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Abstract 

In this paper, we determine the essential norm of a weighted composition 
operator on spaces of vector valued continuous functions defined on a 
compact Hausdorff space. We also provide necessary and sufficient 
conditions for a finite sum of compact weighted composition operators to 
be itself a compact operator. 

1. Introduction 

We consider the Banach space ( )EX ,C  of all continuous functions defined on 

a compact Hausdorff topological space X and with values in a Banach space E. This 
space is equipped with the usual norm. The space ( )EB  denotes all the bounded 

operators on E and ( )EK  denotes the subspace of compact operators. We consider 

continuous functions ( )EXu B→:  and .: XX →ϕ  We denote by ( )ϕuC  the 

weighted composition operator acting on ( )EX ,C  and given by 

( ) ( )( ) ( ) ( )( ).xfxuxfuC ϕ=ϕ  
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Weighted composition operators on ( )XC  and ( )EX ,C  are an important class 

of operators since they arise naturally in characterizations of surjective isometries 
(see [3]) and in the study of bi-separating and disjointness preserving operators, see 
[1] and [8]. Kamowitz [9] characterized compact weighted composition operators on 
( ).XC  Jamison and Rajagopalan [8] extended this characterization for operators on 

( ),, EXC  see also [11]. In this paper, we consider the essential norm of a weighted 

composition operator on ( )., EXC  We denote by ( ),, EXK  the subspace of 

( )( ),, EXCB  of all compact operators. We recall that the essential norm of an 

operator ( )( ),, EXT CB∈  is the distance from that operator to ( ),, EXK  (cf. [15]), 

i.e., 

( ){ }.,:inf EXSSTT e K∈−=  

In the first section of this paper, we obtain a formula for the essential norm of 
weighted composition operators on ( )EX ,C  

( ){ }( ){ },finiteis::0inf rxuXxruC e ≥∈ϕ>=ϕ  

under some constrains on the underlying spaces. This result generalizes Theorem 1, 
in [15] to spaces of vector valued functions. 

In the second section, we use Kamowitz’s characterization of compact weighted 
composition operators on ( )XC  to answer the question: Does compactness of the 

sum of two weighted composition operators imply the compactness of each 
operator? 

2. Essential Norm of Composition Operators on ( )EX ,C  

We consider a weighted composition operator ( )ϕuC  on ( )., EXC  Our main 

theorem computes the essential norm of ( ).ϕuC  We first prove some preliminary 

results to be employed in the proof of the main theorem. We apply a strategy 
introduced in [15], however, the operator valued multiplier of the composition 
operator requires different arguments from those followed in the scalar case. We set 

( ){ }( ){ }.finiteis::0inf rxuXxr ≥∈ϕ>=ρ  
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Proposition 2.1. If X is a compact Hausdorff topological space and ( )ϕuC  is a 

weighted composition operator on ( ),, EXC  then 

.ρ≥ϕ euC  

Proof. The inequality is clear if ,0=ρ  then we assume .0>ρ  For every 

positive number ε, we have that ( ){ }ε−ρ>ϕ xux :  is infinite. We select a 

sequence { }nx  so that ( ) ( ) ( ),for mnxx mn ≠ϕ≠ϕ  ( ) ,ε−ρ>nxu  and ( ) ∈ϕ nx  

,nO  with { }nO  a family of pairwise disjoint open subsets of X. This is possible 

since a perfect subset of a compact Hausdorff space must be uncountable, see [12]. 
For every n, there exists ( )EXfn ,C∈  so that nn ff ,1=∞  while restricted to 

nX O\  is identically zero, and ( )( ) ,Exf nnn ∈ν=ϕ  with nν  chosen so that 

1=ν En  and ( )( ) ( ) .ε<−ν nEnn xuxu  We observe that { }nf  is pointwise 

convergent to zero. Proposition 1.7.1 (p. 36) in [4] (also cf. in [6]) implies that { }nf  

is weakly convergent to zero. It is well known (cf. [5]) that compact operators on a 
Banach space are completely continuous and hence, every compact operator S will 
transform the sequence { }nf  into a sequence with a norm convergent subsequence. 

We then select S, a compact operator so that .ε+≤− ϕϕ euCSuC  Therefore, 

we have 

( ) ( ) ( ) .ε−−≥ε−−≥ε−−≥ ∞∞ϕ∞ϕϕϕ nnne SffuCfSuCSuCuC  

Since { }nnSf ∞  converges to zero, we choose n so large that ,ε<∞nSf  hence, 

( ) ( ) ( ) ( )( ) ( ) ε−≥ϕ≥∞ϕ nEnnnn xuxfxufuC  

and 
( ) .43 ε−ρ>ε−≥ϕ ne xuuC  

We then conclude that .ρ≥ϕ euC  

Theorem 2.1. Let E be a Banach space and X be a compact Hausdorff 
topological space. If ( )ϕuC  is a weighted composition operator on ( ),, EXC  so 

that ( ) ( ),Exu K∈  for all ,Xx ∈  and 

1. ϕ is finite to one, or 
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2. X is a separable topological space, or 

3. E is finite dimensional, then 

.ρ=ϕ euC  

We first prove a lemma addressing the finite dimensional case. This proof 
encompasses all of the essential constructions needed for the infinite dimensional 
spaces. 

Lemma 2.1. If ( )ϕuC  is a weighted composition operator on ( ),, EXC  with E 

a finite dimensional Banach space, then 

.ρ≤ϕ euC  

Proof. We suppose that ,ρ>ϕ euC  we choose 0>ε  so that .ε+ρ>ϕ euC  

As in [15], we define the following closed and disjoint subsets of X; { :XxF ∈=  

( ) }ε+ρ≤xu  and ( ){ }.2: ε+ρ≥∈= xuXxG  There exists a continuous 

function [ ]1,0: →Xg  so that 0=|Fg  and .1=|Gg  We set ,ugv ⋅=  i.e., for 

,Xx ∈  ( ) ( ) ( ) ( ).Exuxgxv B∈=  We first show that v is uniformly continuous. 

Given a net { }αx  convergent to ,∗x  we have that 

( ) ( ) ( ) ( )∗∗αα − xuxgxuxg  

( ) ( ) ( ) ( ) ( ) ( ) .0→−+−≤ ∗∗α∗αα xuxgxgxuxuxg  

We now show that ( )ϕvC  is a compact operator. We consider a bounded sequence 

{ }ng  in ( )EX ,C  and we prove that there exists a norm convergent subsequence of 

{( ) ( )} .nngvCϕ  We notice that ( ) ,
2

:\
⎭⎬
⎫

⎩⎨
⎧ ε+ρ≥⊆ xuxFX  therefore, ( )FX \ϕ  

is finite. We set ( ) { }kyyyFX ...,,,\ 21=ϕ  and ( ){ }.:\ ii yxFXxF =ϕ∈=  Each 

set iF  is a closed and open subset of .\FX  Since FX \  is open in X, each iF  is also 

open in X. We select a subsequence of { } { }knn gg ,  so that, for every { },...,,1 ki ∈  

{ ( )}in yg k  converges to iz  in E. This is possible, since E is finite dimensional and 

( )FX \ϕ  is finite. Therefore, we define h as follows: ( ) ,0=xh  for Fx ∈  and 

( ) ( ) ( ),izxvxh =  for .iFx ∈  We start by showing that ( )., EXh C∈  Let { }αx  be a 
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net in X, converging to .∗x  If we assume that ,Fx ∉∗  then ∗x  is in some .iF  Since 

iF  is open, there exists 0α  so that for every .,0 iFx ∈α≥β β  The continuity of v 

implies that ( )αxh  converges to ( ).∗xh  On the other hand, if we assume that ,Fx ∈∗  

and there exists a sub-net { }α′x  of { }αx  in ,\FX  then without of generality 

{ } ,iFx ∈′α  for some i. Thus, we have 

( ) ( ) ( ) EiE zxvxh αα ′=′ ( ) ( ) ( ) Eizxuxg αα ′′=  

( ) ( ) ( ) ( ).0 ∗∗∗ ==→ xhzxuxg Ei  

We now show that { ( )}kngvCϕ  converges to h. In fact, 

( ) ( ) ∞ϕ − hgvC kn  

( ) ( ) ( ) ( ) En
x

xhxgvC k −= ϕsup  

( ) ( ( )( )) ( ) .sup En
x

xhxgxv k −ϕ=  

Therefore, 

( ( )
( )( ( )) ( )( )⎪⎩

⎪
⎨
⎧

∈−

∈
=− ∞ϕ

iEiinx
n Fxzxvygxv

Fx
hgvC

k
k if,

,if,0
sup  

and ( ) ( ( )) ( ) ( ) ( ) ( ) ( ) EiinEiinEiin zygvzygxvzxvygxv kkk −≤−≤−  

.0→  This establishes the compactness of .ϕvC  Therefore, 

∞ϕϕ
≤

ϕϕϕ −≤−≤
∞

fvCfuCvCuCuC
f

e
1

sup  

( ) ( )( )( ) ( ) ( )( )( ) E
xf

xfxvxfxu ϕ−ϕ=
≤∞

supsup
1

 

( ) ( ) ( ) ( )xuxgxvxu
xx

−=−≤ 1supsup  

( ) .2sup
\

ε+ρ≤≤
∈

xu
GXx

 

This implies that ,ρ≤ϕ euC  contradicting our initial assumption. 
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Remark 2.1. In the previous proof the finite dimensionality of E was crucial  
for the construction of function h, and to establish the compactness of the weighted 
composition operator .ϕvC  We now show that similar but more elaborate 

constructions also work in broader settings, as those listed in Theorem 2.1. 

Proof of Theorem 2.1. If E is finite dimensional (item 3), then the statement in 
the theorem follows from Lemma 2.1 and Proposition 2.1. We now prove the 
theorem for the assumptions stated in items 1 and 2. 

1. If ϕ is finite to one, then each ( )kiFi ...,,1=  is finite, { }....,, ,1, ikiii xxF =  

We recall that compact operators map bounded sequences into sequences with 
a  convergent subsequence. We consider a bounded sequence { }ng  and select a 

subsequence of { },kng  so that for every ,, jix  { ( ) ( ( ( )))} ,,, kjinji xgxu k ϕ  converges 

to ., Eji ∈ω  This is possible, since ,\FX  is finite and for every x, ( )xu  is a 

compact operator on E. We define h as follows: ( ) ,0=xh  if ,Fx ∈  and 

( ) ,, jixh ω=  if ., iji Fxx ∈=  As in the proof of Lemma 2.1, we conclude that h is 

continuous. Furthermore, h is the uniform limit of { ( ) ( )} ., knji kgxu  This establishes 

the compactness of .ϕuC  The remainder of the proof now follows as in Lemma 2.1. 

2. We now assume that X is separable, i.e., there exists a countable and dense 
subset of { }.naXA =  Each iF  is open in X, then ( )kiFAA ii ...,,1== ∩  is 

countable and dense in .iF  We set { } ...,1, == jjii aA  and { }ng  a sequence of 

functions in ( )EX ,C  with norm less or equal to one. Since i
k
i A1=∪  is countable, 

we can select a subsequence ( )kng  so that, for every ( ) ( ( ))injiji ygaua k,, ,  

converges to ., Eji ∈ω  We define h on a dense set as follows: ( ) 0=xh  for Fx ∈  

and ( ) jixh ,ω=  for ., jiax =  We now show that h has a unique continuous 

extension to X. We set ,1 kAAFD ∪∪=  and consider .Dx ∉∗  Hence, ∗x  is in 

0iF  for some { }....,,2,10 ki ∈  We select a net { }αx  in D converging to .∗x  Since 

0iF  is open there exists 0α  so that, for every ., 00 iFx ∈α>α α  Therefore, 

.00 iji Aax ∈=
αα  We recall that u is continuous and hence, ( )αxu  converges in 
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norm to ( ),∗xu  a compact operator on E. Therefore, there exists a subsequence 

( ) ( ( ) ( ))0in ygxu kτ∗  that converges in E. We claim that ( ) ( ( )( ))xgxu kn ϕ∗  converges. 

We assume that there exist two subsequences of { ( )},0in yg k  say ( ) ( )01 in yg kτ
 and 

( ) ( )02 in yg kτ
 so that ( )( ( ) ( ))01 in ygxu kτ∗  and ( )( ( ) ( ))02 in ygxu kτ∗  converge to 1ω  

and ,2ω  respectively. If ,021 >=ω−ω r  then for a given positive number r<ε  

we choose α so that ( ) ( ) .
5
ε<− α∗ xuxu  The sequence { ( ) ( ( ))}kin ygxu k 0α  is a 

Cauchy sequence, therefore, there exists 0k  so that for every 1k  and 2k  greater than 

0k  we have 

( ) ( ( ) ( ) ( ( ) .
50201

ε<− αα Einin ygxuygxu kk  

We also choose k so that ( )k1τ  and ( )k2τ  are greater than ,0k  and 

( )( ( ) ( )) 5101

ε<ω−
τ∗ Ein ygxu k   and  ( )( ( ) ( )) .5202

ε<ω−
τ∗ Ein ygxu k  

Therefore, we have 

( )( ( ) ( )) EinE ygxu k 01121 τ∗−ω≤ω−ω  

( )( ( ) ( )) ( )( ( ) ( ) Einin ygxuygxu kk 0101 ττ α∗ −+  

( )( ( ) ( )) ( )( ( ) ( )) Einin ygxuygxu kk 0201 ττ αα −+  

( )( ( ) ( )) ( )( ( ) ( )) Einin ygxuygxu kk 0202 ττ ∗α −+  

( )( ( ) ( )) .202
ε<ω−+

τ∗ Ein ygxu k  

This contradiction implies that { ( ) ( ( ))}0in ygxu k∗  is convergent due to the 

compactness of ( ).∗xu  We set ( ) ( ) ( ( )).lim 0ink ygxuxh k∗∗ =  Thus, the uniform 

continuity of u implies that h is in ( )., EXC  The statement in the theorem now 

follows from similar considerations to those used in the proof of Lemma 2.1. 
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3. Compactness of the Sum of Two Compact  
Weighted Composition Operators 

In this section, we investigate the problem of whether the sum of two compact 
weighted composition operators is compact. We follow some techniques employed 
for the characterization of compact weighted composition operators on ( )XC  used 

by Kamowitz [8]. We consider two weighted composition operators 1T  and ,2T  of 

the form ( )2,1=ϕ kCu kk  with ( )XCuk ∈  and ( )., XXCk ∈ϕ  We start with a 

definition and some preliminary results. 

Definition 3.1. The maps 1ϕ  and 2ϕ  are said to be locally distinct provided that 

for every ,Xx ∈  and for every open neighborhood of x, ,xO  there exists xz O∈  

so that ( ) ( ).21 zz ϕ≠ϕ  

Lemma 3.1. Let 1ϕ  and 2ϕ  be locally distinct, and 21 TT +  be a compact 

operator. For every Xx ∈  such that ( ) ( ) ,021 >+ xuxu  there exists an open 

set ,xO  containing x, so that 1ϕ  or 2ϕ  restricted to xO  is constant. 

Proof. We suppose the claim is not true. There exists ,0x  so that given an open 

set containing 100 ,, ϕOx  and ,2ϕ  restricted to ,0O  are not constant. In addition, 

we first assume that ( ) ( ).0201 xx ϕ≠ϕ  We select two disjoint open sets 1W  and 

,2W  containing ( )01 xϕ  and ( ),02 xϕ  respectively. The continuity of 1ϕ  and 2ϕ  

implies that ( ) ( ),2
1

21
1

10 WWx
−− ϕϕ= ∩O  is open. For every open set W containing 

,0x  we select a point Wz xW ∩0O∈  so that ( ) ( ) ,011 xzW ϕ≠ϕ  since 1ϕ  is not 

locally constant. We have constructed a net { }Wz  converging to .0x  Clearly, 

we  have ( ) ( )WW zz 21 ϕ≠ϕ  and ( ) ( ) ( ).02012 xxzW ϕ≠ϕ≠ϕ  We now select a 

continuous function ,Wf  defined on X and with values on the interval [ ],1,0  

satisfying the following conditions: ( )( ) ,101 =ϕ xfW  ( )( ) ( )( ) =ϕ=ϕ WWWW zfzf 21  

( )( ) .002 =ϕ xfW  Similarly, we can select a net ,Wy  converging to ,0x  so that 

( ) ( )022 xyW ϕ≠ϕ  and a net of functions Wg  satisfying the conditions:  

( )( ) ( )( ) ( )( ) ( )( ) .0,1 012102 =ϕ=ϕ=ϕ=ϕ xgygygxg WWWWWW   



ESSENTIAL NORM AND COMPACTNESS OF COMBINATIONS … 137 

Associated with 21 TT +  we define ( ) ,: ∗→τ XCX  given by ( ) ( ) =τ hx  

( ) ( )( ) ( ) ( )( ).2211 xhxuxhxu ϕ+ϕ  It is shown in Dunford-Schwartz ([7] Theorem VI, 

7.1) that the compactness of 21 TT +  is equivalent to the uniform continuity of τ. 

Therefore, we have 

( )( ) ( )( ) ( )010 xufxfz WWW =τ−τ  

and 

( ) ( ) ( ) ( ) ( ) .020 xugxgy WWW =τ−τ  

This implies that ( ) ( ) ,00201 == xuxu  contradicting our initial assumption. Now 

we assume that ( ) ( ).0201 xx ϕ=ϕ  Since 1ϕ  and 2ϕ  are locally distinct, we select a 

net { }αx  converging to 0x  so that ( ) ( ).21 αα ϕ≠ϕ xx  Clearly, at least one ( )αϕ x1  

or ( )αϕ x2  must be different from ( ).01 xϕ  Without loss of generality, and by 

selecting a subnet, we may assume that ( ) ( ) ( ),02011 xxx ϕ=ϕ≠ϕ α  for all α. If 

( ) ( ),012 xx ϕ≠ϕ α  for a subnet of values α, then we choose two nets of functions, 

αf  and ,αg  so that ( )( ) ( )( ) ( )( ) ,002011 =ϕ=ϕ=ϕ αααα xfxfxf  ( )( ) ,12 =ϕ αα xf  

( )( ) ( )( ) ( )( ) ,002012 =ϕ=ϕ=ϕ αααα xgxgxg  and ( )( ) .11 =ϕ αα xg  The uniform 

continuity of τ implies that ( ) ( ) ,00201 == xuxu  contradicting our initial assumption. 

If for every α, we have ( ) ( ) ( ) ( ).102012 αα ϕ≠ϕ=ϕ=ϕ xxxx  We now select αf  

so that ( )( ) 11 =ϕ αα xf  and ( )( ) ( )( ) ( )( ) .002012 =ϕ=ϕ=ϕ αααα xfxfxf  This implies 

that ( ) .001 =xu  

Given a net { }βx  converging to 0x  so that ( ) ( )022 xx ϕ≠ϕ β  and ( )Xf C∈  

we have 

( ) ( ) ( ) ( ) ( ) ( )fufxxx 00 τ−τ≥τ−τ ββ  

( ) ( ( )) ( ) ( ( )) ( ) ( ( )) .02022211 xfxuxfxuxfxu ϕ−ϕ+ϕ= ββββ  (1) 

We choose a net { }βx  converging to 0x  so that ( ) ( ).022 xx ϕ≠ϕ β  We have the 

following possibilities: 1. There exists a subnet, also denoted by { },βx  so that 

( ) ( ).21 ββ ϕ=ϕ xx  2. There exists a subnet, also denoted by { },βx  so that ( ) =ϕ βx1  

( ).02 xϕ  3. For all β, ( ) ( ) ( ).2102 ββ ϕ≠ϕ≠ϕ xxx  
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In case 1, for every β we choose βf  so that ( ( )) ( ( )) ,021 =ϕ=ϕ ββββ xfxf  and 

( ( )) .102 =ϕβ xf  Equation (1) implies that ( ) ,002 =xu  contradicting our assumption. 

Similarly, for case 2, we select βf  so that ( ( )) ( )( ) ,0021 =ϕ=ϕ βββ xfxf  and 

( ( )) .12 =ϕ ββ xf  For case 3, we set ( ( )) ( ( )) ,021 =ϕ=ϕ ββββ xfxf  and ( ( ))02 xf ϕβ  

.1=  These three cases also lead to ( ) 002 =xu  and prove the claim. 

Lemma 3.2. If 21 TT +  is compact, 1ϕ  and 2ϕ  are locally distinct and 0x  is so 

that ( ) ,001 ≠xu  then there exists an open set ,0xO  containing ,0x  such that 1ϕ  

restricted to 0xO  is constant. 

Proof. We assume the claim is not true. For every open set ,, 10 ϕxW  restricted 

to ,0xW  is not constant. Lemma 3.1 implies that 2ϕ  must be constant on some 

neighborhood of ,0x  say .0xO  We select a net { }αx  converging to 0x  so that 

( ) ( )011 xx ϕ≠ϕ α  and ( ) ( ).022 xx ϕ=ϕ α  If ( ) ( ),0201 xx ϕ≠ϕ  then for each α we 

select αf  so that ( )( ) 101 =ϕα xf  and ( )( ) ( )( ) ( )( ) .02021 =ϕ=ϕ=ϕ ααααα xfxfxf  

The compactness of 21 TT +  and thus, the uniform continuity of τ implies that 

( ) .001 =xu  Therefore, ( ) ( ) ( ).20201 αϕ=ϕ=ϕ xxx  Then we set αf  so that 

( )( ) ,11 =ϕ αα xf  and ( )( ) ( )( ) ( )( ) ,020201 =ϕ=ϕ=ϕ αααα xfxfxf  which also 

implies that ( ) .001 =xu  

Remark 3.1. Under the same conditions of Lemma 3.2 we also have that 
( ) 002 ≠xu  implies the existence of an open set ,0xO  containing ,0x  such that 2ϕ  

restricted to 0xO  is constant. 

Lemma 3.3. If 21 TT +  is compact, 1ϕ  and 2ϕ  are locally distinct and C is a 

connected component of ( ){ },0: 1 ≠xux  then there exists an open set W, containing 

C, so that 1ϕ  restricted to W is constant. 

Proof. We first observe that 1ϕ  restricted to C is constant. Lemma 3.2 asserts 

that for each Cx ∈0  there exists ,0xO  so that 1ϕ  restricted to 0xO  is constant. We 

let ∪ Cx xW
∈

= .O  
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Theorem 3.1. If X is a compact Hausdorff space, 1T  and 2T  are weighted 

composition operators on ( )XC  defined by ,iCuT ii ϕ=  and 1ϕ  and 2ϕ  are locally 

distinct, then 21 TT +  is compact if and only if 1T  and 2T  are compact. 

Proof. If 21 TT +  is compact, then Lemma 3.3 asserts that given a connected 

component of ( ){ },0: ≠xux i  there exists an open set ,iW  containing that component 

so that iϕ  restricted to iW  is constant. The statement follows from Kamowitz’s 

characterization of compact operators on ( ),XC  see Theorem A in [9]. The reverse 

implication is clear. 

Example 3.1. We observe that if 1ϕ  and 2ϕ  are not locally distinct we may 

have 21 TT +  compact but neither 1T  nor 2T  compact. As for example iii CuT ϕ=  

in [ ]( )R,1,0C  with ( ) ( ) ,221 xxuxu =−=  for ,
2
1,0 ⎥⎦
⎤

⎢⎣
⎡∈x  ( ) xxu 221 −=  and 

( ) 12 −=xu  for ,1,1,
2
1

21 =ϕ=ϕ⎥⎦
⎤

⎢⎣
⎡∈x  over the interval [ ],1,41  and equal to 4x 

over the interval [ ].41,0  
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