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Abstract 

In this paper, the author investigates the generalized Hyers-Ulam-Rassias 
stability of a three dimensional quartic functional equation 

( ) ( ) ( )zyxgzyxgzyxg +−+−++++ 222  

( ) ( ) ( )zgygzyxg 16162 ++++−+  

( ) ( ) ( ) ( )[ ]zxgzxgyxgyxg −+++−++= 8  

( ) ( )[ ] ( )xgzygzyg 322 +−+++  (0.1) 

in fuzzy normed space. 

1. Introduction and Preliminaries 

The stability problem of functional equations originated from a question of 
Ulam [28] concerning the stability of group homomorphisms. Hyers [9] gave the 
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ 
theorem was generalized by Aoki [2] for additive mappings and by Rassias [23] for 
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linear mappings by considering an unbounded Cauchy difference. The paper of 
Rassias [23] has provided a lot of influences in the development of what we call 
generalized Hyers-Ulam stability of functional equations. A generalization of the 
Rassias theorem was obtained by Găvruţa [8] by replacing the unbounded Cauchy 
difference by a general control function in the spirit of Rassias approach. In 1982, 
Rassias [22] followed the innovative approach of the Rassias theorem [23] in which 

he replaced the factor pp yx +  by pp yx  for Rqp ∈,  with .1=+ qp  

In 2008, a special case of Găvruţa’s theorem for the unbounded Cauchy 
difference was obtained by Ravi et al. [26] by considering the summation of both the 
sum and the product of two p-norms in the spirit of Rassias approach. The stability 
problems of several functional equations have been extensively investigated by a 
number of authors and there are many interesting results concerning this problem 
(see [1, 6, 10, 12, 13, 24, 25]). 

Katsaras [14] defined a fuzzy norm on a vector space to construct a fuzzy vector 
topological structure on the space. Some mathematicians have defined fuzzy norms 
on a vector space from various points of view [7, 16, 29]. In particular, Bag and 
Samanta [3], following Cheng and Mordeson [5], gave an idea of fuzzy norm in such 
a manner that the corresponding fuzzy metric is of Kramosil and Michálek type [15]. 
They established a decomposition theorem of a fuzzy norm into a family of crisp 
norms and investigated some properties of fuzzy normed spaces [4]. 

We use the definition of fuzzy normed spaces given in [3] and [18-21]. 

Definition 1.1. Let X be a real linear space. Then a function R×XN :  
[ ]1,0→  (the so-called fuzzy subset) is said to be a fuzzy norm on X if for all 

Xyx ∈,  and all ,, R∈ts  

(F1) ( ) 0, =cxN  for ;0≤c  

(F2) 0=x  if and only if ( ) 1, =cxN  for all ;0>c  

(F3) ( ) ⎟
⎠
⎞

⎜
⎝
⎛=

c
txNtcxN ,,  if ;0≠c  

(F4) ( ) ( ) ( ){ };,,,min, tyNsxNtsyxN ≥++  

(F5) ( )⋅,xN  is a non-decreasing function on R  and ( ) ;1,lim =∞→ txNt  

(F6) for ,0≠x  ( )⋅,xN  is (upper semi) continuous on .R  
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The pair ( )NX ,  is called a fuzzy normed linear space. We may regard ( )tXN ,  

as the truth-value of the statement ‘the norm of x is less than or equal to the real 
number t’. 

Example 1.2. Let ( )⋅,X  be a normed linear space. Then 

( )
⎪⎩

⎪
⎨
⎧

∈≤

∈>
+=

Xxt

Xxtxt
t

txN
,0,0

,,0,
,  

is a fuzzy norm on X. 

Example 1.3. Let ( )⋅,X  be a normed linear space. Then 

( )

⎪
⎪
⎩

⎪⎪
⎨

⎧

>

≤<

≤

=

xt

xt
x
t

t

txN

,1

,0,

,0,0

,  

is a fuzzy norm on X. 

Definition 1.4. Let ( )NX ,  be a fuzzy normed linear space and nx  be a 

sequence in X. Then nx  is said to be convergent if there exists Xx ∈  such that 

( ) 1,lim =−
∞→

txxN nn
 for all .0>t  In that case, x is called the limit of the sequence 

nx  and we denote it by .lim xxN nn
=−

∞→
 

Definition 1.5. A sequence nx  in X is called Cauchy if for each 0>ε  and 0>t  

there exists 0n  such that for all 0nn ≥  and ,0>p  we have ( ) .1, ε−>−+ txxN npn  

Definition 1.6. Every convergent sequence in a fuzzy normed space is Cauchy. 
If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete 
and the fuzzy normed space is called a fuzzy Banach space. 

Definition 1.7. A mapping YXf →:  between fuzzy normed spaces X and Y is 

continuous at a point 0x  if for each sequence { }nx  covering to 0x  in X, the sequence 

{ }nxf  converges to ( ).0xf  If f is continuous at each point of ,0 Xx ∈  then f is said 

to be continuous on X. 

The stability of various functional equations in fuzzy normed spaces was 
investigated in [11, 17-21, 27]. 
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In this paper, the author investigates a fuzzy version of the generalized Hyers-
Ulam-Rassias stability of a three dimensional quartic functional equation 

( ) ( )zyxgzyxg −++++ 22 ( )zyxg +−+ 2  

( ) ( ) ( )zgygzyxg 16162 ++++−+  

                            ( ) ( ) ( ) ( )[ ]zxgzxgyxgyxg −+++−++= 8  

                            ( ) ( )[ ] ( )xgzygzyg 322 +−+++  (1.1) 

in the fuzzy normed vector space setting. 

2. Fuzzy Stability of the Quartic Functional Equation (1.1) 

Throughout this section, assume that X, ( )NZ ′,  and ( )NY ′,  are linear space, 

fuzzy normed space and fuzzy Banach space, respectively. Now we use the 
following notation for a given mapping :: YXf →  

( ) ( ) ( )zyxgzyxgzyxDg −++++= 22,,  

( ) ( ) ( ) ( )zgygzyxgzyxg 161622 ++++−++−+  

( ) ( ) ( ) ( )[ ]zxgzxgyxgyxg −+++−++− 8  

( ) ( )[ ] ( )xgzygzyg 322 −−++−  

for all .,, Xzyx ∈  

Now the author investigates the generalized Hyers-Ulam-Rassias stability of the 
functional equation (1.1). 

Theorem 2.1. Let { }1,1−∈β  be fixed and ZX →α 3:  be a mapping such that 

for some a with ,1
16

0 <⎟
⎠
⎞

⎜
⎝
⎛<

βa  

( ( ) ) ( ( ) )rxaNrxN ,0,0,,0,0,2 α′≥α′ ββ  (2.1) 

for all Xx ∈  and ,0>a  and 

( ( ) ) 116,2,2,2lim =α′ ββββ

∞→
rzyxN nnnn

n
 (2.2) 
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for all Xx ∈  and .0>r  Suppose that a function YXg →:  satisfies the inequality 

( )( ) ( )( )rzyxNrzyxDgN ,,,,,, α′≥  (2.3) 

for all 0>r  and ., Xyx ∈  Then the limit 

( ) ( )
n

n

n

xgNxQ β

β

∞→
−=

16
2lim  (2.4) 

exists for all Xx ∈  and the mapping YXQ →:  is a unique quartic mapping such 

that 

( ) ( )( ) ( )( )arxNrxQxgN −α′≥− 16,0,0,,  (2.5) 

for all Xx ∈  and .0>r  

Proof. First assume .1=β  Replacing ( )zyx ,,  by ( )0,0,x  in (2.3), we get 

( ) ( )( ) ( )( )rxNrxgxgN ,0,0,,162 α′≥−  (2.6) 

for all Xx ∈  and .0>r  Replacing x by xn2  in (2.6), we obtain 

( ) ( ) ( ( ) )rxNrxgxgN nn
n

,0,0,216,216
2 1

α′≥⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+
 (2.7) 

for all Xx ∈  and .0>r  Using (2.1), (F3) in (2.7), we arrive 

( ) ( ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛α′≥⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+

n
n

n

a
rxNrxgxgN ,0,0,16,216

2 1
 (2.8) 

for all Xx ∈  and .0>r  It is easy to verify from (2.8) that 

( ) ( ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛α′≥⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

⋅
−+

+

nnn

n

n

n

a
rxNrxgxgN ,0,0,

1616
,

16
2

16
2

1

1
 (2.9) 

holds for all Xx ∈  and .0>r  Replacing r by ran  in (2.9), we get 

( ) ( ) ( )( )rxNraxgxgN n

n

n

n

n

n
,0,0,

1616
,

16
2

16
2

1

1
α′≥⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

⋅
−+

+
 (2.10) 
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for all Xx ∈  and .0>r  It is easy to see that 

( ) ( ) ( ) ( )∑
−

=
+

+
−=−

1

0
1

1

16
2

16
2

16
2

n

i
i

i

i

i

n

n xgxgxgxg  (2.11) 

for all .Xx ∈  From equations (2.10) and (2.11), we have 

( ) ( ) ( ) ( )∪
1

0
1

11

0 1616
,

16
2

16
2min

1616
,

16
2

−

=
+

+−

= ⎭
⎬
⎫

⎩
⎨
⎧

⋅
−≥

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⋅
− ∑

n

i
i

i

i

i

i

in

i
i

i

n

n raxgxgraxgxgN  

( )( ){ }∪
1

0

,0,0,min
−

=

α′≥
n

i

rxN  

( )( )rxN ,0,0,α′≥  (2.12) 

for all Xx ∈  and .0>r  Replacing x by xm2  in (2.12) and using (2.1), (F3), we 
obtain 

( ) ( ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛α′≥

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⋅
− ∑

−

=
+

+

m

n

i
i

i

m

m

mn

mn

a
rxNraxgxgN ,0,0,

1616
,

16
2

16
2

1

0

 (2.13) 

for all ,Xx ∈  0>r  and .0, ≥nm  Replacing r by ram  in (2.13), we get 

( ) ( ) ( )( )rxNraxgxgN
nm

mi
i

i

m

m

mn

mn
,0,0,

1616
,

16
2

16
2

1
α′≥

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⋅
− ∑

−+

=
+

+
 (2.14) 

for all ,Xx ∈  0>r  and .0, ≥nm  Using (F3) in (2.14), we obtain 

( ) ( ) ( )
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

⋅

α′≥⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

∑ −+

=

+

+

1

1616

,0,0,,
16
2

16
2

nm

mi i

im

m

mn

mn

a
rxNrxgxgN  (2.15) 

for all ,Xx ∈  0>r  and .0, ≥nm  Since 160 << a  and ∑
=

∞<⎟
⎠
⎞⎜

⎝
⎛

n

i

ia

0
,

16  the 



THREE DIMENSIONAL QUARTIC FUNCTIONAL EQUATION … 89 

Cauchy criterion for convergence and (F5) imply that ( )

⎭
⎬
⎫

⎩
⎨
⎧

n

n xg
16
2  is a Cauchy 

sequence in ( )., NY  Since ( )NY ,  is a fuzzy Banach space, this sequence converges 

to some point ( ) .YxQ ∈  So we can define the mapping YXQ →:  by 

( ) ( )
n

n

n

xgNxQ
16
2lim

∞→
−=  

for all .Xx ∈  Letting 0=m  in (2.15), we get 

( ) ( ) ( )

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

⋅

α′≥⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

∑ −

=

1

0 1616

,0,0,,
16
2

n

i i

in

n

a
rxNrxgxgN  (2.16) 

for all Xx ∈  and .0>r  Letting ∞→n  in (2.16) and using (F6), we arrive 

( ) ( )( ) ( ) ( )( )arxNrxQxgN −α′≥− 16,0,0,,  

for all Xx ∈  and .0>r  To prove that Q satisfies (1.1), replacing ( )zyx ,,  by 

( )zyx nnn 2,2,2  in (2.3), respectively, we obtain 

( ) ( ( ) )rzyxNrzyxDgN nnnnnnn
n 16,2,2,2,2,2,2

16
1 α′≥⎟

⎠
⎞

⎜
⎝
⎛  (2.17) 

for all 0>r  and .,, Xzyx ∈  Now 

( ) ( ) ( ) ( )( zyxQzyxQzyxQzyxQN ++−++−+−++++ 2222  

( ) ( ) ( ) ( ) ( ) ( )[ ]zxQzxQyxQyxQzQyQ −+++−++−++ 81616  

( ) ( )[ ] ( ))xQzyQzyQ 322 −−++−  

( ) ( ( ))
⎩
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ++−++≥ ,14,
16

222min rzyxgzyxQN n

n
 

( ) ( ( )) ,14,
16

222 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+−−+ rzyxgzyxQN n

n
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( ) ( ( )) ,14,
16

222 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +−−+− rzyxgzyxQN n

n
 

( ) ( ( )) ,14,
16
222 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ ++−−++− rzyxgzyxQN n

n
 

( ) ( ( )) ( ) ( ( )) ,14,
16

21616,14,
16
21616 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
− rzgzQNrygyQN n

n

n

n
 

( ) ( ( )) ( ) ( ( )) ,14,
16

288,14,
16

288 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+−−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +++− ryxgyxQNryxgyxQN n

n

n

n
 

( ) ( ( )) ( ) ( ( )) ,14,
16

288,14,
16

288 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+−−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +++− rzxgzxQNrzxgzxQN n

n

n

n
 

( ) ( ( )) ( ) ( ( )) ,14,
16

222,14,
16

222 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+−−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +++− rzygzyQNrzygzyQN n

n

n

n
 

( ) ( ( )) ,14,
16

23232 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+− rxgxQN n

n
 

( ( )) ( ( )) ( ( ))
⎜⎜
⎝

⎛ +−+−++++
n

n

n

n

n

n zyxgzyxgzyxgN
16

22
16

22
16

22  

( ( )) ( ( )) ( ( ))
n

n

n

n

n

n zgygzyxg
16

216
16
216

16
22 ++++−+  

( ( )) ( ( )) ( ( ))
n

n

n

n

n

n zxgyxgyxg
16

28
16

28
16

28 +−−−+−  

( ( )) ( ( )) ( ( ))
n

n

n

n

n

n zygzygzxg
16

22
16

22
16

28 −−+−−−  

( ( ))
⎭
⎬
⎫
⎟⎟
⎠

⎞
− 14,

16
232 rxg

n

n
 (2.18) 
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for all Xzyx ∈,,  and .0>r  Using (F5), (2.17) in (2.18), we arrive  

( ) ( ) ( ) ( )( zyxQzyxQzyxQzyxQN ++−++−+−++++ 2222  

( ) ( ) ( ) ( ) ( ) ( )[ ]zxQzxQyxQyxQzQyQ −+++−++−++ 81616  

( ) ( )[ ] ( ))xQzyQzyQ 322 −−++−  (2.19) 

{ ( ( ) )}rzyxN nnnn 16,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1min α′≥  (2.20) 

for all Xzyx ∈,,  and .0>r  Letting ∞→n  in (2.19) and using (2.2), we see 

that 

( ) ( ) ( ) ( )( zyxQzyxQzyxQzyxQN ++−++−+−++++ 2222  

( ) ( ) ( ) ( ) ( ) ( )[ ]zxQzxQyxQyxQzQyQ −+++−++−++ 81616  

( ) ( )[ ] ( )) 1322 =−−++− xQzyQzyQ  

for all Xzyx ∈,,  and .0>r  Using (F2) in the above inequality gives 

( ) ( ) ( ) ( ) ( ) ( )zQyQzyxQzyxQzyxQzyxQ 16162222 ++++−++−+−++++  

( ) ( ) ( ) ( )[ ]zxQzxQyxQyxQ −+++−++= 8  

( ) ( )[ ] ( )xQzyQzyQ 322 +−+++  

for all .,, Xzyx ∈  Hence Q satisfies the quartic functional equation (1.1). In order 

to prove ( )xQ  is unique, let ( )xQ′  be another quartic functional equation satisfying 

(1.1) and (2.5). Hence 

( ) ( )( ) ( ) ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
−=′− rxQxQNrxQxQN n

n

n

n
,

16
2

16
2,  

( ) ( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−≥ 2,

16
2

16
2,2,

16
2

16
2min rxQxfNrxfxQN n

n

n

n

n

n

n

n
 

( ) ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −α′≥ 2
1616,0,0,2 arxN

n
n  

( ) ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −α′≥ n

n

a
arxN

2
1616,0,0,  
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for all Xx ∈  and .0>r  Since 

( ) ,
2
1616lim ∞=−

∞→ n

n

n a
ar  

we obtain 

( ) ( ) .1
2
1616,0,0,lim =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −α′
∞→ n

n

n a
arxN  

Thus 

( ) ( )( ) 1, =′− rxQxQN  

for all Xx ∈  and ,0>r  hence ( ) ( ).xQxQ ′=  Therefore ( )xQ  is unique. 

For ,1−=β  we can prove the result by a similar method. This completes the 

proof of the theorem.  
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