Rdxxxdxxq  

we have 

( )
( )

., 1
1

11
1

1
1
q

GL
q

p Rhh ϕλ≤λϕ −  (2.9) 

Hence, from (2.8) as R is sufficiently large, 

( )
,1

1
11

1
11

1
1

−−− λ−β≥ϕ CRMRh q
GL

q
p  

i.e., 

( ) ( )qp
q

p
q

GL hRChRM 1111
1

111
1 1

1
−−−−− λ−β≥ϕ  

( )qqq RCRC 11
3

1
2

−−=  

( ) ,1
32 RRCC q−−=  (2.10) 
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where ., 11
13

11
2

−−−− λ=β= pp hCChMC  Therefore, ( ) 0
1

11 >ϕ GL  as R is 

sufficiently large. 

On the other hand, since 11
1

11
1

1 sgn µ⋅λ+ϕλ=ϕµ+ϕλ=ϕ −− KKFA  and 

( ) ( ) ( )∫ ∫µ=µ
G G

dydxyxkxhKh ,, 11  

( ) ( )∫ ∫ ≥βµ≥µ=
G G

Gdxdyyxkxh ,0 mes, 11  

by (2.6) we have 

( ) ( ) ( ) ( )( )[ ]∫ ∫ λµ+ϕ=λϕ
G G

dydxyyfyxkxhh 111 ,,,  

( ) ( ) ( )( )[ ] ( ) ( )∫ ∫ −µλ++ϕ=
G G

KbhKhdydxbyyfyxkxh ,,,, 11  

( )( )[ ] ( ) ( ) ( )∫ ∫ −+ϕ≥
G G

Kbhdxdyyxkxhbyyf ,,, 1  

( )( )[ ] ( )∫ −+ϕβ≥
1

,, 1
G

Kbhdybyyf  

( )( ) ( )∫ −+−ϕβ≥
1

,1
G

KbhdybayN  

( ) ( ) ( )∫ −−β+ϕβ=
1

,mes 11
G

KbhGabdyyN  

( ) ,41 1
1 CN GL −ϕβ≥  (2.11) 

where ( ) ( ) .0mes, 14 ≥−β−= GabKbhC  By (2.9) and (2.11), we have 

( ) ( )
.1

1
11

41
1

11
1

q
GL

q
pGL RhCN ϕλ≤−ϕβ −  

Therefore, noticing that ( ) ,0
1

11 >ϕ GL  we have 

( ) ( )
.1

1
1

4
11

1
111

1
1

1
1

−−−−− ϕβ+ϕλβ≤
GL

q
GL

q
p CRhN  
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Noticing that 0,1 4 ≥> Cq  and (2.10), we have 

[( ) ] [( ) ] 11
32

1
4

111
32

111 −−−−−−− −β+−λβ≤ RRCCCRRCCRhN qqqq
p  

( ) ( ) .11
32

1
4

11
32

1 −−−−−−− −β+−λβ= RRCCCRCCh qq
p  

Letting ( ),i.e., 1 +∞→ϕ+∞→R  we obtain 

.1
2

1 q
p ChN −− λβ≤  (2.12) 

Since N is arbitrary, (2.12) is impossible. Thus (2.7) cannot hold and (2.3) holds. 
Hence the conclusion (i) is true and our proof is complete.  

Remark 2.1. Theorem 1 is an improvement of Theorem 2 in [4], replacing the 
condition ( )xh“  is a bounded measurable function” by the weaker one ∈h“  

( ) ( )”.1>pGLp  This improvement enables the theorem to be applied to more areas. 
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