
 

Internat. J. Functional Analysis, Operator Theory and Applications 
Volume 1, Number 2, 2009, Pages 141-152 
Published Online: February 15, 2010 
This paper is available online at http://www.pphmj.com 
© 2009 Pushpa Publishing House 

 

:tionClassificaject Sub sMathematic 2000 26D15.
 Keywords and phrases: Hardy-Hilbert integral inequality, integral inequality. 

Received June 11, 2009 

ON SOME FULL EXTENSION OF HARDY-HILBERT’S 
INTEGRAL INEQUALITY 

W. T. SULAIMAN 

Department of Computer Engineering 
College of Engineering 
University of Mosul 
Iraq 

Abstract 

Some full extension of Hardy-Hilbert’s integral inequality is obtained. 
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The inequalities (1.1) and (1.2) are called Hilbert’s inequalities. These 
inequalities play an important role in analysis (cf. [3, Chap. 9]). In their recent 
papers Hu [4] and Gao et al. [2] gave two distinct improvements of (1.1) and Gao [1] 
gave (1.2) a strenthened version. 

The following definitions are given: 
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and B is the beta function. 

Very recently, by introducing some parameters, Yang and Debnath [6] gave the 
following extensions: 
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where the constant factor [ ( ) ( ) ( ) ]qp BApk λλ ϕϕ
λ  is the best possible. 
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where the constant factor ( ) ( ) ( )⎣ ⎦qp BApk λλ ϕϕ
λ  is the best possible. The 

inequalities (1.3) and (1.4) are equivalent. 
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Theorem C. If ,na ( ),0 Nnbn ∈>  ,1>p  ,111 =+ qp  { } ,2,min2 <λ<− qp  

,0, >BA  such that ∑∞
=

λ− ∞<< 1
10 n

p
nan  and ∑∞

=
λ− ∞<< 1

1 ,0 n
q
nbn  then 

( )∑∑
∞

=

∞

=
λ+1 1n m

nm

BnAm
ba  

( )
( ) ( ) ,

1

1

1
1

1

1
q

n

q
n

p

n

p
nqp bnan

BA
pk

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
< ∑∑

∞

=

λ−
∞

=

λ−
ϕϕ

λ
λλ

 (1.5) 

where the constant factor ( ) ( ) ( )⎣ ⎦qp BApk λλ ϕϕ
λ  is the best possible. 
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where the constant factor ( ) ( ) ( )⎣ ⎦qp BApk λλ ϕϕ
λ  is the best possible. The 

inequalities (1.5) and (1.6) are equivalent. 

2. Lemma 

The following lemma is required for our aim: 
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then we have 
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The inequalities (3.1) and (3.2) are equivalent. 
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Proof. We have 
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which implies 
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Now suppose that (3.2) is satisfied, then 
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This completes the proof of Theorem. 
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4. Applications 

Corollary 1. On putting ,,2 ∞== Tn  in Theorem, we obtain the following 

inequalities 
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The inequalities (4.1) and (4.2) are equivalent. 

Corollary 2. On putting ,3=n  ,∞=T  ,1111 321 =++ ppp  ,1>ip  in 

Theorem, we get the following: 
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and 
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The inequalities (4.3) and (4.4) are equivalent. 
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