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Abstract
Some full extension of Hardy-Hilbert’s integral inequality is obtained.

1. Introduction

Suppose that f and g are real functions such that 0 < L:O f2(t)dt <o and

0< J'go g2(t)dt < . Then

1
J I fxay) _ nU f2(t)dtj gz(t)dtjz, (1.1)
0Jo X+Yy 0 0
where T is the best possible. If (a,) and (b,,) are sequences of real numbers such

o0 o0
that 0 < > af <o and 0 < Y bj < oo, then
n=1 n=1

n=1m=1 n=l n=1

1
i i ;”ff;] < n[i aﬁi bﬁ]z. (1.2)

2000 Mathematics Subject Classification: 26D15.
Keywords and phrases: Hardy-Hilbert integral inequality, integral inequality.

Received June 11, 2009



142 W. T. SULAIMAN

The inequalities (1.1) and (1.2) are called Hilbert’s inequalities. These
inequalities play an important role in analysis (cf. [3, Chap. 9]). In their recent
papers Hu [4] and Gao et al. [2] gave two distinct improvements of (1.1) and Gao [1]
gave (1.2) a strenthened version.

The following definitions are given:

2

0. =222 (= pa) ku(p) = Ble(P). 4.(0),

and B is the beta function.

Very recently, by introducing some parameters, Yang and Debnath [6] gave the
following extensions:

Theorem A. If f,g>0, p>1 1/p+1/g=1 A >2-min{p, q}, such that
0< jgotHf P(t)dt < 0 and 0 < J'gotng(t)dt < 0, then
J j _fxaly) ) gy
0 (AX+ By)
ky.(p) gD VP (oo 1% q Ya
AOITC) .[ Froodx .[o y el ) (3
where the constant factor [k, (p)/A®(P)B®+(9)] is the best possible.
Theorem B. If f >0, p>1 1/p+1/qg=1 A>2-min{p,q}, A B>0

such that 0 < J.;o 1% £ P(t)dt < oo, then

p
* 0 [ 7 F() dx] d
Io ’ Uo (el )

kx(p) P N
< (_A@A(P)B@A(Q)j J, 5P oo a4

where the constant factor ka(p)/A‘PK(p)BW(q)J is the best possible. The

inequalities (1.3) and (1.4) are equivalent.
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Theorem C. If a, b, >0(ne N), p>1 /p+Yq=1 2-min{p,q}<r<2,

A B >0, suchthat 0 < > n'*af <wand 0<y " n""bf <o, then

1/q
kx(p) g 1-0q
S 2o (PRen(@) AL p)B(PA(Q) Z Zn by ' (15
where the constant factor ka(p)/A%(p)B"’%(q)J is the best possible.
Theorem D. If a, >0(neN), p>1 1/p+1g=1 2-min{p, q} <A <2,
A B >Osuchthat 0 <> n*af <o, then

w » P
(A-1)(p-1) am
n —_—
Z (% (Am + Bn)k]

n=1

Ky (P) REW
< (A(Pk(:; B‘Px Q)j Z (1.6)

where the constant factor ka(p)/A‘“(p)B‘Pk(Q)J is the best possible. The

inequalities (1.5) and (1.6) are equivalent.
2. Lemma

The following lemma is required for our aim:
Lemma. Let T >1, 0 < A/2 < a. Then

k—l

T uz? (x x)( 1
du<B|Z, Z|[1-5T 0‘).
J‘0 (L+u)* 2°2 2

Proof. Define for x <1,

A

—af[X u?
f(x) =x J‘O(l+u)kdu’
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then we have

A )
2 X 42
f(x) = x ¢ = T +J ! - du( o) x e
@+x) 0(l+u)

A

Z a1 »

2 —a-1 A}

< X _ax .[(:( 224y

A
X2

:m(l—%j <0.

This shows that f is nonincreasing which implies

a-1

A
u2
a+uﬁ

-1

f(x)zf(l):jol du=%

Therefore

Ay

N o

joT (1u+2u)x du :Uo _ITJ(lufu)x du
yT %_1

555, o

cok.2)(1-11)

3. Main Result

We prove the following result:

Theorem. Let f; >0, i=1.,n n>2 0<2/2<qa, T21 p;>1

2

A n A
—_ pl E i —_—1-1 n-1
T on [ J—12n+1—|p_ ] 1/ o i
> inzlj/ pi=1 0< .[0 X ! 1- —[?'j ;P (x; ) dx;

< oo. Then
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I IT filx) . f(xn)OIX dx,

0 (X + ...+ xn)k

1/pi

v [1—%(%)(1}”_1 £.P1 (%) d (3.1)

and

Pn

[J‘ J'T f1 (%) - Froa(Xn— 1) i .. danpnldxn

(4 + .+ Xn)7L

7» n A
n-1 _Pn n-1 -pi zj_lwljl
< 1 pn( J [ 2 Pj
];]I.: 2! i=1 j
Pn
(pn=1) pi
10 % a n-1 .
x(l—g[?'j J P (%)) dx . (3.2)

The inequalities (3.1) and (3.2) are equivalent.
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Proof. We have

f IT f0q) - f(xn)dx1 -,

0 (x + -+ %)

n A 4L
2n+1—j pi
ij+i—1 fi(xi)

T T i
:J I H 1= dxq ...
0 (U n A .

i=1 [z.lﬁ—l] n M/ pi
X A [thj—i]

j=1

A

- T
lej+i—1 fi™ (i)

n
T T :
=1
< | I J‘ I ) Xm
0 0 n A

- P'[ZJ 1W1] 0 "
X : Z X1t j-i

j=1
A A
on+i 2] _
where x5, =X, I, j=12,.,n

n
= H PYPi say.
i-1

Let us first consider

L [%_rl]
Xj 2 f1P1 (Xl)

P]_ = j‘ I Xm an

Pl[Z 12n+T ] n
g 2%
A

T 2_n_1f %1 T A -1

:J Xl 1 (Xl) XmJ X22n N dX2
0 s 0
pl[Z?_lm—l]

X

dxp,

dxp,

1/ pi
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)\‘ )\4

Tt T
. j X2 dxpyg I ————dx,
0 0 (X + -+ Xy)

A n A
= I X £, (%) dxq

2

A 2
T T 2
n-1 X5
><J‘ xZ' T dxg J n-1 777 oo
0 (Xq + -+ Xp_1)

As

by virtue of Lemma, then

147
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A 2
1(% )" T ot T X2
x[l—E(?l) Jflpl(xl)dxlj.o x§ dxy x---xj n-1 777 Pnt

0 (Xg++Xn_q1)

A n A
ol b
T n J=lon+j-1 ..
- B(&&) B(L ij. X, 2 2 Pj
0

22 2]’1—1' 2]’1—1

10 %\ n-1
x(l—g(?l) J £, (% ) dxy.

Therefore, we can proceed in the same manner to have

J JT f0xq) - f(xn)OlX o,

0 (X + - +Xn)
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In order to prove the equivalence of (3.1) and (3.2), suppose that (3.1) is

. . A n A
satisfied, then write s; = o pi[Z j:lznT_ipj —1J -1, we have
15” Pn
T ~Pn T T pn—1
J Xn . J' f1(x1) ... frnoa(Xn 1)dx o |7 g
0 o Jo (g )

=TT

o,
)

T T Pn-1
8 [J‘ j fl(xl) ﬂ l(xn 1) dX an_lj n Xm an

0 (X + -+ %)
- Ypi
-1 n-1 a\N
L L Si _l ﬁ i
SIEE [ O
=1 i=1
T Sn . o 1n—pl o
Snyl—pn "4 1(Xn ~Pn
* .[o X [l 2(Tj ]
a\N-1 Pn 1/pn
« 1_1(X_n) j'T.__J'T fi(x).. f —1(Xn_1)dx s 1-py o,
2\T 0 0 (X +- +Xn)

n-1 n-1 n-1 i
= A4 T (%) Pi (. Vdx:
= ];]I; B(Z—J , Z—Jj 9 [IO Xi [1 - E (?I) ] fi (XI )dXIJ
1 pn
Pn
X ! T fl(xl) f _1(Xn_1)d d I-pn q
J.O 1— LI J. (X1+ +Xn) X Xn—l Xrl
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which implies

Pn

T 1 pn T "
J‘ 1 U J‘ fi04) . fo 1(X”—1)dxl ---an—lJ "o,

(1_%()({]) ] (X + -+ % )
__Pn__

A Ao 27

Now suppose that (3.2) is satisfied, then

J‘ J'T fi(x) ... f (X”)dx dx,

0 (Xg + -+ Xn)}L

[ (*—“T} (- st

n-1

— o p
x X0 (1_%(’%) J " (%) dx,

n-1
Pn—1

S —
ITxl-pn - LX)
o M 2(T
_Pn_ Pn

o T T ph-1
y J‘ f1(X1)- frnog(Xn— 1)dx Y
J0 0 (X + -+ xn)

x :OT X" (1 - %()_(l_—“ja}n_l fi (Xn )dan
Aoz 2T 3 smom
j -1

This completes the proof of Theorem.

IA

]/pn

Ypi
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4. Applications

Corollary 1. On putting n =2, T =, in Theorem, we obtain the following
inequalities

J' J‘w f1(x) f2(x2) dxgci,

(X +%)"
w r il 1 1/p1 w _& 1 & 1 ]/p2
SB(&,&j{J' tpl 2( sz flpl(t)dt] [J‘ tpz 2(+p1) fzpz(t)dt
22 0 0
(4.1)
and
1 (A, P2) P2
J.Doxzpz—l(Z[1+ plj p2+lj Jw—fl(xl) dx pz_ldxz
0 0 (% +%)"
P2 P2
o p——|1+=—=|-1
< Bl 92(7‘ KM t (5 £71(t)dt. 4.2)
2'2))o

The inequalities (4.1) and (4.2) are equivalent.

Corollary 2. On putting n=3, T =00, 1/p;+1/p, +¥p3 =1 p;j >1 in
Theorem, we get the following:

J' J' J‘w fl(xl)fZ(XZ)f3(;(3)dX dXytixs

(Xq + X2 +X3)

<of3.2)(e )5 5)

ﬁ j 8 p'[zi122%_”@1[1—%[$m4fipi(x>dxi 43)

and
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0 T

1 |x 3 A n-1
— |2 L
Jaooxpgl[8+p3[2 J=121pj ]+] . 1( %, \* )&=
3 2

P3

0 po Da1
X[Ioj f1(x) fa(x2) dxldxszg dxg

0 (x + % +x3)°

a 2 x
2 P32 Ep{zj—lzsu—i _1]1
SlIBl_pSlIJ‘xi Pi
j=1 i1 |70
P3
(p3-1) pi

The inequalities (4.3) and (4.4) are equivalent.
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