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Abstract

We consider the nonparametric estimation of the hazard function, using
a recursive kernel estimator of the density and the distribution function.
Assuming that the data proceed from a strong mixing stationary process,
the strong consistency of the proposed estimator is obtained. The rate of
convergence is the same as that in the independence case. Asymptotic
normality of the estimator is also proven.

1. Introduction

Let X be a real random variable, with probability density function f
and distribution function F, with respect to some o-finite measure on R.
The failure rate or hazard function is defined by

r(x) = lim P(xSX<x+Ax/X2x)'

Ay —0 A

X
By the definition of conditional probability, we have that

r(x) = f(x) _ L(x)
1-F(x) F(x)
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considered when F(x) > 0, that is, r(-) is defined in the set {x ¢ R/F(x)
> 0}.

If we consider that the random variable X measures the “failure

time”, then r(x)A, can be interpreted as the approximate probability
that one subject “fails” in the time interval [x, x + A, ), given the subject

has survived time x, i.e., the instantaneous probability of failure at x,

given survival to x.

The estimation of the hazard function is a problem of considerable
interest in many applied fields, such as inventory theory, reliability,
medicine and seismology. In this last case, the hazard function might be
thought as the instantaneous risk of the occurrence of an earthquake at
time x, knowing that the last earthquake has happened at time zero (Rice
and Rosenblatt [15]). Such approximation has been considered and

applied to real data sets in recent papers (Estévez et al. [4, 6]).

A practical question is the estimation of r(-) based on a random
sample Xj, ..., X,,. In the case of i.i.d. random variables we can cite the

works of, for example, Watson and Leadbetter [24, 25], Ahmad [1],
Hollander and Proschan [9], Prakasa Rao and Van Ryzin [13] or Hassani
et al. [8]. In a context of dependent data (usually, strong mixing
processes), we highlight the papers of Estévez and Quintela [5], Izenman
and Tran [11], Roussas [17, 18] and Sarda and Vieu [20].

Roussas [17, 18] considers a nonparametric estimator defined by

() = ()
h( ) 1—ﬁ’(x)’ (1)

x—Xi

n
with f(x) = % Z K( j the classical Parzen-Rosenblatt kernel
i=1

estimator of the density, and F(-) the empirical distribution function.

Estévez and Quintela [5] use a kernel estimator of the distribution

function in the denominator, that is, Fj,(x) = Jx fn(¢)dt. Roussas and
—0

Tran [19] compare (1) with a recursive version, using



RECURSIVE KERNEL HAZARD ESTIMATION ... 91

) = T @
where
n e
he = 5 K5 ®

is a recursive estimator of the density function, with {b,} € R™ a

sequence of smoothing parameters. Asymptotic optimality properties for
this estimator under mixing conditions can be seen in Masry [12], Tran
[21] or Roussas and Tran [19].

In our paper, we consider the estimator

L) f)
l_Fn(x) Fn(x)7

4

rn(x) =

where f,(-) is the same as in (2), and F,(-) is the kernel estimator of

F(-), defined by

R =23 (5 - [ o ®)

with H(x) = [ fw K(u)du.

The hazard estimator can be computed recursively

L sl K[

n b,

1 (x) = - [n; Lp )+ %H(%ﬂ |

In this way, the hazard estimator can be updated with each new

observation X, ,;. This iterative scheme saves computer time in a

practical case, whereas a nonrecursive estimator needs to be recalculated
completely when a new data set is observed. This is the case of time
series data (see Vilar and Vilar [22] for more discussion and references on
this point). Moreover, in the case of the estimator (4), the use of a kernel

distribution estimator instead of the classical empirical distribution gives
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it continuity properties. The continuity can reveal important features of
the hazard in seismology studies (see, e.g., Estévez et al. [6]). Perhaps it
is in this setting where the recursivity turns out to be an important tool:
when a seismic series is taking place, we can obtain the instantaneous
risk of a new earthquake more quickly than when using a nonrecursive

estimate (Grazinoli and Lorenzo [7]).

In this paper, we establish uniform consistency properties and
asymptotic normality for the estimator (5) in a dependence context. As a
by-product, we obtain the rate of convergence and the asymptotic
normality for the kernel hazard estimator. These rates are the same as
those in the independent case. The dependence setting and the
assumptions used are presented in Section 2. Consistency properties and
the asymptotic normality of the proposed estimators can be seen in
Section 3. Finally, all the proofs are reported in the Appendix.

2. Dependence Structure and Asymptotic Optimality

This work assumes the sample data to be dependent and to satisfy
the “strong mixing” condition (a-mixing), introduced by Rosenblatt [16],

which 1s defined as:

Definition 1. Let N* denote the set of positive integers, and for any i
and j in N* U {oo} (i < j) define ]—'ij to be the c-algebra spanned by the
variables Xj, ..., X;. The sequence {X;} is said to be o -mixing (strong
mixing) if there exist mixing coefficients a(m) such that | P(A N B) -
P(A)P(B)| < o(m), for any sets A, B that are, respectively, ,7-'1}" -

measurable and F7’,,, -measurable (k, m positive integer), and a(m) 4 0.

This condition is one of the weakest used in studies of dependent
samples. It is satisfied, for example, by the ARMA processes with
continuous white noise (see Doukhan [3] for a more complete discussion

of the strong mixing conditions).

In the results we will present below, the following assumptions will

be considered:
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About the random variables and the mixing coefficients

H.1) (X, )n 1s a strictly stationary sequence of a-mixing variables

with Z a(r) < +oo.
r=1

About the density function

(H.2) The density fis bounded and has k(> 2) continuous derivatives.

(H.3) For all j > 2, there exists the joint density function f ;(-, -)

and
| A, v)- fwf)|<C, Yu,veR

About the kernel function K

(H4) K is a bounded probability density function, verifying
lim‘x \—>0| X |K(x) = 0.

(H.5) K is Lipschitz continuous (i.e., 3Cg, 0 < Cx < o0, such that
| K(x) - K(y)| < Cglx -], Vx, y € R).

(H.6) K has order & (0 = IxK(x)dx = Jx2K(x)dx == Jxk_lK(x)dx
and 0 < jka(x)dx < ooj.

About the bandwidth sequence
(H.7) {b,} is a monotone nonincreasing sequence verifying b, — 0

andnb,’f—>ooasn—>oo.

l
1gn (b _
(H.8) —37 (Ej S>P <o l=1.,k+1

3. Results

3.1. Uniform strong consistency

First, we present two lemmas that show the asymptotic behavior of
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the kernel estimators of the density and distribution functions. In the
sequel, C > 0 will denote a positive constant, and all limits are taken as

{n}, or subsequences thereof, tend to infinity. Also, we will consider S as

any compact subset contained in the interior of {x € R/F(x) > 0}.

Lemma 1 (Tran [21]). Under (H.1)-(H.8) and assuming that the

mixing coefficients have the form a(n) = O(n™%) with a > %, we have

nb,

B logn /2
iggl(fn(x)—f(x))l—O[( j J a.s.

Lemma 2. Under (H.1)-(H.8) and assuming that

(H.9) the mixing coefficients have the form a(n) = O(n™%) with a +1

1
2 b

(H.10) F is k-times continuously differentiable, and

(H.11) the bandwidth sequence verifies Z::1 nb,’f(‘“d)_1 < o, we have
sup| (F,,(x) - F(x))| = O(b%), a.s.
xeS

Now, to study the asymptotic properties of r,(-), we write, for each

xeS,
() = () = D#() [ - F(x)(f,(x) - f(@)) - f(x) (F(x) - Fy(@)], ()

with D, (x) = F(x)F,(x) = (1 - F(x))(1 - F,(x)). It is easy to obtain that
| D,(x)| > C >0, vx € S. Considering the results of Lemmas 1 and 2,
and using ( 6), we can write the following theorem for the estimator of the

hazard function:

Theorem 3. Under the assumptions of Lemma 2, we have

sug| ra(x) - r(x)| = O(BF), as.
xe
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Remark 1. If we suppress, in Theorem 3 (resp. Lemma 2), the
assumptions related to the kth order of the kernel function K and the
existence of %k derivatives of the function f, we simply obtain the

convergence toward zero of the bias of the estimator r,(-) and the strong

consistency (pointwise and uniform) of the same.

Remark 2. Note that the rate of convergence obtained in Theorem 3
(resp. Lemma 2) is the same as that in the case of independent samples.
This rate is achieved by means of the reconstruction techniques used by
Ango-Nzé and Doukhan [2] (see Quintela and Vieu [14]).

3.2. Asymptotic normality

To establish the asymptotic normality of the estimator r,(-) we need

to include the following assumptions:

(H.12) There exists a subsequence of positive integers {m,},

1 < m, < n, such that

m,b, — 0 and b%y Zal_y(j) — 0 for some y e (0, 1).

n j:mn
no (b
(H.13) The sequence n™* Z}’q (b_kj has a finite limit.
T n

(H.14) Let p = p(n) e N and let B = B(n) € N subsequences of n € N
such that p,p — o and p+B <n. Let pu=pu(n), the largest positive

integer for which u(p + B) < n. Then, it verifies that B/p — 0, pa() — 0

2
p

0.
nb, -

and

Masry [12] proves the asymptotic normality for the estimator (3) in
the case of strong mixing and asymptotically uncorrelated processes (for
the definition of processes of this type see (3.2) of Masry [12]). Roussas
and Tran [19] show a similar result under (H.1.)-(H.8) and (H.12)-(H.14).
Because expression (6) and Lemma 4 below, we can establish the
asymptotic normality for the recursive hazard estimator.
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Lemma 4. Under (H.1)-(H.4) and (H.7), we have
nVar(F,(x)) — F(x)F(x).

Theorem 5. Under (H.1)-(H.10) and (H.12)-(H.14), we have
(1) (1) ~ r(x)) 5 N(O, ().

sz(x)dx

with 1*(x) = r(x)l——F(x)

, for each point of continuity x € S.

Remark 3. Except (H.5), the assumptions (H.1)-(H.8) and (H.12)-
(H.14) are used by Roussas and Tran [19] to obtain the asymptotic
normality of the recursive kernel estimator of the density function f.
Because the proof of Theorem 5 makes use of equation (6), we will use the
result of Roussas and Tran [19] and therefore, we need to use their
assumptions. Also, because (6), we need to get the asymptotic normality
of the kernel estimator of the distribution function.

Remark 4. Because our assumptions are the same as those used in
Roussas and Tran [19], their comments on these remain valid (see pages
351-354 of the mentioned paper). In this work, we find specific examples
of the selection of possible values in (H.14).

Remark 5. The popular choice for the bandwidth parameter b, =

Cn™%,0 < s <1 is contemplated in our case, because all the conditions

about the bandwidth sequence are fulfilled.
4. Appendix: Proofs

Proof of Lemma 2. Let us calculate the expectation

E(F,(x)) = %gE{ H(x ;iXi ﬂ _ %Z: j j:F(x —bu)K(w)du, (1)

using integration by parts. Now, a Taylor’s expansion of order k of
F(x — b;u) provides that (H.6) and (H.10)):
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E(F,(x) = L Z[F(x)+( )bka(x)j ukK(x)de

i=1
1~o( b\
= F(x)+( ) Fk(x)U ukK(x)dij’}:[Z;(Ej J+ o(b,]f).
By (H.8), we have that sup, g| E(F,(x)) - F(x)| = ok).

Now set A,(x)= F,(x)- E(F,(x)). We are going to use the

reconstruction techniques (see Doukhan [3]): consider a sequence
{(g(n), U(n))},,cn* such that n — g(n) < 2(n)q(n) < n, and set

2l(n)

A,() = Zz (x) + An ().

x - X; x - X;
where Z;(x) = zjq (o1)g(n)s1 {H(le - EH( 5 Lﬂ and note that

12

we have

sup| A, ()] < £ as., (8)
xeS 3

provided that g(n) = o(ne). By Rio’s lemma (see Ango-Nzé and Doukhan
[2]), we can change the variables Z; (x) with j odd (resp. with j even) by
independent variables Z(x) with the same distribution of Z;(x) and

such that
P( Zj(x) - Z(x) | # 0) = alq(n)). )
Because of (8) we get:

I, = Plsup| A,(x)]| > €]
xeS

p = Z — 1+ P A -
< Lsctelg Z (x) > ]+ [sup Z (x)> (10)

J even

I—I
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Using (9) and classical Lipschitz arguments ((H.5)), we write the
compact S as S:Ullgzl[yk,ykﬂ] with 1, = O(r;}) intervals with

longitude r, = b,,. We get

E%ZZ ]

J even

< C—supP

e |, nalg(n))
Z R T §} " 2b,q(n) -

j even

The other term in r.h.s. of (10) can be treated similarly, and then, by

Bernstein’s inequality for i.1.d. variables, we get

I, <20t exp e /g7 (0) na(q((n))) "
ne nq "
181(n)( ) 9l(n)Q(”)j

n

— X H By Lemma 4, we get o2 < C.

where 6% = Var[H (x

i
Now, we take ¢ = £,b° and q(n) = o(b;"). We have, for some [ < +,

;QsHZ%%%.

n=1

Because (H.9) and (H.11), we have that Z::1 I, < +» and the proof
1s complete.

Proof of Lemma 4. We have

wmmhﬁgwﬁvxﬂ

wRzerT ) e

n 1<i<j<n J
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For each i, the variance
X — Xi X — Xi 2 X — Xi 2
Var| H = E|H -|E|H , (14)
b; b; b;
x - X;

b lﬂ = F(x)+o(1) (see (7)). An integration by parts
l

with E{H (

argument can be applied to the moment of order two, to obtain that

E{H(x;—xljz} = F(x) + o(1). For the sum of covariances in (13), we can
i

use (22) below to get that this term tends to zero. O

Proof of Theorem 5. We will use a typical argument (Masry [12])
which consists in decomposing the sum of dependent random variables
into a sum of large and small blocks. It will be proven that the
contribution of the small blocks is negligible and that the large blocks are
approximately independent. After this, we will use Lindeberg-Feller’s

central limit theorem to achieve asymptotic normality.

Write

n2[F, (x) - E(F,(x))] —n”{%i( ( b; j E{H(x;’LXLJD}

i=1

= n—l/QZ LZ(.’XI)
i=1

Now, we split
n
n 2N Li(x) = n VS, + T, + T,
i=1

where

p |
Sn = Zym, Tn = Zy;’rw Trlz = y;,l+17 (15)
m=1

m=1
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and
Ry +p—1
Ym = Y, Lilx), with ky = (m=1)(p+B)+1; (16)
i=ky,
b +B-1
Yoy = Li(x), withl, =(m-1)(p+B)+p+1; a7
i=1,
n
Yer = Y, Li). (18)
i=p(p+p)+1

The asymptotic normality is proven showing that:

n1E[T?] - 0, (19)
n ' E[(T;)] > 0, (20)

and
n Y28, — N(0, o(x)), 21)

where 62(x) = F(x)(1 - F(x)).

Proof of (19). Because the variables L;(x) have mean zero, we obtain
1 coq 1 N
—E[T}] = Var Zly;n
m=

= % ZH:E(yﬁH%ZZE(yéy})
m=1

1<i<j<p
= Al =+ AQ. (22)

By (16),

—

B-1 -1 B-1
E(yin) = D Var(Ly, 4(x)) + Cou(Ly, .4(x), Ly, +(x))
t=0 =0,1=0;t=l

~
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B-1 -1 p-1

<D Var(ly, @)+ 4Y " D allt =] Ly, o@)]| Ly, @), (23)
t=0 t=0,1=0;t=I]

because |Lln +t(x)] < C and using Ibragimov’s inequality [10]. Moreover,

Var(L; ,4(x)) is also bounded (see (12)). Therefore,

B-1 p-1
1 1
Ay < —uBClx) +-16u) > at-1])
t=0,1=0;t=l

< %uBC(x) + %16;1[32) a(r). (24)

Because (H.14), p/n — 0, and by (H.1), 4; — 0.

Let us consider now Ay in (22): because i # j and the definition of

the y; we can write
n-p n 0
ZZ E(yy;) < zz Z ally - 1) < ZnZ a(r).
1<i<j<p h=1lb=hL+p r=p
Then, by (H.14), we have that A, — 0.

Proof of (20). Decomposing E[(7T}, )2] into the sum of variances and

covariances, we obtain that

Loy < oD 2SO S B @)l @)

1<i<j<n
By definition of Lj(x), we get

| E[Ly,(x)Ly(x)] |

< bkbl

[0 H@ HO 1 = by, x = b) = fla = ) (s~ bo)]

< bybja( k- 1), (26)

integrating by substitution and using (H.3).
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Now, we consider the subsets:
S ={G, )efl,..n?1<j—i<m,)
Sy ={i, j)el, .. nf?/m, +1<j-i<n-1},

where m,, is given in (H.12). The sum in the second term at r.h.s. of (25)

can be divided into sets S; and S,. By definition of Sy and by (26), we

obtain
p-1 B-j
DEL@LI < D o()Y biiby @7
(i, 7)eSy j=my,+1 i=1
Now, using Schwarz’s inequality,
B-j n_o,9
b
D bk <y k. 28)
i1 %=1 bn

Because (H.1), (H.7) and (H.13), we obtain that

n! Z | E[L;(x)Lj(x)]| - 0.

(i, 7)eSy

A similar argument can be applied for the set S;. By (H.14), the proof of
(20) 1s complete.

Proof of (21). We write nfl/QSn = 22:1 n71/2ym =S* z,. To

m=1"m

prove (21) we only have to prove that

-0 (29)

un-Y2g H 12
E[e™" n] - E[et " m)

Zu:Zm — N| 0, ,Var[ZH:ZmJ . (30)
m=1 m=1

and
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(29) results from Volkonskii and Rozanov [23]:
Y - =Y
gl S T Bl )| < el =)o + 1)
m=1

that tends to zero, by (H.14).
For (30), consider Z, = Z,,/s,, where s2 = Z;Zl Var(Z,,). Using
analogous arguments to those used in (22), we obtain that
s2 > F(x)F(x). (31)

Now, {Z,,} is a sequence of independent random variables with mean

zero and variance one. Therefore, to show (30), we only have to check that

i
Zz;n — N(0, 1). (32)
m=1

Let us consider
N 2

gn(e) = D ElZ,) Iz, 24)]

m=1

i

) —12 2 i 1/2

Sp lE[ymI{‘ Y ‘ngnn1/2}] <C 2 plrsnrr?é(up[l Ym | 2 espn ]
m= n

because | y,, | < ¢p, for all m. Using (H.14) and (31) we have that g,(¢)

tends to zero. This proves the asymptotic normality (32). This fact and
(30) prove (21).
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