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Abstract

The paper deals with Armendariz rings, and their relationships with well-
known rings. Then we treat generalizations of Armendariz rings, such as
McCoy ring, weak Armendariz rings, m-Armendariz rings and their links.

1. Introduction

Throughout this paper, all rings are associative with identity unless otherwise
stated. Rege and Chhawchharia [13] introduced the notion of Armendariz ring. A

ring R is called Armendariz, if whenever polynomials f(x) = ag + X +--- + apx",

g(x) = by + byx +--- + byyx™ € R[x] satisfy f(x)g(x) =0, then ajb; = 0 for each

i and j. (The converse is always true.) The term Armendariz ring is chosen because
Armendariz [3] had noted that a reduced ring (i.e., a ring without nonzero nilpotent
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elements) satisfies this condition. Some properties of Armendariz rings have been
studied in Rege and Chhawchharia [13], Anderson and Camillo [1], Kim and Lee
[8], and Hirano [4]. Generalizations of Armendariz rings have been investigated in
Antoine [2], Huh et al. [6], and Liu and Zhao [11].

In this paper, we explore relationships between several classes of rings, provide
examples confirming these relationships and prove some statements about them.
Some of the examples are well known, others are not. However, our aim is to bring

them together to represent whole picture and make some conclusions.

The organization of the paper is as follows. First, we consider the relationships
between Armendariz rings and some other classes of rings, in Section 2, then we
treat generalizations of Armendariz rings, such as McCoy ring, weak Armendariz

and m-Armendariz rings, in Section 3.

For any ring R and for any positive integer n, the ring of all nxn upper

triangular matrices over R is denoted by T,(R). The set of all nilpotent elements in

R and the prime radical (i.e., the intersection of all prime ideals) are denoted by
N(R) and P(R), respectively.

2. The Relationships between Armendariz Ring and Some Other Rings

2.1. von Neumann regular rings

Recall that a ring R is said to be von Neumann regular, if a € aRa for any
a € R. Every Boolean ring is von Neumann regular. Reduced rings are Armendariz,
but the converse is not true. Anderson and Camillo [1] proved that a von Neumann

regular ring is Armendariz, if and only if it is reduced.
Proposition 2.1. A commutative von Neumann regular ring is Armendariz.

Proof. Let R be a commutative von Neumann regular ring and a be an element

of R. Suppose that a’ =0. By the hypothesis, a = aba = a’b =0, hence R is

reduced. Therefore, it is Armendariz. O
A field is an example of Armendariz ring.
2.2. Baer and p.p.-rings

A ring is said to be abelian, if every its idempotent is central [8]. Kim and Lee
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proposed without proving that Armendariz rings are abelian. By the following

lemma, we prove it.
Lemma 2.1. An Armendariz ring is abelian.

Proof. Let e be an idempotent element of R. We put f(x) =e —ea(l —e)x and
g(x)=(1-e)+ea(l —e)x, then f(x)g(x)=0. Hence, ea(l—¢€) =0, since R is
Armendariz, and then ea = eae. Since (1-—e) is idempotent and from the similar
observation we have, (1 —e)ae = 0, and hence, ae = eae. So € is central, therefore
R is abelian. m

Here is an example from [8] showing that abelian ring need not to be

Armendariz.

Example 2.1. Let Z be the ring of integers and let

a C
R:{[ Ja—bECEO(mOdZ)}
0 b

The only idempotents of R are (8 gj, ((1) (l)j’ so R is abelian. Let f(x) =

(3 3)*(8 éjx 900:(8 _22j+(8 ﬁleR[x]. Then f(X)g(x) =0

2 2)(0 2 . o
but ( 0 0] ( 0 0) # 0, hence, R is not an Armnedariz ring.

By Kaplansky [7], a ring R is called a right p.p.-ring, if the right annihilator of
each element of R is generated by an idempotent. A ring R is called Baer, if the right
annihilator of every nonempty subset of R is generated by an idempotent. We denote
the right annihilator over a ring R by rg(—). It is easy to see that a Baer ring is right
p.p.-ring, a domain is Baer. Any Baer ring has nonzero central nilpotent element and
so a commutative Baer ring is reduced. A commutative Baer ring is Armendariz.

However, Mat,(Z,) is an example of Baer ring [9], that is not Armendariz. Thus, a

noncommutative Baer ring needs not to be Armendariz.

Proposition 2.2. An abelian right p.p.-ring is Armendariz.

Proof. Indeed, let e be an idempotent elements of R. Suppose that r? = 0. Since
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r € rp(r) = eR, there exists r' € R such that r = er’, and then er = e’r' =er’. So

r =er = re =0, since e is central. Then R is reduced, hence R is Armendariz. ]

Thus, we conclude that an Armendariz ring is abelian and an abelian, right p.p.-

ring is Armendariz. A Boolean ring is a p.p.-ring.

Here is an example of ring that is commutative, Boolean, von Neumann regular,
p.p.-ring and reduced, Armendariz, but is not Baer (see [9]). We use the so-called

Dorroh extension.

Example 2.2. Let S =7Z,,S| =Zy *Zy,S3 =Sy *Zy, ..., Sy =Sp_1 *Z3, .ny
where the operation on S, is defined as follows: for(a, b), (c, d) e S, with a,c e
S,qand (a,b)+(c,d)=(a+c,b+d) and (a, b), (c, d) = (ac + bc + da, bd),

where n=1,2,... It is clear, there is the ring-monomorphism f:S,_; —> S,

o0
defined by f(x)=(x,0). Now construct the direct product HSn with
n=I

0

S €S, ¢ ... and consider R = <®1Sn’ 1s>. The last is a Z,-subalgebra of
n=

Y 0 0

HSn, generated by @ S, and 15, where S =| | S,,.

n=1 n=1 n=1

Then the ring R is the required example.
2.3. Semi-commutative rings

In this section, we study relationships between Armendariz rings and semi-
commutative rings. Reduced rings can be included in the class of Armendariz rings
and the class of semi-commutative rings, and both of them are abelian. So, it is

natural to explore the relationships between them.

A ring is said to be semi-commutative, if it satisfies the following condition:
whenever elements a, b in R satisfy ab = 0, then acb = 0 for every element ¢ of R.

Recall that a ring R is called 2-primal, if the prime radical of R coincides with
the set of all nilpotent elements of it (P(R) = N(R)).

Lemma 2.2. Aring R is 2-primal, if and only if R/P(R) is reduced.
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Proof. Let R be a 2-primal ring. Then it is easy to see that R/N(R) is reduced,

hence, R/P(R) is reduced. The “only if” part is obvious. ]
Proposition 2.3. A semi-commutative ring is 2-primal.

Proof. Suppose that R is a semi-commutative ring. Then (a + P(R))* = P(R),

where a e R. Also so, a° e P(R). Therefore, aRa = P(R), since R is semi-
commutative. Then aRa = (aR)(Ra) = P(R)=NI;, where {l;} is the set of all prime
ideals of R. We get a e I; for each i, and it implies that a € Nl; = P(R). Hence,

R/P(R) is reduced, then R is 2-primal with the help of the previous lemma. o

Proposition 2.4. A semi-commutative ring is abelian.

Proof. Let e be an idempotent element of a semi-commutative ring R. Then
2

e“—e=0. Since ea(e—1)=0 for each element a of R, we get ea = eae.
Likewise, we can prove that ae = eae. So, e is central, then R is abelian. a
Semi-commutative rings are abelian, but the converse is not true. Following the

. . 2 230 2 2 2)(0 230 2
example 2.1, R is abelian. (O 0)(0 _2j =0, but (O 0)(0 0)(0 _2j #0,

so R is not semi-commutative.

Concerning some kinds of rings related to the semi-commutative rings, we make

the following observations:

1. Division rings are semi-commutative, in particular, fields are semi-

commutative by simple computations.
field = reduced = semi-commutative = abelian.

2. Recall that a ring R is called symmetric, if abc=0=bac =0, for all a, b,
¢ € R, reversible, if ab = 0 = ba = 0, for all a, b € R. The following implications

hold by a simple computation:
commutative reduced = symmetric = reversible = semi-commutative = abelian.

3. Von Neumann regular Armendariz rings are semi-commutative, since reduced

rings are semi-commutative. Finite Armendariz rings are semi-commutative [5].
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2.4. Quasi-Armendariz rings

Following Hirano, a ring R is said to be quasi-Armendariz, if whenever two

m ) n )
polynomials f(x)= Zaix', g(x) = ijxj € R[x] satisfy f(X)R[x]g(x) =0, we
i=0 i=0

have a;jRb; =0 for every i and . For a ring R, put rAnng (2R) = {rr(U)|U = R} and
rAnng (id(R)) = {rr(U)|U is an ideal of R}. According to Hirano, a ring R is
Armendariz, if rAnng(2R) - rAnnR[x](2R[X]) defined as A — AR[X] is bijective.

Hirano proved that a ring R is quasi-Armendariz, if rAnng(id(R)) >
rAnngx1(idR[x])) defined as A — AR[x] is bijective.

First, we recall that for semi-commutative, in particular, reduced, commutative,

symmetric, reversible rings to be Armendariz and quasi-Armendariz is equivalent.
Proposition 2.5. Reduced rings are quasi-Armendariz.

Proof. First, we notice that a reduced ring is Armendariz. Then the proof is
obvious, if we take into account the fact that, for reduced rings to be Armendariz and

quasi-Armendariz is equivalent. o

Corollary 2.1. If R is a reduced ring, then for any positive integer n, the ring
T, (R) is quasi-Armendariz.

Proof. This corollary follows from [4] and the previous proposition. o

Given a ring R and a bimodule g M. The trivial extension of R by M is the

ring T(R, M) = R@® M with the usual addition and the multiplication defined as:
(r, mp)(rp, my) = (ryry, My +myry ).
Corollary 2.2. Let R be a reduced ring and kM be a bimodule. Then the
trivial extension of R by M, T(R, M) is a quasi-Armendariz ring.
Proof. Note that T(R, M) is isomorphic to the ring of all matrices (g T),

where r € R and m e M and the usual matrix operations are used, hence, T(R, M)

is quasi-Armendariz. o
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Corollary 2.3. For any positive integer n the ring Z,, is quasi-Armendariz.
Proof. It is derived from the commutativity of Z,. i

For a natural number n, which is not square free, the ring Z,, is not reduced, but
it is quasi-Armendariz [13].

Let R be a commutative ring, h : R — R be a ring homomorphism and M be an
R-module. Consider a ring structure on R @ M, which was denoted in [13] by

R(+),(M), where the product is defined by:
(a, m)(b, n) = (ab, h(a)n + bm).
Proposition 2.6. If K is a field and V is a vector space over K, then the ring

K(+)V is quasi-Armendariz.

Proof. Since K(+)V is commutative Armendariz, therefore it is quasi-
Armendariz. o
Here are some conclusions concerning quasi-Armendariz rings:

1. If R is Armendariz and von Neumann regular ring, then it is quasi-
Armendariz by Proposition 2.5 (a reduced ring is quasi Armendariz) and [1].

2. A commutative von Neumann regular ring is quasi-Armendariz, in particular,
a field is quasi-Armendariz.

3. A semi-commutative quasi-Armendariz ring is abelian.

4. An abelian right p.p.-ring is quasi-Armendariz, in particular, an abelian Baer
ring is quasi-Armendariz.

5. A commutative Baer ring is quasi-Armendariz [9].

2.4.1. Gaussian rings

For f(x)e R[x], the content ¢(f) of f(X) is the ideal of R, generated by the
coefficients of f(x). A commutative ring R with identity is Gaussian, if c(fg) =
c(f)c(g), for all f(x), g(x) e R[x]. Gaussian rings are Armendariz, but the

converse is false. Any integral domain is Armendariz, but it is not necessarily
Gaussian [1]. The homomorphic image of a Gaussian ring is Gaussian, the
homomorphic image of an Armendariz ring need not to be Armendariz. For
example, Z(+)Z/8Z is Armendariz, but its homomorphic image Zg(+)Zg is not

Armendariz [13]. Anderson and Camillo noted that the exact relationship between
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Gaussian and Armendariz rings is as follows. A commutative ring is Gaussian, if and
only if every its homomorphic image is Armendariz. A field is Gaussian, hence it is
Armendariz.

Lemma 2.3. Gaussian rings are quasi-Armendariz.

Proof. The proof follows from the fact that a Gaussian ring is Armendariz and,
for commutative rings, to be Armendariz and quasi-Armendariz is equivalent.

Field = Gaussian = Quasi-Armendariz. ]
3. Generalizations of Armendariz rings

3.1. McCoy rings

Recall that a ring R is a left McCoy, if whenever g(x) is a right zero-divisor in
R[x], there exists a non-zero element ¢ in R such that cg(x) = 0. Right McCoy ring
is defined dually. A ring is said to be McCoy ring, if it is both left and right McCoy.

Armendariz rings are McCoy [13]. The converse is not true. Commutative rings are
McCoy [15], but there are examples of commutative non-Armendariz rings, for
instance, Zg(+)Zg [13]. Both semi-commutative and McCoy rings are generalizations
of commutative rings, but semi-commutative rings are not McCoy [12]. Semi-
commutative rings are right McCoy [4].

Here is an example of a noncommutative McCoy ring that is not Armendariz.

Example 3.1. Let R be a reduced ring and let

a2 &3 - .. A
0 a ars . . . drn
0 0 a ... ag
Rn = . . . . . ra, aij e R}.
0 0 0 . a

Then R, is McCoy for any n > 1 [10], but it is not Armendariz for n=1,3 [8].

3.2. Weak Armendariz rings and n-Armendariz rings

In this section, we concern the structure of weak Armendariz and n-Armendariz
rings which are generalizations of Armendariz rings. A ring is weak Armendariz, if
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whenever the product of two polynomials is zero, then all the products of their
coefficients are nilpotent. A m-Armendariz ring satisfies a stronger condition that, if
the product of two polynomials has coefficients in the set of nilpotent elements, then
the product of the coefficients of the polynomials is also nilpotent. Following [11], a
ring R is said to be weak Armendariz, if whenever polynomials f(x) = ay + a;x +

o4+ apx", g(x) = by + byx + -+ + by x™ e R[x] satisfy f(x)g(x) = 0, then ajb; e
N(R) for each i and j. Following [2] and [6], a ring R is called n-Armendariz, if
whenever polynomials f(X) = ag + a;x + - + a,x", g(x) = by +byx + -+ + by x"™
e R[x] satisfy f(x)g(x) € N(R[x]), then ajb; € N(R) for each i and j.
n-Armendariz ring is a generalization of 2-primal [6] and Armendariz rings, and
it is a particular case of the weak Armendariz rings
Armendariz = m-Armendariz = weak Armendariz.

Theorem 3.1. Let R be a reduced ring. Then the following hold:

1. T,(R) is quasi-Armendariz.
2. T,(R) is weak Armendariz.

Proof. (1) Follows from Corollary 2.1.

(2) Let | ={A eT,(R)| each diagonal entry of A is zero}. Obviously, I is
nilpotent ideal of T,(R) and T,(R)/l = R® R ® --- ® R. It is well-known fact that
the direct sum of Armendariz rings is Armendariz, so, T,(R)/l is Armendariz,

hence it is T-Armendariz. Suppose that f(x),g(x)eT,(R)[x] such that f(x)g(x)e
N(T(R)[XD, f(x)g(x) e N(Tq(R)/1), where f(x)= f(x)+1, g(x)=g(x)+1.
Then EiBj e N(T,(R)/1) for each i, j, since T,(R)/l is n-Armendariz and | is
nilpotent. Clearly, (Eil;j)n =1 implies that (ajb j)n € |. Therefore, there exists
meN such that ((aibj)n)m =(aibj)nm =0. Hence, T,(R) is n-Armendariz
ring. o

Corollary 3.1. A ring R is n-Armendariz, if and only if T,(R) is n-Armendariz

for any n.
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Proof. It is known that any subring of m-Armendariz rings is m-Armendariz.

Thus, if T,(R) is a weak Armendariz ring, so is R. The converse follows from [6]. O

For weak Armendariz, n-Armendariz and quasi-Armendariz rings, their trivial

extension T(R, R) is weak Armendariz, n-Armendariz and quasi-Armendariz.

However, for Armendariz rings, the ring T(R, R) may not be Armendariz [8].

Let R be a reduced ring. Then

a a12 a13 . . . aln
0 a dss adrn
0 0 a as
Rn = . . . . . ra, aij eR
0 0 0 . . . a

is McCoy [10], quasi-Armendariz and m-Armendariz by the previous argument, but
it is not Armendariz for n = 1, 3.

Proposition 3.1. Let R be a ring and n > 2 be a natural number. If R[x]/(x")
is reduced, then R is n-Armendariz, where (x") is the ideal of R[x] generated by

x".

Proof. Suppose that R[x]/(x") is reduced. Then it is Armendariz, so R is
reduced by [1], R is m-Armendariz. ]
We make the following conclusions:

1. Antoine proved that, if N(R) is a nil ideal of R, then R is n-Armendariz. For
semi-commutative ring R the set N(R) is an ideal [11], so semi-commutative rings

are n-Armendariz, in particular, commutative rings are nt-Armendariz.
Reduced = semi-commutative = 2-primal = n-Armendariz.
2. Field = Gaussian = Armendariz = n-Armendariz.

3. Semi-commutative quasi-Armendariz rings are n-Armendariz, in

particular, commutative quasi-Armendariz rings are n-Armendariz.
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