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Abstract
The eigenvalues and eigenvectors for a class of nonlinear Hammerstein

integral equations are considered in the paper, where the sign of the kernel
k(x, y) may be variable. Weakening the conditions of Sun and Lou [4],

the same results are still obtained.
1. Introduction

In this paper, we consider the eigenvalues and eigenvectors of nonlinear
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Hammerstein integral equation

h0(x) = [ ke, )/ (0 000}y = Ao(x). (1)

In [1], Guo used the theory of Leray-Schauder degree to investigate the
eigenvalues and eigenvectors of some completely continuous nonlinear operators

and applied the abstract results to (1.1), where k(x, y) must be nonnegative. In [4],
Sun and Lou improved Theorem 1 in [1] and applied the result to (1.1), but the sign

of k(x, y) may be variable. But in [4] some conditions are too strong. We will show

that we also can obtain the same results when conditions are weakened, thus the
extent of application will be expanded.

We proved that, except for at most a sequence of numbers {A,}, all other

numbers are eigenvalues of (1.1).
2. Main Result and its Proof

In the following, G always denotes a bounded closed domain in Euclidean space
R" and the kernel k(x, y) is defined on G xG. Consider the nonlinear

Hammerstein integral equation (1.1). In this section, the discussion is in C(G)

space, | -|| denotes the norm of C(G), |- ||, denotes the norm of L”(G).
Theorem 2.1. Suppose that (i) k(x, y) is continuous on G x G and there exists
a function h € LP(G)(p > 1) such that IG h(x)k(x, y)dx > 0 for all y € G; (i)

f(x, u) is continuous on G xR, f(x,0)=0, f,(x, u) exists and is continuous for

sufficiently small |ul; and (i) f(x,u) has the lower bound, limy, |
S(x, u)/|u| = +o0 uniformly on x € G; = G\{x € G : h(x) = 0}. Then

(i) forany A #0, A #A,, n=1,2, ..., A is an eigenvalue of A, where {\,} is
the sequence of eigenvalues of the linear integral operator K, :C(G)— C(G),
defined by

Kiolx) = [ k(e 2) (0. 0000y @1

(if) 1imyj, o | @5 || = +o0, where @, is the eigenvector of A with respect to \;
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(iil) for any A =0, L = A,, n=1,2, ..., there exist c =c(A)>0 and R =
R(A) >0 such that, for every ¢ € C(G) satisfying 0<| ¢ | <o, the equation Ap(x)

= Ap(x) + ¢(x) has at least two continuous solutions satisfying ¢ #0 and
ol < &

Proof. The proof of conclusions (ii) and (iii) is similar to the proof of [I,
Theorem 1]. We only need to prove the conclusion (i).

Let A, L #A,, n=1,2,3, .., be fixed. Then by the Leray-Schauder theorem

(see [3] or [2, Chapter 2, Theorem 2.6]), we can choose a sufficiently small number
r = r(LX) > 0 such that

deg(I -27'4, T,, 0) = +1, (2.2)

where T, = {p € C(G): | ¢| <r}, 6 is the zero element of C(G). Next we will
show that there exist ¢ € C(G), ¢ = 0 and a sufficiently large number R > 0
such that

o1 # X Ao + 1o, (2.3)

for all ¢; € C(G) satistying | @; | = R and a real number p > 0. If this is true, by

the homotopy invariance property of the topological degree, we will obtain

ind(x"'4, ») = 0. (2.4)
It follows from (2.2) and (2.4) that there exists @, € C(G), r <|¢; || < R such
that k_lA(px = @), i.e., A is an eigenvalue of 4.

Now we will prove that (2.3) holds. Since f(x, u) has the lower bound, there

exists b > 0 such that
f(,u)+b>0 forall (x,u)e GxR. (2.5)

Set

M = = inf .
omax Lk )l B=inf [ AGOKGr y)de > 0

For any N > 0, by the condition (iii), there exists u* > 0 such that f(x, u)>
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N|u| forany |u|>u", x € G;. Choose a number a > 0 such that

inf *[f(x, u)— Nul] = -a.

xeGy,|u|<u
Then
f(x,u) 2 Nju|—a forall x € G, -0 < u < +x. (2.6)

Define a linear operator K and a nonlinear operator F' as

Ko(x) = IGk(x, vo(y)dy, Fo(x) = f(x, ¢(x)),

then 4 = KF. Define a linear functional (%, @) = -[G h(x)o(x)dx, ¢ € C(G).

Choose a number R > 0 and let T; = {p € C(G): | ¢| < R}. Choose @(x)
= sgnk-JG k(x, y)dy =sgn-(K1)(x). Suppose there exist ¢; € 0Tz and p; = 0
such that
o1 = X 'KFg; + 1, 2.7)
ie.,
Aoy = KFop + puhsgnk - K1 = K(Fop + w2 |).

Then

(h 2p) = | 0 ke )0 () + ]y
= [ 1 K LG @)+ il 2]+ b = Blava
G G
= | Uovoo) ol 2] nGok( )dvdy =5 1o kG, )
G G G G
2 B[ L0 @)+ b+ |2l - (., K)

2 BM_]Ile(xa y)l[f(ya (Pl(y))+b+ ullkl]dy_(ha Kb)
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2 01| [ ke )L 1 (00) + b+ |2l | - (. K)

= BM Y (K(Fo; + b + w| 1)) (x)| - (h, Kb) forall x € G.
Therefore,
(h, hoy) = BM | K(Foy + b + | & )| - (h, Kb)
= BM | 2oy + Kb - (h, Kb)
> pM %] o) | - BM | Kb || - (h, Kb)
=pM7 1 |R-C),
where C, = BM | Kb | + (h, Kb). Since

(. 20) = [ rion(x)ds = [ 2o

<M @l o oGy = 1A el )

where 1/p +1/q =1, and

289

(2.8)

lo1 1ty ) = [ Lo = [l o1 ar < & oy,

we have

< 1-1/q 1/q
(b 2en) < [ 1], R 19

Hence, from (2.8) as R is sufficiently large,

1-1/q Vg o -1p _ -1
[l RV I > By R =G,

1e.,
-1p1 -1 -1 p1/g-1y 7 -1
Lot g,y = BM RV A = Gl RV e
= (R — RV

=(Cy - G3R7VYIR,

2.9)

(2.10)
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where C, = M Y| A ||;1, G =q|n[n ||;1. Therefore, || @y ;1) >0 as R is

sufficiently large.

On the other hand, since ¢; = X_lAgol + o = k_lKF(p] +sgn A - Ky and

(. Kay) = ) h<x>ij<x, »)dyds

= MJ J h(x)k(x, y)dxdy = Bujmes G > 0,
GJG
by (2.6) we have

(h i) = [ [ ke )L 0 (00) + .
= K[ K )G 01(0)+ bldyeds + | 1] (h Kiy) = (. KD)
G G
2 | [ o)+ 0l hGx)k(x, y)dsdy = (h, KD)
G G
> U0 o) + 61y = (i K0)
2 B[ (Vo) - a+ D)y~ (b, K)

= BN[ [ 010)]dy + Blb - a)mesGy - (1. Kb)
1

2 BN o1 [l11(G,) — Cas 2.11)

where C4 = | (h, Kb) — B(b — a)mesG; | = 0. By (2.9) and (2.11), we have

N —Cy <Rl RV @ M2
BNl o1 G,y = Ca <IN 1], I o1 IILl(Gl)

Therefore, noticing that || @; |1, > 0, we have

-1 1-1 1/g-1 -1 -1
N <, R g e+ CaB ol
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Noticing that ¢ > 1, C4 = 0 and (2.10), we have
N < B, RVC, - GRTYIRIT + Cp(Cy - CRTYRT
Bl (Co — R+ B - CRIYIRT,
Letting R — +oo (i.e., | ¢ || > +0), we obtain
N < B[R], C57 2.12)
Since N is arbitrary, (2.12) is impossible. Thus (2.7) cannot hold and (2.3) holds.

Hence the conclusion (i) is true and our proof is complete. O

Remark 2.1. Theorem 1 is an improvement of Theorem 2 in [4], replacing the

condition “h(x) is a bounded measurable function” by the weaker one “he

LP(G)(p >1). This improvement enables the theorem to be applied to more areas.
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