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Abstract 

The paper deals with Armendariz rings, and their relationships with well- 
known rings. Then we treat generalizations of Armendariz rings, such as 
McCoy ring, weak Armendariz rings, π-Armendariz rings and their links. 

1. Introduction 

Throughout this paper, all rings are associative with identity unless otherwise 
stated. Rege and Chhawchharia [13] introduced the notion of Armendariz ring. A 

ring R is called Armendariz, if whenever polynomials ( ) ,10
n

nxaxaaxf +++=  

( ) [ ]xRxbxbbxg m
m ∈+++= 10  satisfy ( ) ( ) ,0=xgxf  then 0=jiba  for each 

i and j. (The converse is always true.) The term Armendariz ring is chosen because 
Armendariz [3] had noted that a reduced ring (i.e., a ring without nonzero nilpotent 
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elements) satisfies this condition. Some properties of Armendariz rings have been 
studied in Rege and Chhawchharia [13], Anderson and Camillo [1], Kim and Lee 
[8], and Hirano [4]. Generalizations of Armendariz rings have been investigated in 
Antoine [2], Huh et al. [6], and Liu and Zhao [11]. 

In this paper, we explore relationships between several classes of rings, provide 
examples confirming these relationships and prove some statements about them. 
Some of the examples are well known, others are not. However, our aim is to bring 
them together to represent whole picture and make some conclusions. 

The organization of the paper is as follows. First, we consider the relationships 
between Armendariz rings and some other classes of rings, in Section 2, then we 
treat generalizations of Armendariz rings, such as McCoy ring, weak Armendariz 
and π-Armendariz rings, in Section 3. 

For any ring R and for any positive integer n, the ring of all nn ×  upper 

triangular matrices over R is denoted by ( ).RTn  The set of all nilpotent elements in 

R and the prime radical (i.e., the intersection of all prime ideals) are denoted by 
( )RN  and ( ) ,RP  respectively. 

2. The Relationships between Armendariz Ring and Some Other Rings 

2.1. von Neumann regular rings 

Recall that a ring R is said to be von Neumann regular, if aRaa ∈  for any 
.Ra ∈  Every Boolean ring is von Neumann regular. Reduced rings are Armendariz, 

but the converse is not true. Anderson and Camillo [1] proved that a von Neumann 
regular ring is Armendariz, if and only if it is reduced. 

Proposition 2.1. A commutative von Neumann regular ring is Armendariz. 

Proof. Let R be a commutative von Neumann regular ring and a be an element 

of R. Suppose that .02 =a  By the hypothesis, ,02 === baabaa  hence R is 

reduced. Therefore, it is Armendariz. □ 

A field is an example of Armendariz ring. 

2.2. Baer and p.p.-rings 

A ring is said to be abelian, if every its idempotent is central [8]. Kim and Lee 
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proposed without proving that Armendariz rings are abelian. By the following 
lemma, we prove it. 

Lemma 2.1. An Armendariz ring is abelian. 

Proof. Let e be an idempotent element of R. We put ( ) ( ) xeeaexf −−= 1  and 

( ) ( ) ( ) ,11 xeeaexg −+−=  then ( ) ( ) .0=xgxf  Hence, ( ) ,01 =− eea  since R is 

Armendariz, and then .eaeea =  Since ( )e−1  is idempotent and from the similar 

observation we have, ( ) ,01 =− aee  and hence, .eaeae =  So e is central, therefore 

R is abelian. □ 

Here is an example from [8] showing that abelian ring need not to be 
Armendariz. 

Example 2.1. Let Z  be the ring of integers and let 

( ) .2mod0
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⎠
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⎞
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⎝
⎛+⎟

⎠
⎞
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⎝
⎛

−
=  Then ( ) ( ) 0=xgxf  

but ,0
00
20

00
22

≠⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛  hence, R is not an Armnedariz ring. 

By Kaplansky [7], a ring R is called a right p.p.-ring, if the right annihilator of 
each element of R is generated by an idempotent. A ring R is called Baer, if the right 
annihilator of every nonempty subset of R is generated by an idempotent. We denote 
the right annihilator over a ring R by ( ).−Rr  It is easy to see that a Baer ring is right 

p.p.-ring, a domain is Baer. Any Baer ring has nonzero central nilpotent element and 
so a commutative Baer ring is reduced. A commutative Baer ring is Armendariz. 
However, ( )22 ZMat  is an example of Baer ring [9], that is not Armendariz. Thus, a 

noncommutative Baer ring needs not to be Armendariz. 

Proposition 2.2. An abelian right p.p.-ring is Armendariz. 

Proof. Indeed, let e be an idempotent elements of R. Suppose that .02 =r  Since 
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( ) ,eRrrr R =∈  there exists Rr ∈′  such that ,rer ′=  and then .2 rereer ′=′=  So 

,0=== reerr  since e is central. Then R is reduced, hence R is Armendariz. □ 

Thus, we conclude that an Armendariz ring is abelian and an abelian, right p.p.-
ring is Armendariz. A Boolean ring is a p.p.-ring. 

Here is an example of ring that is commutative, Boolean, von Neumann regular, 
p.p.-ring and reduced, Armendariz, but is not Baer (see [9]). We use the so-called 
Dorroh extension. 

Example 2.2. Let ...,,...,,,, 2122322120 ZZZZZ ∗=∗=∗== −nn SSSSSS  

where the operation on nS  is defined as follows: for ( ) ( ) nSdcba ∈,,,  with ∈ca,  

1−nS  and ( ) ( ) ( )dbcadcba ++=+ ,,,  and ( ) ( ) ( ),,,,, bddabcacdcba ++=  

where ....,2,1=n  It is clear, there is the ring-monomorphism nn SSf →−1:  

defined by ( ) ( ).0,xxf =  Now construct the direct product ∏
∞

=1n
nS  with 

…⊂⊂ 21 SS  and consider .1,
1 snn

SR
∞

=
⊕=  The last is a 2Z -subalgebra of 

∏
∞

=1
,

n
nS  generated by nn

S
∞

=
⊕

1
 and ,1s  where ∏

∞

=
=

1
.

n
nSS  

Then the ring R is the required example. 

2.3. Semi-commutative rings 

In this section, we study relationships between Armendariz rings and semi-
commutative rings. Reduced rings can be included in the class of Armendariz rings 
and the class of semi-commutative rings, and both of them are abelian. So, it is 
natural to explore the relationships between them. 

A ring is said to be semi-commutative, if it satisfies the following condition: 
whenever elements a, b in R satisfy ,0=ab  then 0=acb  for every element c of R. 

Recall that a ring R is called 2-primal, if the prime radical of R coincides with 
the set of all nilpotent elements of it ( ) ( )( ).RNRP =  

Lemma 2.2. A ring R is 2-primal, if and only if ( )RPR  is reduced. 
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Proof. Let R be a 2-primal ring. Then it is easy to see that ( )RNR  is reduced, 

hence, ( )RPR  is reduced. The “only if” part is obvious. □ 

Proposition 2.3. A semi-commutative ring is 2-primal. 

Proof. Suppose that R is a semi-commutative ring. Then ( ( )) ( ),2 RPRPa =+  

where .Ra ∈  Also so, ( ).2 RPa ∈  Therefore, ( ) ,RPaRa ⊂  since R is semi-

commutative. Then ( )( ) ( ) ,iIRPRaaRaRa ∩=⊂=  where { }iI  is the set of all prime 

ideals of R. We get iIa ∈  for each i, and it implies that ( ).RPIa i =∈ ∩  Hence, 

( )RPR  is reduced, then R is 2-primal with the help of the previous lemma. □ 

Proposition 2.4. A semi-commutative ring is abelian. 

Proof. Let e be an idempotent element of a semi-commutative ring R. Then 

.02 =− ee  Since ( ) 01 =−eea  for each element a of R, we get .eaeea =  

Likewise, we can prove that .eaeae =  So, e is central, then R is abelian. □ 

Semi-commutative rings are abelian, but the converse is not true. Following the 

example 2.1, R is abelian. ,0
20
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⎠
⎞
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⎛
⎟
⎠
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⎛  

so R is not semi-commutative. 

Concerning some kinds of rings related to the semi-commutative rings, we make 
the following observations: 

1. Division rings are semi-commutative, in particular, fields are semi-
commutative by simple computations. 

field ⇒  reduced ⇒  semi-commutative ⇒  abelian. 

2. Recall that a ring R is called symmetric, if ,00 =⇒= bacabc  for all a, b, 

,Rc ∈  reversible, if ,00 =⇒= baab  for all ., Rba ∈  The following implications 

hold by a simple computation: 

commutative reduced ⇒  symmetric ⇒  reversible ⇒  semi-commutative ⇒  abelian. 

3. Von Neumann regular Armendariz rings are semi-commutative, since reduced 
rings are semi-commutative. Finite Armendariz rings are semi-commutative [5]. 
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2.4. Quasi-Armendariz rings 

Following Hirano, a ring R is said to be quasi-Armendariz, if whenever two 

polynomials ( ) ,
0
∑
=

=
m

i

i
i xaxf  ( ) [ ]∑

=
∈=

n

j

j
j xRxbxg

0
 satisfy ( ) [ ] ( ) ,0=xgxRxf  we 

have 0=jiRba  for every i and j. For a ring R, put ( ) ( ){ }RUUrrAnn R
R

R ⊆|=2  and 

( )( ) { ( ) UUrRidrAnn RR |=  is an ideal of R}. According to Hirano, a ring R is 

Armendariz, if ( ) [ ](
[ ])XR

XR
R

R rAnnrAnn 22 →  defined as [ ]xARA →  is bijective. 

Hirano proved that a ring R is quasi-Armendariz, if ( )( ) →RidrAnnR  

[ ]( [ ]))xidRrAnn XR  defined as [ ]xARA →  is bijective. 

First, we recall that for semi-commutative, in particular, reduced, commutative, 
symmetric, reversible rings to be Armendariz and quasi-Armendariz is equivalent. 

Proposition 2.5. Reduced rings are quasi-Armendariz. 

Proof. First, we notice that a reduced ring is Armendariz. Then the proof is 
obvious, if we take into account the fact that, for reduced rings to be Armendariz and 
quasi-Armendariz is equivalent. □ 

Corollary 2.1. If R is a reduced ring, then for any positive integer n, the ring 
( )RTn  is quasi-Armendariz. 

Proof. This corollary follows from [4] and the previous proposition. □ 

Given a ring R and a bimodule .RR M  The trivial extension of R by M is the 

ring ( ) MRMRT ⊕=,  with the usual addition and the multiplication defined as: 

( ) ( ) ( ).,,, 2121212211 rmmrrrmrmr +=  

Corollary 2.2. Let R be a reduced ring and RR M  be a bimodule. Then the 

trivial extension of R by M, ( )MRT ,  is a quasi-Armendariz ring. 

Proof. Note that ( )MRT ,  is isomorphic to the ring of all matrices ,
0 ⎟

⎠
⎞

⎜
⎝
⎛

r
mr  

where Rr ∈  and Mm∈  and the usual matrix operations are used, hence, ( )MRT ,  

is quasi-Armendariz. □ 
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Corollary 2.3. For any positive integer n the ring nZ  is quasi-Armendariz. 

Proof. It is derived from the commutativity of .nZ  □ 

For a natural number n, which is not square free, the ring nZ  is not reduced, but 

it is quasi-Armendariz [13]. 

Let R be a commutative ring, RRh →:  be a ring homomorphism and M be an 
R-module. Consider a ring structure on ,MR ⊕  which was denoted in [13] by 

( ) ( ),MR h+  where the product is defined by: 

( ) ( ) ( )( ).,,, bmnahabnbma +=  

Proposition 2.6. If K is a field and V is a vector space over K, then the ring 
( )VK +  is quasi-Armendariz. 

Proof. Since ( )VK +  is commutative Armendariz, therefore it is quasi-

Armendariz. □ 

Here are some conclusions concerning quasi-Armendariz rings: 

1. If R is Armendariz and von Neumann regular ring, then it is quasi-
Armendariz by Proposition 2.5 (a reduced ring is quasi Armendariz) and [1]. 

2. A commutative von Neumann regular ring is quasi-Armendariz, in particular, 
a field is quasi-Armendariz. 

3. A semi-commutative quasi-Armendariz ring is abelian. 

4. An abelian right p.p.-ring is quasi-Armendariz, in particular, an abelian Baer 
ring is quasi-Armendariz. 

5. A commutative Baer ring is quasi-Armendariz [9]. 

2.4.1. Gaussian rings 

For ( ) [ ],xRxf ∈  the content ( )fc  of ( )xf  is the ideal of R, generated by the 

coefficients of ( ).xf  A commutative ring R with identity is Gaussian, if ( ) =fgc  

( ) ( ),gcfc  for all ( ) ( ) [ ]., xRxgxf ∈  Gaussian rings are Armendariz, but the 

converse is false. Any integral domain is Armendariz, but it is not necessarily 
Gaussian [1]. The homomorphic image of a Gaussian ring is Gaussian, the 
homomorphic image of an Armendariz ring need not to be Armendariz. For 
example, ( ) ZZZ 8+  is Armendariz, but its homomorphic image ( ) 88 ZZ +  is not 

Armendariz [13]. Anderson and Camillo noted that the exact relationship between 
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Gaussian and Armendariz rings is as follows. A commutative ring is Gaussian, if and 
only if every its homomorphic image is Armendariz. A field is Gaussian, hence it is 
Armendariz. 

Lemma 2.3. Gaussian rings are quasi-Armendariz. 

Proof. The proof follows from the fact that a Gaussian ring is Armendariz and, 
for commutative rings, to be Armendariz and quasi-Armendariz is equivalent. 

 Field ⇒  Gaussian ⇒  Quasi-Armendariz. □ 

3. Generalizations of Armendariz rings 

3.1. McCoy rings 

Recall that a ring R is a left McCoy, if whenever ( )xg  is a right zero-divisor in 

[ ],xR  there exists a non-zero element c in R such that ( ) .0=xcg  Right McCoy ring 

is defined dually. A ring is said to be McCoy ring, if it is both left and right McCoy. 
Armendariz rings are McCoy [13]. The converse is not true. Commutative rings are 
McCoy [15], but there are examples of commutative non-Armendariz rings, for 
instance, ( ) 88 ZZ +  [13]. Both semi-commutative and McCoy rings are generalizations 

of commutative rings, but semi-commutative rings are not McCoy [12]. Semi-
commutative rings are right McCoy [4]. 

Here is an example of a noncommutative McCoy ring that is not Armendariz. 

Example 3.1. Let R be a reduced ring and let 
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Then nR  is McCoy for any 1≥n  [10], but it is not Armendariz for 3,1≠n  [8]. 

3.2. Weak Armendariz rings and π-Armendariz rings 

In this section, we concern the structure of weak Armendariz and π-Armendariz 
rings which are generalizations of Armendariz rings. A ring is weak Armendariz, if 



ON ARMENDARIZ RING AND ITS GENERALIZATIONS 

 

109 

whenever the product of two polynomials is zero, then all the products of their 
coefficients are nilpotent. A π-Armendariz ring satisfies a stronger condition that, if 
the product of two polynomials has coefficients in the set of nilpotent elements, then 
the product of the coefficients of the polynomials is also nilpotent. Following [11], a 
ring R is said to be weak Armendariz, if whenever polynomials ( ) ++= xaaxf 10  

( ) [ ]xRxbxbbxgxa m
m

n
n ∈+++=+ "" 10,  satisfy ( ) ( ) ,0=xgxf  then ∈jiba  

( )RN  for each i and j. Following [2] and [6], a ring R is called π-Armendariz, if 

whenever polynomials ( ) ,10
n

n xaxaaxf +++= "  ( ) m
m xbxbbxg +++= "10  

[ ]xR∈  satisfy ( ) ( ) [ ]( ),xRNxgxf ∈  then ( )RNba ji ∈  for each i and j. 

π-Armendariz ring is a generalization of 2-primal [6] and Armendariz rings, and 
it is a particular case of the weak Armendariz rings 

Armendariz ⇒  π-Armendariz ⇒  weak Armendariz. 

Theorem 3.1. Let R be a reduced ring. Then the following hold: 

1. ( )RTn  is quasi-Armendariz. 

2. ( )RTn  is weak Armendariz. 

Proof. (1) Follows from Corollary 2.1. 

(2) Let { ( ) |∈= RTAI n  each diagonal entry of A is }.zero  Obviously, I is 

nilpotent ideal of ( )RTn  and ( ) .RRRIRTn ⊕⊕⊕≅ "  It is well-known fact that 

the direct sum of Armendariz rings is Armendariz, so, ( ) IRTn  is Armendariz, 

hence it is π-Armendariz. Suppose that ( ) ( ) ( )[ ]xRTxgxf n∈,  such that ( ) ( )∈xgxf  

( ) [ ]( ),xRTN n  ( ) ( ) ( )( ),IRTNxgxf n∈  where ( ) ( ) ( ) ( ) ., IxgxgIxfxf +=+=  

Then ( )( )IRTNba nji ∈  for each i, j, since ( ) IRTn  is π-Armendariz and I is 

nilpotent. Clearly, ( ) Iba n
ji =  implies that ( ) .Iba n

ji ∈  Therefore, there exists 

Nm∈  such that (( ) ) ( ) .0== nm
ji

mn
ji baba  Hence, ( )RTn  is π-Armendariz 

ring. □ 

Corollary 3.1. A ring R is π-Armendariz, if and only if ( )RTn  is π-Armendariz 

for any n. 
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Proof. It is known that any subring of π-Armendariz rings is π-Armendariz. 
Thus, if ( )RTn  is a weak Armendariz ring, so is R. The converse follows from [6]. □ 

For weak Armendariz, π-Armendariz and quasi-Armendariz rings, their trivial 
extension ( )RRT ,  is weak Armendariz, π-Armendariz and quasi-Armendariz. 

However, for Armendariz rings, the ring ( )RRT ,  may not be Armendariz [8]. 

Let R be a reduced ring. Then 
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is McCoy [10], quasi-Armendariz and π-Armendariz by the previous argument, but 
it is not Armendariz for .3,1≠n  

Proposition 3.1. Let R be a ring and 2≥n  be a natural number. If [ ] ( )nxxR  

is reduced, then R is π-Armendariz, where ( )nx  is the ideal of [ ]xR  generated by 

.nx  

Proof. Suppose that [ ] ( )nxxR  is reduced. Then it is Armendariz, so R is 

reduced by [1], R is π-Armendariz. □ 

We make the following conclusions: 

1. Antoine proved that, if ( )RN  is a nil ideal of R, then R is π-Armendariz. For 

semi-commutative ring R the set ( )RN  is an ideal [11], so semi-commutative rings 

are π-Armendariz, in particular, commutative rings are π-Armendariz. 

Reduced ⇒  semi-commutative ⇒  2-primal ⇒  π-Armendariz. 

2. Field ⇒  Gaussian ⇒  Armendariz ⇒  π-Armendariz. 

3. Semi-commutative quasi-Armendariz rings are π-Armendariz, in 
particular, commutative quasi-Armendariz rings are π-Armendariz. 
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