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Abstract

In this paper, we introduce the generalized Cesaro vector-valued sequence

space ces(X, pp, On) equipped with the Luxemburg norm. Further, we

show some topological properties of this space with respect to the
Luxemburg norm. Finally, it is proved that the space ces(X, pp, dn) has

Kadec-Klee (H) property and we also give a counterexample concerning

not rotundity of the vector-valued space ces(X, pp, dn)-
1. Introduction

Recently there has been a lot of interest in investigating geometric properties of
sequence spaces besides topological and some other usual properties. In the

2010 Mathematics Subject Classification: Primary 46E40, 46B20.

Keywords and phrases: generalized Cesaro sequence spaces, H-property, R-property,
geometric properties, vector-valued sequence spaces, Luxemburg norm.

*Corresponding author

Received February 1, 2010



190 NECIP SIMSEK and VATAN KARAKAYA

literature, there are many papers concerning the geometric properties of different
sequence spaces. For example, in [11], Mursaleen et al. studied some geometric
properties of normed Euler sequence space. Karakaya [5] defined a new sequence
space involving lacunary sequence space equipped with Luxemburg norm and
studied Kadec-Klee (H), rotund (R) properties of this space. In addition, some
related papers on this topic can be found in [1], [4], [13], [15] and [19].

Especially, some geometric properties of the Cesaro sequence spaces have been
studied by many authors including Cui and Hudzik [2], Liu et al. [10], Cui et al. [3].

Shiue [16] first defined Cesaro sequence space with norm. In a recent paper,
Suantai [17] generalized the normed Cesaro sequence spaces to the paranormed
sequence spaces by making use of Kdthe sequence spaces. He showed that the

Ceséro sequence space ces(p) equipped with Luxemburg norm has rotund (R) and

Kadec-Klee (H) properties. Also, in [14], Sanhan and Suantai showed that the

2r+1

Ceséro sequence space ces(p), where the sum runs over 2 < k < , equipped

with Luxemburg norm has property (H) but it is not rotund.

In [6], Khan and Rahman introduced sequence space ces[(p,, ), (¢, )]. Afterwards

Mursaleen and Khan [12] generalized this space to the vector-valued sequence space
and studied dual of this space. In the space ces[(p,),(q,)], if we specialize ¢, =1

forall n € N, then we get ces[(p,), (¢,)] = ces(p) defined in [14].

In this work, our purpose is to generalize paranormed sequence space

ces[(p,), (q,)] to vector-valued space ces(X, p,, q,) and to investigate some

topological properties and geometrical properties as Kadec-Klee (H) and rotund (R)
according to Luxemburg norm of this space.

2. Preliminaries and Notations

Let (X, |-|) be a Banach space with a scalar field K and the space of all
sequences in X be denoted by w(X). When X = R or C, the corresponding spaces

are written as w.

Let (X, ||-||) be a real Banach space and B(X) (resp. S(X)) be the closed unit
ball (resp. unit sphere) of X.

For any sequence (x,) in X such that |x, | > 1 as n — oo, if the weak
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convergence of (x,) to x (write x, —>x) implies that [x, —x|| >0 as n — oo,
then a point x € S(X) is said to be an H-point of B(X). If every point of S(X) is
an H-point of B(X), then it is said to have H-property. Briefly, X is said to have the
H-property, if every weakly convergent sequence on the unit sphere is convergent in

norm. A point z € S(X) is an extreme point of B(X), if for any x, y € S(X),

z=2 ; 24 implies x = y. A Banach space X is rotund (R) if every point of S(X)

is an extreme point of B(X).

Let (g,,) and (p, ) with inf p, > 0 be sequences of the positive real numbers.
Now, we shall define generalized vector-valued sequence spaces ces(X, p,, q,,)

which is equivalent to the space ces(X, p, q) defined in [12] as follows:

0 Pr
ces(X, Pn> qn): x:(xk):Z{Ql qu"x(k)"J <o,
r=0 2"

where Q2’ =Gy F e T G and Z denotes summation over the
r

range 2" < k < 2",

It is trivial that the sequence space ces(X, p,, q,) may be reduced to some
new sequence spaces in the special cases of X, (p,,) and (g,), for all n € N. For
instance, the sequence space ces(X, p,, q,) corresponds to the sequence space
ces[(p,), (g,)] introduced by Khan and Rahman [6] in the case X = C or R in
(2.1). Also if ¢, =1, for all n e N, then the space ces(X, p,, q,) reduces to
ces(X, p,) which is equivalent to the space ces(X, p) defined by [18]. Besides
this, if ¢, =1 and p, = p, forall n € N, then we can write the space ces,(X) in

place of the space ces(X, p,, q,,), where

0 p
ces ,(X) = x:(xk):2[2r2|| x(k)||J <0y,
r=0 r

The sequence space ces(X, p,, g, ) has paranorm defined by



192 NECIP SIMSEK and VATAN KARAKAYA

M

0 Py
h(x) = Z(QLZ%II x(k) IIJ : 2.1)
2" Ty

r=0

where H = sup, p, <o and M = max(l, H). By using standard techniques, it is

easily verified that ces(X, p,, q,,) is paranormed space with (2.1).

If the functional  on w(X) has the following properties, it is called modular

on w(X):
) o(x)=0< x=0;
(ii) o(ox) = o(x), Va € F with |a| =1, forall x € w(X);

(iil) o(ox +By) < o(x)+o(y) if a, B=0, a+B =1, forall x, y € w(X), if
the property (iii) is replaced by

(iv) o(ox +By) < ac(x) + Bo(y), for all a, B e RT with o+ B =1; then we

say that ¢ is a convex modular.

We can introduce the modular o on the vector-valued sequence space

ces(X, py,, q,) as follows:

o :ces(X, py, q,) > [0, ],

0 Pr
where G(x):Z(QLqu" x(k)||J . For all x e ces(X, p,, q,), we define a
r=0\=2" r

norm as follows:

Ixl, mf{wo.c(T)J .

The | -||, is called the Luxemburg norm on the sequence space ces(X, p,., q,).

Note that Luxemburg norm on the sequence space ces(X, p,,, q,) is defined as

follows:

[ x|, =inf t>0:0(§j=i[gl qu x(k) Jp’ < 1.
5

T
r=0
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Let us give an inequality that we will require throughout this paper:
p = (p,) be abounded sequence of positive real numbers. Then we have

L4y +b, [ < Cllay [P +[b, |7,
where C = max (1, 2/77"), H = sup, p,.
3. Main Results

We shall give some propositions which we need in the sequel of this paper.
Proposition 3.1. The functional o is a convex modular on ces(X, p,, q,).
Proof. Let x, y € ces(X, p,, q,)- It is obvious that;

(i) o(x)=0 < x =0 and;

(ii) o(Ax) = o(x), for all scalar A with | 1| = 1.

© Py
of1x) = Z( o O axl k) ||]
r=0\%2" " r
0 Pr
- rzé' A |Pr [QLZ gl x(k) ||]
! Dr
; z[;z ol <00 n]
2" Ty

0
r=0

= o(x).

193

Let

(iii) For A, B =0 with L +B =1, by the convexity ¢ —> |7|, for every

r € N, we have

0 Pr
o(hx+By) = D [ Ql D gyl 2ex(ie) + By() ||J
2"

r=0

" pr o Pr
<Pr Z(Q_;qun x(k) ||] + B Z{éz gl y(k) IIJ

r=0 =0

<ro(x)+Bo(y).
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Proposition 3.2. (i) If | x|, <1, then o(x) < | x|,;

(i) | x|, =1 if and only if o(x) = 1.
Proof. It is provided with standard techniques as [14]. 0

Proposition 3.3. For x € ces(X, p,, q,), we have

()if0<a<1and|x|, >a, then o(x) > a'’, where H = sup p,;
-

(ii)if a > 1 and | x|, < a, then o(x) < al.

Proof. It is provided with standard techniques as [14]. 0

Proposition 3.4. Let (x,,) be a sequence in ces(X, p,, q,)-
@ If lim | x,[, =1, then lim o(x,) = 1;
n—»o0 n—>0
(ii) If lim o(x,) = 0, then lim | x, |, = 0.
n—»0 n—>o0
Proof. (i) Suppose that lim | x, |, =1. Let & € (0, 1). Then there exists n
n—o

suchthat 1 —& < | x, ||, <1+e, forall n > ny. Since (1-&) <||x, |, <(1+&)? for
all n>ny, by Proposition 3.3() and (i), we have o(x,)> (1-¢)? and

o(x,) < (1- a)H. Therefore, lim o(x,) = 1.
n—»0

(ii) Suppose that | x, |, - 0. Then there are an & € (0, 1) and a subsequence

(x, ) of (x,) such that || x > g, for all k e N. By Proposition 3.3(i), we

ny "L

obtain that o(x, ) >¢&’’, forall k e N. This implies that o(x,, )+ 0 as n — .

ny

Hence o(x,) = 0. O
We now show that the ces(X, p,, q,) is a Banach space with respect to
Luxemburg norm.

Theorem 3.5. The space ces(X, p,, q,) is a Banach space with respect to

Luxemburg norm defined by

[, 1nf{r>0.c(rj_l .
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Proof. We show that every Cauchy sequence in ces(X, p,, q,) is convergent
according to the Luxemburg norm. Let (x"(k)) be a Cauchy sequence in

ces(X, py, q,) and € € (0, 1). Thus there exists ng such that | x” —x™ ||, <&,

for all m, n > ny. By Proposition 3.2(i), we obtain
n m n m M
o(x" —x") <[ x" = x" |, <&”, 3.1
for all n, m > ng, thatis,

0 Pr
1 n m M
> erzqkux B =x"®) | <

r=0

for m, n > nj. For fixed k, we get that
I x" (k) = x" (k) || < .
Hence, we obtain that the sequence (x"(k)) is a Cauchy sequence in R. Since
R is complete, x" (k) — x(k) as m — oo. Therefore, for fixed £,
| x" (k) - x(k)| < e,

for all n > ny. Now, we will show that the sequence (x(k)) is the element of

ces(X, p,,q,)- From inequality (3.1), we can write

00 Pr
Z[Ql quux"(k)—x"%k)@
2"

r=0

for all m, n > n;. Forevery k € N, we have x" (k) — x(k), so we obtain that
o(x" —x") = o(x" - x)
as m — oo. Since for all n > ny,

oo}

P o Pr
Z{Q%qull x"(k)—x”“")”] %Z[lerzqk” x"(k)_x(k)"J

r=0 r=0 r

as m — oo, by (3.1), we have o(x" —x)<| x" —x|, <e, for all n > ny. This
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means that x, — x as n — . So we have (x,  —x) € ces(X, p,, q,). Since
ces(X, py, q,) is a linear space, we have x = x,, —(x,, —x) € ces(X, p,, q,).
Therefore, the vector-valued sequence space ces(X, p,, q,) is a Banach space with

respect to Luxemburg norm. This completes the proof. N

Proposition 3.6. Let x € ces(X, p,, q,) and (x,) < ces(X, p,,q,)- If o(x,) >
o(x) as n > © and x,(k) - x(k) as n—> oo, for all k € N, then x,, - x as

n — 0.

0 Py
Proof. Let £ > 0. Since o(x) = Z[ ! qu”x(k)”] < oo, there exists k € N
r

40,
such that
© 1 Pr 1
€
M alx®)|| <L (3.2)
5[ Zuen] <5

where M = max{l, 2771}, H =supp,.
r

r=0 r r=0 r

o Pr ) br
Since ofx, ) - Z(QL Z qi| x, (k) ||J — o(x) - Z(QLZ qill x(k) "J
27 2

as n — oo and x,(k) - x(k) as n —> oo, forall k € N, there exists ng € N such

that
® 1 Dr © 1 Dy .
Z [jZQk" xn(k)llJ - Z (?quu x(k)||J <sore 63
r=rp+I\2" r=R+1\=2" 2

for all n > ny. Also, since x,(k) > x(k) as n—oo, for all k € N, we have
o(x,) = o(x) as n — . Hence, for all n > ny, we have || x,(k)— x(k)| <& As

aresult, for all n > ny, we have

0 Pr
Z[ ler Zr:qkll x (k) = x(k) IIJ <3 (3.4)

r=0

Then, from (3.2), (3.3) and (3.4) it follows that for n > n,
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- Z( > aull 6, () - x(k)IIJ

2o

> ull 0, (6) - +(8) ||j
o | Pr
DS WARCERT]]

r=ry+1

<§+2M{ 3 ( Yl <k>||J

r=ry+1

2o

r=ry+1

_—+2M[G(x) Z[ qullxn(k)llj

qun x<k>||J }

o pr
. [izqkn (b) ||J }
r=rp+I\20  p

<= + ZM{G(X) Z( Z‘Ik" x(k) "J

S z[ qunxmn]]

r=rny+1

:;+2M[z[

r=n+1

AL ||]

S z[ qunxmn]]

r=rny+1
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© Pr
_ & M 1 € 1
2o 3 (LSl 2

r=ry+1

m

<E E B
3 3 '

w

This shows that o(x, — x) — 0 as n — o. Hence, by Proposition 3.4(ii), we have

[ x, —x|l, >0 asn— e O

Now, we shall give main results of this paper involving geometric properties of
the space ces(X, p,, q,)-

Theorem 3.7. The space ces(X, p,, q,) has the property Kadec-Klee (H-
property).

Proof. Let x e S(ces(X, p,, q,)) and (x,) < B(ces(X, p,, q,)) such that

[x, 1, = lxl, =1 and x, Y x as n — . From Proposition 3.2(ii), we have

o(x) =1, so it follows from Proposition 3.4(i) that o(x,) — o(x) as n — 0. Since

X, % x and the ith-coordinate mapping =; : ces(X, p,, q,) > R defined by
7, (k) = x(k) is continuous linear function on ces(X, p,, q,), it follows that
x,(k) > x(k) as n— o, for all k € N. Thus we obtain by Proposition 3.6 that

X, —> X as n — . H

Theorem 3.8. Let p = (py) be a bounded sequence of real numbers such that

pi > 1, forall k € N. Then the space ces(X, p,, q,) is not rotund (R).

Proof. For the proof, we will give a counterexample.

Let z € X be such that | z | = 1. Take g =%, forall k e N, x=(0, 2z, 0,

X+y
2

that ces(X, p,, q,) is not rotund. 0

0,..)and y = (0, z, z, 0, ...). Then o(x) = o(y) = 1 and G( j = 1. This shows

Remark 3.9. If we take g, =1 in the space ces(X, p,, q,), then we obtain

the vector-valued sequence space ces(X, p). Let p; >1 and g; =1. We choose
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xX+y
2

x;=(1,0,0,0,...) and y; =(0,1,1,0,...). Then it can be seen that o(x)= G(—j =

o(y) =1, where

© DPr
o(x) = Z[Z%Zu X ||j .
r=0 r

Therefore, the space ces(X, p) is not rotund for ¢g; = 1. Also, if X = C or R and

qr =1, forall k e N, then we get the sequence space ces(p) defined by [14]. They

showed that this space is not rotund.
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