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Abstract 

Using crossed coproducts, module coalgebra and cocleft extensions, this 
paper discusses the question about coalgebra cocleft extensions and 
isomorphism of crossed coproducts coalgebra. 

1. Preliminaries 

Let H be a Hopf algebra and C be its coalgebra over a field K. 

Definition 1. Assume that C is also a weak left H-comodule, and that α is a 

linear map ( ) ( ) ( )∑ ∈∀α⊗α=α⊗→α .,,: 21 CccccHHC  Then as a vector 

space HCHC ⊗=×α  with comultiplication ( ) ( )∑ ⊗α×=×ΔΔ 2
2131

1
21, chccchc  

( ) ,232 hcα×  ( ) ∑ ⊗=ρ 21 ccc  is the left H-comodule structure map, ,Cc ∈∀  

.Hh ∈∀  Here we write hc ×  for the tensor .hc ⊗  We say that HC α×  is a 

crossed coproduct by using ρ and α if ( ) ( ) ( )hchc HC εε=×ε  is its counit and 
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coassociativity are satisfied. See also in [6], this is dual of definition of crossed 
products. 

Definition 2. We call the linear map α normal if 

( ) ( )( ) ( ) ( ) ( )( )∑ ∑ αεα=ααε=ε .1 2121 ccccc HHHc  

See also in [6, Definition 2.1]. 

Remark 1. The linear map α is normal and S is the antipode of H. Then 

( ) ( )( ) ( ) ( ) ( )( )∑ ∑ αα=αα=ε .1 2121 cScccSc Hc  

Definition 3. A coalgebra C is a right H-module coalgebra, if 

(1) C is a right H-module via: .hchc ⋅⊗  

(2) Δ and ε are right H-module maps: ,, CcHh ∈∀∈∀  

( ) ,2211∑ ⊗=⋅Δ hchchc  

( ) ( ) ( ).hchc HCC εε=⋅ε  

See also in [5]. 

Definition 4. Let B be a right H-module. Then the invariants of H on B are the 

set ( ){ }., HhhbhbBbBH ∈∀ε=⋅|∈=  

Similar to that in [4, Chapter 1, Definition 1.7.1]. 

Definition 5. Let BC ⊂  be a K-coalgebra and H be a Hopf algebra. Then 

(1) BC ⊂  is a right H-extension if B is a right H-module coalgebra with 

,CBH =  

(2) the right H-extension BC ⊂  is H-cocleft if there exists a coalgebra map 
HB →μ :  and BH ε=με  which is convolution invertible. 

Dual of [4, Chapter 7, Definition 7.2.1]. 

2. Main Result 

Theorem. An H-extension BC ⊂  is H-cocleft .HCB α×≅⇔  
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See also in [3, Theorem 3]. 

Proposition 1. Let BC ⊂  be a right H-extension, which is H-cocleft via: 
HB →μ :  and .BH ε=με  Then there is a crossed coproduct action of C on H, 

given by 

( ) ( )∑ −μμ=⋅ 2
2

11
21 chcchc  

and a convolution invertible map HHC ⊗→α :  given by 

( ) ( ) ( )∑ α⊗α=α .21 ccc  

This action gives B the structure of an H-crossed coproduct over C. Moreover, 
the coalgebra isomorphism BHC →×φ α:  given by 

( )∑ −
α μ× hcchc 2

1
1  

is both a left C-comodule and right H-module map, where 

HC α×  is a right H-module via: ( ) ∑ ∈∀⊗=⋅⊗ .,,21 Hlhhlcllhc  

To prove this, we need a technical lemma. 

Lemma. Assume that BC ⊂  is a right H-extension via: ,: CHCW →⊗  

and that BC ⊂  is H-cocleft via HB →μ :  with .BH ε=με  Then 

(1) ( ).11 SMW ⊗μτ=μ −−  

(2) ,Bb ∈∀  there exists a map CBP →:  which is both right H-module and 

coalgebra map, then ( ) .BCbP H=∈  

Proof. (1) First observe that since W is a coalgebra map, W1−μ  is the inverse 

of .Wμ  Then let ( )IMW ⊗μ=μ  

 [( ) ( )] ( )hcWW ⊗μ∗μ −1  

[( ) ( )] ( )hcWWM ⊗Δμ⊗μ= −1  

[ ( ) ( )] ( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ α×⊗α×⊗μτ⊗⊗μ= ∑−

232
2
2131

1
21

1 hcchcccSMIMM  
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( ) ( ) ( )( ) ( )∑ −μααμ= 2
2

1
232131

1
21 chcShccc  

( ) ( ) ( ) ( )( ) ( )∑ −μααμ= 2
2

1
322131

1
21 ccShShccc  

( ) ( ) ( ) ( )( ) ( )∑ −μαεαμ= 2
2

1
3231

1
21 1 ccShccc H  

( ) ( ) ( ) ( )( ) ( )∑ −μααμε= 2
2

1
3231

1
21 ccSccch  

( ) ( ) ( ) ( )∑ −μμεε= 2
2

11
213 cccch  

( ) ( )∑ εε= Hcch 112  

( ) ( ) Hch 1εε=  

( ) .1Hhc ⊗ε=  

So W1−μ  is the right inverse of ,Wμ  and so W1−μ  by uniqueness of 

inverses. 

(2) CBP →:  is right H-module, ,Bb ∈∀  ,Hh ∈∀  we have: ,Bhb ∈⋅  so 

we define that: ( ) ( ) ( ) .ChbPhbP ∈ε⋅  

And ( ) ( ) ( ).hbIPWhbPW ⊗⊗=⊗  

So ( ) ( ) ( ) ( ).hbPhbPhbP ε=⋅=⋅  

Then ( ) .BCbP H=∈  ~ 

Remark 2. Following the condition of this lemma, we also know that: 

(1) ( ) ( )hbhb μ=⋅μ  

( ) ( ) ( ).11 bhShb −− μ=⋅μ  

(2) .με=ε=ε HCB P  

The lemma enables us to define an inverse to φ. Namely, define 

HCB α×≅ψ :   by  ( ) ( ).21 bbPb μ×α  
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Now, let us prove the proposition. First, we show that φ and ψ are mutual 
inverse. 

( )hc ⊗ψφ  

( ) ⎟
⎠
⎞⎜

⎝
⎛ μψ= ∑ − hcc 2

1
1  

( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ μΔμ⊗= ∑ − hccP c 2

1
1  

( ) ( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ μ⊗μμ⊗= ∑ −−

222
1

12121
1

11 hcchccP  

( ( ) ) ( ( ) )∑ −− μμ⊗μ= 222
1

12121
1

11 hcchccP  

( ) ( ( )) ( ) ( ) ( )∑ −− μμ⊗εμε= 222
1

12121
1

11 hcchccP  

( ) ( ) ( ( )) ( ) ( )∑ εμμεμ⊗= −−
2122

1
21

1
1211 hhccccP  

( ) ( )∑ −μμ⊗= hccc 3
1

21  

( )∑ ε⊗= hcc 21  

.hc ⊗=  

On the other side, we have: 

( )bφψ  

( ) ( )bP Δμ⊗φ=  

( ) ( )( )∑ μ⊗φ= 21 bbP  

( ) ( ( ) ) ( )∑ μμ= −
221

1
11 bbPbP  

( ) ( ( ( ) ) ( ))∑ μμε= −
221

1
11 bbPbP  

( ) ( ( ( ) )) ( )( )∑ μεμε= −
221

1
11 bbPbP  
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( ) ( ( ) ) ( )( )∑ μεε= 22111 bbPbP  

( )( )∑ με= 21 bb  

( )∑ =ε= .21 bbb  

So ., BHC II =φψ=ψφ
α×  

Next, we prove that ( )∑ −
α μ×φ hcchc 2

1
1:  is a left C-comodule map. It 

means we need to check that ( ) .HCB I ⊗ρφ⊗=φρ  Then, we have: 

( )hcB ⊗φρ  

( ) ⎟
⎠
⎞⎜

⎝
⎛ μρ= ∑ − hccB 2

1
1  

( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ μΔ⊗= ∑ − hccIP B 2

1
1  

( ) [( ( ) ) ( ( ) ) ]∑ −− μ⊗μ⊗= 22
1

112
1

1 hcchccIP  

( ( ) ) ( ( ) )∑ −− μ⊗μ= 22
1

112
1

1 hcchccP  

( ) ( ( )) ( ) ( ) ( ( ))∑ −− μ⊗εμε= 222
1

21112
1

11 hcchccP  

( ) ( ) ( ( )) ( ( )) ( )∑ εμμε⊗= −−
2122

1
12

1
2111 hhcccc  

( )∑ −μ⊗= hccc 3
1

21  

( ) ( )hcI HC ⊗ρφ⊗ ⊗  

( ) ( ) ( )hcII C ⊗⊗Δφ⊗=  

( ) ( )( )hcI C ⊗Δφ⊗=  

( ) ( )∑ ⊗⊗φ⊗= hccI 21  

( )∑ ⊗φ⊗= hcc 21  
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( )∑ −μ⊗= .3
1

21 hccc  

So ( )∑ −
α μ×φ hcchc 2

1
1:  is a left C-comodule map. 

At last, it is clear that φ is a right H-module map. This proves Proposition 1. ~ 

Proposition 2. Let HC α×  be a crossed coproduct, and define the map 

HHC →×γ α:   by  ( ) ( ) .hchc ε=⊗γ  

Then γ is convolution invertible, with inverse ( ) ( ) ( ).1 chShc ε=⊗γ−  In particular 

HCC α×  is H-cocleft. 

Proof. Set ( ) ( ) ( ).1 chShc ε=⊗γ−  Then it is straightforward to verify that 1−γ  

is a right inverse for γ. For, 

( ) ( )hc ⊗γ∗γ −1  

( ) ( )hcM ⊗Δγ⊗γ= −1  

( ) ( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ α×⊗α×γ⊗γ= ∑−

232
2
2131

1
21

1 hcchcccM  

( ) ( ) ( )( ) ( )∑ εα⊗αε= 2
2232131

1
21 chcShccc  

( ) ( ) ( ) ( ) ( )( )∑ ααεε= 322131
2
2

1
21 cShShcccc  

( ) ( ) ( )∑ εεε= hccc H1321  

( ) ( ) ( ) ( ) ( )∑ ⊗ε=εε=εε= .11121 HHH hchchcc  ~ 

Similarly, we can check that γ is the right inverse of .1−γ  This proves 

Proposition 2. We have also proved theorem by combining Proposition 1 and 
Proposition 2. 

Corollary 1. Let HC α×  be a crossed coproduct, and HCHC ⊗≅×α  be 

left C-comodule. Then copcopcop BHC →×α  as left copC -comodule map, 

provided the antipode S of H is bijective. 
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Proof. First, from Proposition 2 we know that the map 

HHC →×γ α:   by  ( ) ( ) ,hchc ε=⊗γ  

which is an invertible right H-module map, the module structure maps for HC α×  

and H are given by ( )MIf ⊗=  and M, respectively. 

Let S  denote the inverse of S and set .γ=μ S  Note that μ is invertible under 

twist convolution with .11 −− γ=μ S  It follows that if ,HCB α×≅  then copB  is a 

right copH -module coalgebra which is cocleft via: .: copcop HB →μ  Thus, by 

Proposition 1, copcopcop BHC →×α  as left copC -comodule, where the map is 

given by 

 ( ) ( )∑ ∑ −−
α γ=μ× .1

1
21

1
2

copcopcopcopcopcopcopcop hcSchcchc  ~ 

Corollary 2. Let HC α×  be a crossed coproduct. Then CHHC ⊗→×α  is 

right C-comodule map. 

Proof. According to the theorem we know that .HCB α×≅  We also know 

that 

CHBg ⊗→:  by ( ) ( ) ( )∑ ⊗μ= ,21 bPbbg  

which is left C-comodule map, the comodule structure maps for B and CH ⊗  are 
given by ( )Δ⊗=ρ PIB  and ,Δ⊗I  respectively. 

So CHHC ⊗→×α  is right C-comodule map, where the map is given by 

( ) ( ).: 21 cPhchcg ⊗ε×α  

In other words, we need to check that: ( ) ( ) ,HCIggI
α×ρ⊗=Δ⊗  then we have 

( ) ( ),21∑ ⊗⊗=⊗ρ
α× cPhchcHC  

( ) ( )hcgI ⊗Δ⊗  

( ) ( ) ( )( )∑ ⊗εΔ⊗= 21 cPhcI  

( ) ( ) ( )∑ ⊗⊗ε= 321 cPcPhc  
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and 

( ) ( )hcIg HC ⊗ρ⊗
α×  

( ) ( )⎟
⎠
⎞⎜

⎝
⎛ ⊗⊗⊗= ∑ 21 cPhcIg  

( ) ( )∑ ⊗⊗= 21 cPhcg  

( ) ( ) ( )∑ ⊗⊗ε= .321 cPcPhc  

So CHHC ⊗→×α  is right C-comodule map. ~ 

References 

 [1] Hai Bin Kan, Cohomologous transformations of cocycles for bialgebras (Chinese), 
Chinese Ann. Math. Ser. A 22(2) (2001), 141-150; translation in Chinese J. Contemp. 
Math. 22(2) (2001), 125-136 

 [2] Jin Qi Li, [ ]HC, -Hopf modules and a structure theorem for H-module coalgebras, 

Chinese Ann. Math. Ser. A 16 (3) (1995), 312-319. 

 [3] Gui-Long Liu, The structure of cocleft H-module coalgebra, Chinese Science Bull. 
38(20) (1993), 1688-1688. 

 [4] Susan Montgomery, Hopf algebras and their actions on rings, CBMS Regional 
Conference Series in Mathematics, 82, Published for the Conference Board of the 
Mathematical Sciences, Washington, DC; by the American Mathematical Society, 
Providence, RI, 1993. 

 [5] M. E. Sweedler, Hopf Algebras, W. A. Benjamin, Inc., New York, 1996. 

 [6] Shuan Hong Wang, H-weak comodule coalgebras and crossed coproducts of Hopf 
algebras, Chinese Ann. Math. Ser. A 16(4) (1995), 471-479. 


