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Abstract

In the present paper, the diffusion equation for a time dependent diffusion
coefficient D(t) is solved, in two and three dimensions. It is pointed out

that the behavior of the solution is controlled by the definite integral of
D(t) for time, assuming that the diffusion process is taking place at the

time interval [0, t]. The physical meaning of the solution is that at time t,

the value of the quantity which is involved in the diffusion process
depends on the mean value of D(t) at [0, t] and not on its specific

variation with time. The conclusions of this paper may be useful in
modeling diffusion processes in various fields of geosciences such as
hydrology, geomorphology and soil or atmospheric pollution.

0. Introduction

The diffusion equation has been extensively used to describe heat and mass
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transfer in various physical systems (Zerefos [10], Gupta [2], Menke and Abbot [4],
Streeter et al. [8]). It has also been used in geomorphology to describe a landform
evolution by erosion processes (Culling [1], Kirkby [3] and Scheidegger [5]).

In all these approaches, the diffusion coefficient D is considered to be time
independent. In the context of our research in theoretical geomorphology, however,
we have solved the diffusion equation with a time varying coefficient in one
dimension (Skianis et al. [6]). The physical meaning of a time varying D in
geomorphologic processes is that climate variations as well as human activities such
as cutting of trees or ploughing, may change the soil erodibility and, consequently,
the value of the diffusion coefficient. Skianis et al. [6] showed that the development

of the landform with a time varying D is controlled by a function g(¢) which is

defined as the integral of Ddt for a time interval from zero to .

A time varying D may also have a physical meaning in other systems where
diffusion processes take place such as atmospheric pollution or transportation of a
liquid with contaminants through the subsoil. In such cases, the diffusion equation
has to be solved in two or in three dimensions. We can intuitively assume that in the
multi-dimensional case the solution of the diffusion equation should behave in a
similar way, as in the one dimensional case. Since intuition by its own is not enough
to come to reliable conclusions, in this paper, the diffusion equation in two and three
dimensions is solved and its behavior for certain simple geometries is discussed.
These models may have a broader interest in various fields of earth sciences such as
hydrology, soil and atmospheric pollution, geomorphology and geothermy.

1. The Diffusion Equation in Two Dimensions

In Cartesian coordinates x, y, the diffusion equation is (Gupta [2])
& ooy ELEL < by v 1 ) m
o ox? 6y2 - Y

with an initial condition
S(x, . 1=0)=o(x, ) (2a)
and a boundary condition

limx,yaioo Sf(x, y,1)=0 (2b)
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where f'is the time and space dependent variable f(x, y, ?).

The Fourier transform F(uy, u,, t) of f(x, y, t) is given by

Pl ) = [ 7 70 90 expl- iGa, + yu, vy ®

where u, and u, are the wave numbers at x and y directions, respectively, i is the
imaginary unity.

The Fourier transform of V2f(x, y) is defined as F.T(V2f(x, ) and it is
given by (Gupta [2])

F.T.(sz(x, y)) = —WZF(ux, uy) @)
and w? is given by
w? = u)% + u)Z} %)

Combining relations (1), (3) and (4) gives

%—f = D)W F(uy, uy, 1) ©)

The solution of this ordinary differential equation is
Fuy, uy) = FT(g) - exp[-w’g(0)] (7

where F.T.(¢) is the Fourier transform of ¢(x, y) and g(¢) is given by

2(t) = j; D(a)da (8)

Relation (7) gives the solution of the diffusion equation at the wave number
domain. According to the convolution theorem (Gupta [2]) and well-known Fourier

transforms (Spiegel [7]), the product of F.T(o)-exp[-w’g(s)] at wave number
domain is the convolution of (x, y) with exp[-(x? + y?)/(4g(¢))], which gives

the solution f(x, y, ) at space domain. Therefore the solution of the diffusion

equation with a time varying diffusion coefficient is given by



40 GEORGIOS AIM. SKIANIS and EFTHIMIA VERIKIOU

2 2
Sy 1) = olx, )" exp{— %(H

e (x=s) +(y-s,)
~ 4ng(r) I o I . (s, Sy)~exr>[— 120) Y |ds,ds, (9)

If D is time constant, then according to relation (8), g(¢) = Dt and, according

to relation (9), the solution of the diffusion equation with a time constant diffusion
coefficient is

2 2
_ * _ X" +y
f(xa Vs t) - (p(x, y) eXp|: 4Dt :|
2 2
1 ® ® (X—Sx) +(y_sy)
= Dr I_w‘[_w(p(sx, sy)-exp[— 1Dr ds.ds, (10)

Relation (9) shows that the solution of the diffusion equation with a time varying

diffusion coefficient is controlled by the function g(¢), which is the integral of

D(t) for time ¢.

On the other hand, if we define a mean value D,, of the diffusion coefficient ¢

for a time interval [0, ¢], then according to relation (8), g(¢) becomes

g(t) = Dyt (11)

Combining relations (9) and (11) gives

2 2
* X" +Yy
1) = e
Fx 3.1 = 0(x. ) exp{ o }
2 2
1 ©re® (x_sx) +(y_sy)
= S J' . J' ~ols, sy)~expli— WD ds,ds,, (12)

Comparing relations (10) and (12), it can be concluded that the behavior of the
solution of the diffusion equation with a time varying diffusion coefficient D(¢)

depends on the mean value of D(¢) for the time interval during which the diffusion

process is developed. The solution does not depend on the specific variation of the
diffusion coefficient during this time interval.
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1.a. Special case: the diffusion equation in a 2-dimensional space with radial
symmetry

The 2-dimensional diffusion equation with radial symmetry has a particular
importance in theoretical geomorphology, when the hill or the mountain upon which
the erosion process takes place presents a symmetry along a vertical axis. The
diffusion equation is (Zauderer [9]):

& by, [227{ . lglJ (13)
with » > 0.
There is the initial condition
fr,t=0)=0o(r) (14a)
and the boundary condition
lim,_,,, f(r)=0 (14b)

The zero order Hankel transform F (A, ¢) of f(r, t) is given by

FO 1) = j : #To () £(r, 1) dr (15)

where J|, is the Bessel function of first kind and zero order.

Applying the Hankel transform on relation (13) and taking into account its
properties (Zauderer [9]), the following ordinary differential equation is obtained

94 D) 2F =0 (16)

The solution of equation (16) is
F(x, 1) = HTo(1) - expl- 37g(0)] (17)
where @(1) is the Hankel transform of ¢(r).

Applying the inverse Hankel transform on relation (17) and taking into account
certain properties of the function J, (Zauderer [9]), it can be obtained that

2

1 @ P2+ s? rs
1, t):mjo exp{— =0 }IO( 2g(t)]sf(s)ds (18)
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where [ is the modified Bessel function of first kind and zero order.

For a time constant D, the solution f(r, ¢t) of the diffusion equation has the

form of relation (18), however, g(¢) has to be replaced by Dr.

If the initial condition is represented by a function ¢(r) which has a constant

value f for 0 < r < b and a zero value for » > b, relation (18) becomes

1 b r2 +s2 rs
160 = 3555 ] e"p{‘ Z20) }’O(zga))“’s (19

If D is time constant, then f(r, ¢) is given by

f(r t)_LJ‘bf ex _M] " \ed (20)
Y78 Pl e Y, P R )57

For » = 0 and a time dependent D, relation (19) becomes
b2
feennego a2
For » = 0 and a time constant D, relation (20) becomes
. b*
flr=0,1)= fo(t) = fo{l - CXP(— mﬂ (22)

If D(¢) presents a periodical variation with time which is given by
D(t) =1+ sin(nt) (22a)
or alternatively by
D(t) = 1 —sin(nt) (22b)
then according to relation (8), g(¢) is given by

- cos(mt) 1
T

gt)=1t (23)

The minus sign corresponds to relation (22a) and the plus sign to relation (22b).
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Combining relations (21) and (23), the variations of f;(1) and f,(~1) against ¢
may be easily calculated. f;(1) and f{(~1) are defined to be equal to the function
fi(#), fora D(¢) given by relations (22a) and (22b), respectively.

In Figure 1, the time variation of the function f,, for a time constant D =1 is
represented, together with functions f{(1) and f;(~1). In all cases, f; is put equal
to unity.

It can be observed that a time dependent diffusion coefficient introduces

significant deviations to the values of £. On the other hand, at time instances ¢, where
g(t) equals Dt, which means that the mean value of the time dependent D(z) is

equal to the time constant value D, the value of f, is equal to the value of f(1) and

that of f;(~1).

13

01 T

0,01 ey by
0,1 1 t 10

Figure 1. The time variation of the solution f, in a two dimensional space with radial
symmetry at » = 0, for a time constant and a time dependent diffusion coefficient,

D=1b=1fy=1c=-1

2. The Diffusion Equation in Three Dimensions

In three dimensions, the diffusion equation at space domain is

2 2 2
1=D(r){af+af+afj=D(t)~v2f(x,y,z) (24)
ot ox? 8y2 oz?
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The boundary and initial conditions are the same as in the 2-dimensional case.

Function ¢ depends on x, y, z.
At wave number domain, the diffusion equation takes the form

oF 2
= =D()w”F(uy, uy,, t) (25)

In the 3-dimensional case, w? is given by
w? = u% + u)z, + uZ2 (26)

Working in the same way as in the 2-dimensional case, it can be proved that the

solution of the partial differential equation (24) is given by

fx, p,z,1) = m_[jowji J.:<P(Sxa Sy, 82)

x expl — (x_sx)2 + (y _Sy)z +(Z_Sz)2
P 4g(0)

}dsxdsydsz (27)

If the diffusion process is due to a point source f,, attime ¢ = 0, then the initial

condition is expressed by a Dirac-delta function according to the expression:

f(xa Y.z, t= 0) = (p(x» Y, Z) = /o 5()6)8()/)5(2) (28)

Taking into account well-known properties of the delta function (Menke and
Abbott [4]), relation (27) becomes

___ N x4yt 42
T O 'exp{_ 4500 } ~

Working in the same way, it can be easily proved that in two dimensions the

solution ffor a point source is given by

__ 2
flx, y, t) = m . eXp|:— T(t):| (30)

For a time constant D, the function g(¢) in relations (29) and (30) is substituted
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by Dt and the following well-known expressions are obtained, in three and two

dimensions, respectively,

3 fo ¥+ y2 +z2
f(x, p, z, f)—W'exp{—T (31)
2 2
flo v =52 exp{— N } ()

The temporal variation of f for a time dependent and a time independent
diffusion coefficient is, in qualitative terms, similar to that of the curves of (Figure 1).
A measure of the influence of the temporal variation of the diffusion coefficient on
the behaviour of f may be obtained by the ratio f(¢)/ f>(¢); fi(¢) is the function fat

the source of the function for a time variable diffusion coefficient and f5(¢) is the
respective function f for a time constant diffusion coefficient.

Taking into account relations (29) and (31) and putting (x, y, z) = (0, 0, 0),
the quantity f;(¢)/f>(¢) in three dimensions is given by

£ [ bt PP
H - [—4@@} 33)

Combining relations (30) and (32) and putting (x, y) = (0, 0), the quantity

f1@)] f>(¢) in two dimensions is given by

A6 Dr
720) ™ ang(0)

(34)

For a time constant D equal to unity and D(¢) defined by the relation (22b), the
expression for g(¢) is given by relation (23) with the plus sign and, taking into
account the relations (33) and (34), the ratio f,(¢)/f>(¢) can be calculated for
various 7 values. In Figure 2, the curves f1(¢)/ f>(¢) for the 2-dimensional and the 3-

dimensional cases are presented. It can be observed that the deviations between f
values with a time constant D and f values with a time dependent D are quite high at
small ¢ values and tend to diminish as long as ¢ increases. The deviations are higher

in the 3-dimensional case than in a 2-dimensional case.
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Figure 2. The time variation of the ratio f,/f>, in two and in three dimensions,

D =1.

The solution of the 1-dimensional diffusion equation with a time dependent
diffusion coefficient has been found by Skianis et al. [6]. In that case, the solution f

is controlled by +/[4mg(¢)]. In qualitative terms, the temporal variation f(¢)/ f>(¢)
is the same with that of the 2-dimensional and 3-dimensional cases but the deviation
between the solution for a time dependent D and that of a time constant D is smaller.
Therefore a time dependent diffusion coefficient controls the behaviour of the
solution of the diffusion equation. The deviations between the solution for a time
constant D and that of a time dependent D become higher as long as the space

dimension increases.
3. Conclusions

The solution of the diffusion equation with a time dependent diffusion coefficient

is controlled by the quantity v/[4mg(¢)]", where n is the space dimension and takes
values 1, 2, 3 in geological and environmental processes.
On the other hand, the value of the solution f at time ¢ does not depend on the

specific temporal variation of the time diffusion coefficient but only on its mean

value for the time interval [0, f]. This remark may be useful in studying the

diffusion of a contaminant in the subsoil or in the atmosphere, when the hydraulic or
diffusion properties of the medium are not time constant. Knowledge of the mean
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value of these parameters at the time interval [0, ¢] is sufficient in order to make

reliable calculations of the concentration of the contaminant in space and time.

Furthermore, the results and conclusions of this paper may be also useful in

modelling geomorphological processes or heat conduction at ground surface, when

the diffusion coefficient varies with time.

[5]
[6]
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