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Abstract

In this note, using the property of the twist, we obtain a concise formula
about the sum of the number of elements of group of rational points on
some kinds of elliptic curves over the finite field. This formula can be
generalized to the generic case. Moreover, we give some interesting
remarks.

1. Introduction

Let Fy be afinite field and let E be an elliptic curve over Fy. H(E) is defined

to be the number of elements of group of rational points on the elliptic curve E over
the finite field F;. As we know, like the irregularity of Euler function ¢(n) for
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distinct positive integers n, the occurrence of H(E) are irregular for distinct elliptic

curves E over Fy. However, like Z din ¢(d) = n, we find similarly that for some

kinds of elliptic curves &, ZEe P H(E) have a concise formula. For details, see the

following Theorem 1. Furthermore, based on Schoof’s work on the point counting
problem, we conjecture similarly that there will be a deterministic polynomial time
algorithm for counting Euler function. Thus, the RSA modulus can be expected to
factor completely in a polynomial time. For more details, see Section 3.

Theorem 1. Denote the number of elements of group of rational points on the

elliptic curves of the form y? = x*

Then Z(a,b)quxFq H(E,p) = (a+1)a(q —1) for Char (Fy) = 2.

+ax+b over a finite field Fy by H(E,p).

2. The Proof of Theorem 1

In order to prove Theorem 1, firstly, we introduce the concept and property of

twist. For details, see [1]. Let Fy be a finite field and let E, |, given in short
Weierstrass form Y2 = X3 + aX +b be an elliptic curve over Fy. A twist of the
curve E, p, is given by E; g, where ¢ = av? and d = bv’ for some quadratic non-
residue v € Fq. A useful property of twist is H (Ea,b) + H (Ec,d )=2q+ 2.

The proof of Theorem 1. Let v € Fy be a quadratic non-residue. Clearly, the
mapping f : Fy x Fy — Fy x Fy with f(a, b) = (av2, bv?) is one-to-one. Hence,

we have

23 HEap)= Y, HEap)+ Y H(EL )
(a,b)eFyxFq (a,b)eFyxFy (avz,bv3)qu><Fq

Using the property of the twist which states that H(E4 ) + H (Eav2 bv3) =2q+ 2,

we have 2Z(a,b)quxFq H(Eap) = (20 + 2)N, where N is the number of the

3

elliptic curves of the form y2 = X~ + ax + b over the finite field Fq. Note that N =

q(q —1). Namely, there are exactly q(q — 1) pairs (a, b) such that the discriminant
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A = —16(4a +27b?) = 0. Therefore, Z(a ek k. H(Eap) = (@+Da@—1). It
d q*"g ’

finishes the proof of Theorem 1.
3. Some Remarks

Remark 1. In Theorem 1, we do not consider the isomorphism between two

2 3 3

distinct elliptic curves. Namely, y~ =x +ax+b and y2 =X  +cx+d are

distinct if (&, b) # (c, d). However, they perhaps are isomorphic and H(E, p) =

H(Ec,d )

Remark 2. Theorem 1 could be generalized. Denote the number of all elliptic

curves of the form y2 +aXxy + a3y = x>+ a2x2

+ a4X + ag over any finite field
Fg by N, where a; € Fy. Then the sum of the number of elements of group of

rational points on all elliptic curves of the form y? + axy +azy = x> + azx2

+ayX +a over Fy is (q +1)N. Particularly, the sum of the number of elements

of group of rational points on all elliptic curves of the form y2 =x>+ &12x2 + a4

over F3n is (q — 1)2(q +1), where g = 3"

Remark 3. As we know, for large positive integer n, there is not an efficient
algorithm for factoring n. Thus, it is hard to compute @(n) if n is composite and its
factorization is not known. However, some elementary estimations have been
obtained. Sierpinski [6] proved that ¢(n) < n —+/n if n is composite. Kendall and

2
Osborn [4] showed that @(n) > n3 for n > 30. Hatalova and Salat [3] refined it to
log2 n

o(n) > 2 Togn for n > 3. As a special case, let us consider RSA modulus

n = gp, where p and q are distinct odd primes with p < q < 2p. Clearly, in this
case, we have (v —2)% < ¢(n) < (v'n —1)?. This implies that In-[3vn]+1-o(n)]
<. Similarly, we have a classical inequation on H(E). In 1930’s, Hasse [2]

proved that Artin’s conjecture which states that | H(E) - q — 1] < 24/q. In 1985,
Schoof [5] published the first deterministic polynomial time algorithm with
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O(log’ q) operations for computing H(E) for arbitrary elliptic curve E over a large
finite field Fy. This is a theoretical breakthrough for the point counting problem. By
two aforementioned similar inequations, we believe that there will also be a
deterministic polynomial time algorithm for computing Euler function ¢(n). Thus,
the RSA modulus can be expected to factor completely in a polynomial time. Let us

try the item to wait.

Remark 4. Many modern factorization algorithms such as the Elliptic Curve
Factoring Algorithm and the Number Field Sieve have been showed that there is a
sub-exponential time algorithm for factoring a large integer n. People conjecture that
there is a deterministic polynomial time algorithm for factoring n. Thus, there is a

deterministic polynomial time algorithm for counting Euler function @(n). On the
other hand, if we do not know the factorization of n, but we know ¢(n), can we
factor n? These two questions maybe are equivalent (especially, when n = pQq).
Unfortunately, for generic cases, so far it has not been proved or disproved. So, in
this note, we would like to stress this problem and hope that people are interested in
it.

Remark 5. Based on Remark 4, we try to ask another question: for given large
integer n, how to compute @(n)? Do we need factor n? If we do not factor n, what
shall we do? By Schoof’s algorithm, we could get similarly a method as follows: for
any given small prime p (for example, p ~ logn), count @(n)(mod p). But is there
a deterministic polynomial time algorithm for counting ¢(n)(mod p)? Surely,
¢(n) = 0(mod 2). However, how to solve the cases that p is odd? We will further

consider these questions.
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