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Abstract 

Let Ω be a bounded domain in nR  with smooth boundary .Ω∂  In this 
article, we investigate the spectral properties of a non-selfadjoint elliptic 

differential operator ( ) ( ) ( ( ) ( ) ( ) ( ))∑ =
α ′′ρ−= n

ji jxixij xuxqxaxxAu 1,
2  

acting on Hilbert space ( )Ω= 2LH  with Dirichlet-type boundary 

conditions. Here ( ) { },,dist Ω∂=ρ xx  ,10 <α≤  ( ) ( ),2 Ω∈ Cxq  ( )xaij  

( ),2 Ω∈ C  ( ) ( ) ( ),...,,2,1, njixaxa jiij ==  ( )∑ =
≤ n

ji jiij ssxasc 1,
2  

( ),, nsx C∈Ω∈  .0>c  Moreover, assume that ( ) ,\Φ∈ Cxq  ,Ω∈∀x  

where { } ( ).,0,arg: π∈ϕϕ≤∈=Φ zz C  
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1. Introduction 

Let Ω be a bounded domain in nR  with smooth boundary .∞∈Ω∂ C  We 

introduce the weighted Sobolev space ( )Ω= α
2
,2WH  as the space of complex 

valued functions ( )xu  defined on Ω with the finite norm: 

( ) ( ) ( ) ,
21

1

222
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+′ρ= ∑∫ ∫

= Ω Ω

α
+

n

i
x dxxudxxuxu i  

where ,10 <α≤  and ( ) { }.,dist Ω∂=ρ xx  We denote by H  the closure of ( )Ω∞
0C  

in H  with respect to the above norm, i.e., H  is the closure of ( )Ω∞
0C  in ( ).2

,2 ΩαW  

The notion ( )Ω∞
0C  stands for the space of infinitely differentiable functions with 

compact support in Ω. In this paper, we investigate the spectral properties, in 
particular, we estimate the resolvent of a non-selfadjoint elliptic differential operator 
of type 

( ) ( ) ( ( ) ( ) ( ) ( ))∑
=

α ′′ρ−=
n

ji
xxij ji xuxqxaxxAu

1,

2    defined on   ( ).2 Ω= LH  

For a closed extension of the operator A with respect to space ( ),2
,2 Ω= αW  we 

need to extend its domain to the closed domain 

( ) ( ) ( ) ,:
1,

22
,2

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈′′ρΩ∈= ∑
=

α
n

ji
xxijloc HyqaWyAD ji∩H  

(see [6]) where the local space ( )Ω2
,2 locW  is the class of the functions ( ) ( )Ω∈xxu  

in this form ( ) ( ) ( )( ) .open,,: 2
0

22
,2 ⎭⎬

⎫
⎩⎨
⎧ Ω⊂∞<=Ω ∑ ∫=i J

i
loc JdxxuxuW  Here 

( ) { },,dist Ω∂=ρ xx  ,10 <α≤  ( ) ( ),2 Ω∈ Cxq  ( ) ( ),2 Ω∈ Cxaij  ( ) ( ),xaxa jiij =  

and the functions ( )xaij  satisfy the uniformly elliptic condition, i.e., there exists 

0>c  such that ( ) ,1,
2 ∑ =
≤

n
ji jiij ssxasc  where ( ) ,...,,1

n
nsss C∈=  .Ω∈x  
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Assume that ( ) ,\Φ∈ Cxq  ,Ω∈∀x  where { },arg: ϕ≤∈=Φ zz C  ( )π∈ϕ ,0  

(i.e., the value of ( )xq  lies on the complex plane and outside of the closed angle Φ), 

and let ( ) ( ).2 Ω∈ Cxq  Here, and in the sequel, the value of the functions ∈zarg  

( ],, ππ−  and T  denotes the norm of the bounded operator .: HHT →  

To get a feeling for the history of the subject under study, refer to our earlier 
papers [7, 8]. Indeed this paper was written in continuing on our earlier papers, the 
paper is sufficiently more general than our earlier papers, which here, we obtain the 
resolvent estimate of the operator A, that satisfies the special and general conditions. 
The paper consists of three sections: Section 1 is devoted to Introduction. In Section 
2, we have Theorem 2.1 on the resolvent estimate of the differential operator A, 
acting on H in the certain case (i.e., in this case, we will study Theorem 2.1 under 
assumption (2.2)). In Section 3, we have Theorem 3.1 on the resolvent estimate of 
the differential operator A, acting on H in the general case (i.e., in this case, we will 
study Theorem 3.1 in contrast to Theorem 2.1. In other words, Theorem 3.1 does not 
include assumption (2.2) of Theorem 2.1). 

2. The Resolvent Estimate of Degenerate Elliptic Differential 
Operators in Some Special Case 

Theorem 2.1. Let A and Φ be defined as in Section 1. Choose a closed sector 
Φ⊂S  with its vertex at zero ( for more explanation see [6]), such that +RS ∩  

.∅=  Let the complex function ( )xq  satisfy the following conditions: 

( ) ( ) ( ) ( ),,\,1 Ω∈∀∈Ω∈ xSxqCxq C  (2.1) 

{ ( ) ( )} ( ).,,
8

arg 212
1

1 Ω∈∀π≤− xxxqxq  (2.2) 

Then, for sufficiently large in modulus ,S∈λ  the inverse operator ( ) 1−λ− IA  

exists and is continuous in H, and the following estimates are valid: 

( ) ( ),,11
SS CSMIA >λ∈λλ≤λ− −−  (2.3) 

( ) ( ),,2
11

SS
i

CSMIAx >λ∈λλ′≤λ−
∂
∂ρ −−α  (2.4) 
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for ,...,,1 ni =  where 0, >SS CM  are sufficiently large numbers depending on S. 

The symbol ⋅  stands for the norm of a bounded arbitrary operator T in H. 

Proof. Here, to establish Theorem 2.1, we will first prove the assertion of 
Theorem 2.1 together with estimate (2.3). So, as in Section 1, for a closed extension 
of the operator A (for more explanation see Chapter 6 of [6]), we need to extend its 
domain to the closed set 

( ) { ( ) ( ) }.,:2
,2 HvhqHuhWvAD loc ∈′′∈′Ω∈= ∩H  

Let the operator A, now satisfy (2.1) and (2.2). Then there exists a complex 

number CZ ∈  (notice  that we can take ,γ= ieZ  for a fixed real ( ]),, ππ−∈γ  

such that ,1== γieZ  and so 

( ){ } { } ( ).,0,Re,Re Φ∈λΩ∈∀>′λ−≤λ′≤′ xcZcxZqc  (2.5) 

In view of the uniformly elliptic condition, we have 

( ) ( ( ) ),,...,,,0,
1 1,

1
22 ∑ ∑

= =

Ω∈∈=>≤=
n

i

n

ji

n
njiiji xssscssxascsc C  

taking ixi ys ′=  implies that ( ) ( ) ( ) ( )∑ ∑= =
′′≤′n

i
n

ji xxijx xyxyxaxyc jii1 1,
2 .  From 

this, and according to ( ){ }xZqc Re≤′  in (2.4), we then multiply these two positive 

relations with each other which implies that 

( ) ( ) ( ) ( ) ( )∑ ∑
= =

′′≤′
n

i

n

ji
xxijx xyxyxaxZqxyc jii

1 1,

2
1 Re     for   ( ).ADy ∈  

Multiply both sides of the latter relation by the positive term ( ),2 xαρ  and then 

integrate from both sides, we will have 

( ) ( ) ( ) ( ) ( ) ( ) ( )∑ ∫ ∑∫
= Ω = Ω

αα ′′ρ≤′ρ
n

i

n

ji
xxijx dxxyxyxqxaxZdxxyxc jii

1 1,

222
1 .Re  

Now, by applying the integration by parts, and using Dirichlet-type condition, 
then the right side of the latter relation without multiple ZRe  becomes 
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( ) ( ) ( ) ( ) ( )∑ ∫
=

Ω

α ′′ρ
n

ji
xxij dxxyxyxqxax ji

1,

2  

( ( ) ( ) ( ) ( )) ( )∑∫
= Ω

α ′′ρ−=
n

ji
xxij dxxyxyxqxax

ji
1,

2  

( ( ) ( ) ( ) ( )) ( ) ( ),,,
1,

2 yAyxyxyxqxax
n

ji
xxij ji =⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′ρ−= ∑

=

α  (2.6) 

since ( ) ( ) ( ( ) ( ) ( ) ( ))∑ =
α ′′ρ−=

n
ji xxij ji xuxqxaxxAy 1,

2 .  

Here, the symbol ( )′  denotes the inner product in H. 

Notice that the above equality in (2.6) is obtained by the well-known theorem of 
the m-sectorial operators which are closed by extending its domain to the closed 
domain in .H  These operators are associated with the closed sectorial bilinear forms 
that are densely defined in H  (for more explanation see the well-known Theorem 
2.1, Chapter 6 of [6]). This is why we extend the domain of the operator A to the 
closed domain in space H  above. Therefore, 

( ) ( ) ( ),,Re
1

22
1∑∫

= Ω

α ≤′ρ
n

i
x yAyZdxxyxc i  

from (2.4), we have { },Re λ−≤λ′ Zc  ,0>′c  .Φ∈λ∀  Multiply this inequality 

by ( ) ( )∫Ω >== .0, 22 yyydxxy  It follows that 

( ) { }( )∫Ω λ−≤λ′ .,Re2 yyZdtxyc  

From this and the above inequality, we will have 

( ) ( ) ( ) ( ) ( ){ }∑∫ ∫
= Ω Ω

α λ−≤λ′+′ρ
n

i
x yyZyAyZdxxycdxxyxc i

1

222
1 ,,Re  

( )( ){ }yyIAZ ,Re λ−=  

( ) yIAyZ λ−≤  

( ) ,yIAy λ−=  (2.7) 
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i.e., 

( ) ( ) ( ) ( )∑∫ ∫
= Ω Ω

α λ−≤λ′+′ρ
n

i
x yIAydxxycdxxyxc i

1

222
1 .  

Since ( ) ( )∑ ∫= Ω
α ′ρ

n
i x dxxyxc i1

22
1  is positive, we will have either ( ) 2xyc λ′  

( ) ( )∫Ω λ−≤λ= yIAydxxy 2  or 

( ) ( ) .yIAMxy S λ−≤λ  (2.8) 

This inequality ensures that the operator ( )IA λ−  is one to one, which implies that 

( ) .0ker =λ− IA  Therefore, the inverse operator ( ) 1−λ− IA  exists, and its continuity 

follows from the proof of the estimate (2.3) of Theorem 2.1. To prove (2.3), we set 

( ) ,1 fIAv −λ−=  Hf ∈  in (2.7) implies that 

( ) ( ) ( ) ( )∫Ω
−−− λ−λ−λ−≤λ−λ .1121 fIAIAfIAMdxfIA S  

Since ( ) ( ) ( ) ,1 ffIfIAIA ==λ−λ− −  

( ) ( )∫Ω
−− λ−≤λ−λ .121 ffIAMdxfIA S  

So 

( ) ( ) ( ) ( ) ,121 ffIAMfIA S
−− λ−≤λ−λ  

this implies that ( ) ( ) .1 fMfIA S≤λ−λ −  Since ,0≠λ  ( ) ( )fIA 1−λ−  

,1 fM S
−λ≤  i.e., ( ) .11 −− λ≤λ− SMIA  This estimate completes the proof 

of the assertion of Theorem 2.1 together with the estimate (2.3). Now, we start to 
prove the estimate (2.4) of Theorem 2.1. As in the above argument, we drop the 

positive term ( )∫Ωλ′ dxxyc 2  from 

( ) ( ) ( ) ( )∑∫ ∫
= Ω Ω

α λ−≤λ′+′ρ
n

i
x yIAydxxycdxxyxc i

1

222
1 .  
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It follows that 

( ) ( ) ( )∑∫
= Ω

α λ−≤′ρ
n

i
x yIAydxxyxc i

1

22
1 .  

Equivalently 

( ) ( ) .
2

1
1 yIAyfIAxc

i
λ−≤λ−

∂
∂ρ −α  

Set ( ) ,1 fIAy −λ−=  Hf ∈  in the latter relation, and proceeding by similar 

calculation as in the proof of (2.3), we then obtain 

( ) ( ) ( ) ( ) .11
2

1
1 fIAIAfIAfIAxc

i

−−−α λ−λ−λ−≤λ−
∂
∂ρ  

Since ( ) ( ) ( ) ,1 ffIfIAIA ==λ−λ− −  

( ) ( ) ,21
2

1
1 fIAfIAxc

i

−−α λ−≤λ−
∂
∂ρ  

consequently, by (2.3) this implies that 

( ) ,21
2

1
1 fMfIAxc S

i

−−α λ≤λ−
∂
∂ρ  

to this end, we will have 

( ) .2
11 −−α λ′≤λ−

∂
∂ρ S

i
MIAx   

Thus, here the proof of the estimate (2.4) is finished, i.e., this completes the proof of 
Theorem 2.1. 

Now, let the condition (2.2) does not hold. Then we will have the following 
statement. 

3. The Resolvent Estimate of Some Classes of Degenerate 
Elliptic Differential Operators 

In this section, we will derive a new general theorem by dropping the 
assumption (2.2) from Theorem 2.1 in Section 2. 
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Theorem 3.1. As in Section 1, let Φ be some closed sector with vertex at zero in 
the complex plane (for more explanation see [6]), Φ⊂S  be some closed sector with 

the vertex at zero, so that ,∅=+RS ∩  and let the complex function ( )xq  satisfy 

( ) ( ) ( ) ( ).,\,1 Ω∈∀∈Ω∈ xSxqCxq C  (3.1) 

Then, for sufficiently large in modulus ,S∈λ  the inverse operator ( ) 1−λ− IA  

exists and is continuous in H, and the following estimate holds: 

( ) ( ),,,11
SS CSMIA >λ∈λλ≤λ− −−  (3.2) 

where 0, >SS CM  are sufficiently large numbers depending on S. 

Proof. Let us assume that (2.3) does not satisfy. To prove the assertion of 
Theorem 3.1 together with (3.2), we construct the functions ( ) ( ),...,,1 xx mϕϕ  

( ) ( ),...,,1 xqxq m  so that each one of the functions ( ) ( ) ( ),...,,1 Ω∈xxqxq m  as the 

function ( )xq  in Theorem 2.1 satisfies (2.2). Therefore, let 

( ) ( ) ( ) ( ) ( ),...,,,...,, 011 Ω∈ϕϕ ∞Cxqxqxx mm  

satisfy 

( ) ( ) ( ) ( ),1,...,,1,0 22
1 Ω∈≡ϕ++ϕ=ϕ≤ xxxmrx mr  

( ) ( ) ( ) ( ) ,supp,,0 rrr xxqxqCxdt
d ϕ∈∀=Ω∈ϕ ∞  

( ) ( ) ,...,,1,,\ mrxxqr =Ω∈∀Φ∈ C  

{ ( ) ( )} ( ) ....,,1,supp,,
8

arg 212
1

1 mrxxxqxq rrr =ϕ∈∀π≤−  

In view of Theorem 2.1, and by (2.3) and (2.4), set AAr =  in the definition of 

the differential operator, implies that 

( ) ( ( ) ( ) ( ) ( )) ,
1,

2∑
=

α ′′ρ−=
n

ji
xxrijr ji xuxqxaxxuA  
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acting on H, where 

( ) ( ) ( ) .:
1,

22
,2

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈′′ρΩ∈= ∑
=

α
n

ji
xxrijlocr HuqaWuAD

ji∩H  

Due to the assertion of Theorem 2.1, for ,0 S∈λ≠  the inverse operator ( ) 1−λ− IA  

exists and is continuous in space ( ),1,02LH =  and satisfies 

( ) ,11 −− λ≤λ− Sr MIA  

( ) ( ),,2
11

SSr
i

CSMIAx >λ∈λλ′≤λ−
∂
∂ρ −−α  

( ).0 S∈λ≠  (3.3) 

Let us introduce 

( ) ( ) .
1

1∑
=

− ϕλ−ϕ=λ
m

r
rrr IAG  (3.4) 

Here, rϕ  is the multiplication operator in H by the function ( ).xrϕ  Consequently, 

easily we will have 

( ) ( ) ( ) ( ) ( )∑
=

−−α ϕλ−βρ+=λλ−
m

r
rrr IAxxIGIA

1

112  

( ) ( ) ( ) ,
1 1

12 ∑∑
= =

−α ϕλ−
∂
∂γρ+

n

i

m

r
rr

i
i IAxxx r  (3.5) 

where ( ),, Ω∈γβ ∞Lrir  rβsupp  and riγsupp  are contained in .supp rϕ  

First, we prove that ( ) ( ),rPDuG ∈λ  ( ).H∈∀u  Now, from the definition of 

( ),rAD  it follows that 

( ) ( ) ( )....,,2,1,2
,2

1 mrWA locrrr =Ω∈ϕλ−ϕ − ∩H  



ALI SAMERIPOUR and ALI AHMAD REZA REZAEI AHANGRAN 62 

Therefore, this implies that ( ) ( );ADuG ∈λ  

( ) ( )uGIA λλ−  

( )( ) ( )uGuGA λλ−λ=  

{ ( ) ( ) ( ) ( )( ) } ( )∑
=

α λλ−′′λρ−=
n

ji
xxrij uGuGxqxax

ji
1,

2  

( ) ( ) ( ) ( ) ( )uGuIAxqxax

ii x

n

ji x

m

r
rrrrij λλ−

′

⎪⎭

⎪
⎬

⎫

⎪⎩

⎪
⎨

⎧ ′

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
ϕλ−ϕρ−= ∑ ∑

= =

−α

1, 1

12  

{ ( ) ( ) ( ) ( ) (( ) ) } ( )∑ ∑
= =

−α λλ−′ϕλ−′ϕρ−=
n

ji

m

r
xrrxrrij uGuIAxqxax
ii

1, 1

12  

{ ( ) ( ) ( ) (( ) ) } }∑ ∑
= =

−α ′′ϕλ−ρ−=
n

ji

m

r
xxrrrij ii

uIAxqxax
1, 1

12 .  

We write the second term as 

{ (( ) ) } ,
1, 1

12
21 ∑∑

= =

−α ′′ϕλ−ϕρ−=+
n

ji

m

r
xxrrrrij ii

uIAqaLL  

where 

{ } { (( ) ) }∑∑
= =

−α ′ϕλ−ρ′ϕ−=
n

ji

m

r
xrrrijxr ii

uIAqaL
1, 1

12
1  

and 

{ } { (( ) ) }∑∑
= =

−α ′′ϕλ−ρ⋅ϕ−=
n

ji

m

lr
xxrrrijr ii

uIAqaL
1,

12
2  

{ } { (( ) ) }∑ ∑
= =

−α
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′ϕλ−ρ−⋅ϕ=

m

r

n

ji
xxrrrijr ii

uIAqa
1 1,

12  
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{ }( {( ) })∑
=

− ϕλ−ϕ=
m

r
rrrr uIAA

1

1  

{ } ( )( ){( ) }∑
=

− ϕλ−λ+λ−ϕ=
m

r
rrrr uIAIIA

1

1  

{ }{( ) }∑
=

− ϕλ−ϕλ+
m

r
rrr uIAI

1

1  

{ } ( )∑ ∑
= =

− ϕλ−ϕλ+ϕϕ=
m

r

m

r
rrrrr IAuI

1 1

1  

( ) ( )∑
=

λλ+=λλ+ϕ=
m

r
r uGuuGu

1

2 .  

Thus, we have 

( ) ( )uGIA λλ−  

{ ( ) ( ) ( ) ( ) (( ) )} ( )∑∑
= =

−α λλ−++′ϕλ−′ϕρ−=
n

ji

m

r
xrrxrrij uGLLuIAxqxax
ii

1, 1
21

12  

{ ( ) ( ) ( ) ( ) }(( ) )∑∑
= =

−α ′ϕλ−′ϕρ−=
n

ji

m

r
xrrxrrij ii

uIAxqxax
1, 1

12  

{ ( ) ( ) ( ) ( ) } (( ) ) ( ) ,
1, 1

21
12∑∑

= =

−α λλ−++ϕλ−′′ϕρ−
n

ji

m

r
rrxxrrij uGLLuIAxqxax

ii
 

and since 

{ ( ) ( ) ( ) ( ) }(( ) )∑∑
= =

−α ′ϕλ−′ϕρ−
n

ji

m

r
xrrxrrij ji

uIAxqxax
1, 1

12  

{ ( ) ( ) ( ) ( ) }(( ) )∑∑
= =

−α ′ϕλ−′ϕρ−=
n

ji

m

r
xrrxrrij ii

uIAxqxax
1, 1

12 ,  
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therefore, we have 

( ) ( )uGIA λλ−  

{ ( ) ( ) ( ) ( ) }(( ) )∑∑
= =

−α ′ϕλ−′ϕρ−=
n

ji

m

r
xrrxrrij ii

uIAxqxax
1, 1

12  

{ ( ) ( ) ( ) ( ) } (( ) )∑∑
= =

−α ϕλ−′′ϕρ−
n

ji

m

r
rrxxrrij uIAxqxax

ii
1, 1

12  

{ } { ( ) ( ) ( ) (( ) ) }∑∑
= =

−α +′ϕλ−ρ′ϕ−
n

ji

m

r
xrrrijxr uuIAxqxax
ii

1, 1

12  

( ) ( ) .uGuG λλ−λλ+  

Then 

( ) ( ) { ( ) ( ) ( ) ( ) }(( ) )∑∑
= =

−α ′ϕλ−′ϕρ−=λλ−
n

ji

m

r
xrrxrrij ii

uIAxqxaxuGIA
1, 1

12  

{ ( ) ( ) ( ) ( ) } (( ) )∑∑
= =

−α ϕλ−′′ϕρ−
n

ji

m

r
rrxxrrij uIAxqxax

ii
1, 1

12  

{ } { ( ) ( ) ( ) (( ) ) }∑∑
= =

−α +′ϕλ−ρ′ϕ−
n

ji

m

r
xrrrijxr uuIAxqxax
ii

1, 1

12 .  

By factoring out ,2αρ  we will have 

( ) ( ) ( ) { ( ) ( ) ( ) ( )∑∑
= =

αα ′ϕρ−ρ=λλ−
n

ji

m

r
xrrij i

xqxaxxuGIA
1, 1

22  

( ) ( ){ } (( ) ) }′ϕλ−′ϕ+ −
ii xrrxrrij uIAxqxa 1  

{ ( ) ( ) ( ) ( ) } (( ) )∑∑
= =

−α +ϕλ−′′ϕρ−
n

ji

m

r
rrxxrrij uuIAxqxax

ii
1, 1

12 .  



SPECTRAL PROPERTIES OF DEGENERATE NON-SELFADJOINT … 65 

Since ni ...,,1=  and nj ...,,1=  are dummy variables, so this implies that 

( ) ( ) ( ) ( ) ( )∑∑
= =

−α ϕλ−
∂
∂γρ+=λλ−

n

i

m

r
rr

i
i IA

x
xxuuGIA r

1 1

12  

{ ( ) ( ) ( ) ( ) } (( ) )∑∑
= =

−α ϕλ−′′ϕρ−
n

ji

m

r
rrxxrrij uIAxqxax

ii
1, 1

12 .  

Now, since 

{ ( ) ( ) ( ) ( ) }′′ϕρ α
ji xxrrij xqxax2  

( ( )) ( ) ( ) ( ) ( ) ( ( ) ( ) ( ) ) ,22 ′′ϕρ+′ϕρ
∂
∂= αα

jii xxrrijxrrij
j

xqxaxxqxax
x

 

( ) ( ) ( ) ( ) ( ).; 122122 xxxxMxx S
j

ρρ=ρρ≤ρ
∂
∂ −αα−αα  

Therefore, the above equality is equivalent to 

( ) ( ) ( ) .1212
rr xxx β′′ρρ+β′ρ −α−α  

To the end, we will have 

( ) ( ) ( ) ( )( )∑
=

−−α ϕλ−βρ+=λλ−
m

r
rrr IAxxIGIA

1

112  

( ) ( ) ( )∑∑
= =

−α ϕλ−
∂
∂γρ+

n

i

m

r
rr

i
i IAxxx r

1 1

12 .  

Now, the proof of (3.4) is completed. Let us take the right side of (3.4) equal to 
( ).λ+ TI  Thus, we will have 

( ) ( ) ( ).λ+=λλ− TIGIA  (3.6) 

Now, according to Section 2, if we put rAA =  for mr ...,,1=  in (2.2), then we 

will have 

( ) ( ) .,1 2
1111 −−α−− λ′≤λ−

∂
∂ρλ≤λ− Sr

i
Sr MIAxMIA  

Owing to the definition of ( )λT  in the (3.5), easily it follows that 

( ) ( ).1,2
1

>λΦ∈λλ≤λ −
SMT  (3.7) 
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Since λ  is sufficiently large number which easily implies that ( ) ,12
1 <<λT  

from this and using the well-known theorem in the operator theory, we conclude that 

( )λ+ TI  and so ( ) ( )λλ− GIA  are invertible. Hence, (( ) ( )) 1−λλ− GIA  exists and 

equals to 

( )( ) ( ) ( )( ) .111 −−− λ+=λ−λ TIIAG  (3.8) 

By adding I+  and I−  to the right side of the (3.7), it follows that 

( )( ) ( ) ( )( ) .111 IITIIAG +−λ+=λ−λ −−−  

We now set 

( ) ( )( ) .1 ITIF −λ+=λ −  

Then 

( )( ) ( ) ( ).11 λ+=λ−λ −− FIIAG  

In view of ( ) 1<λT  and (3.7), by estimating the following geometric series 

for the ( ),λF  we will have 

( ) ( ) ( ) ( ( ) ( ) )∑
+∞

=

+λ+λ+λ≤λ≤λ
2

22 1
i

k TTTTF  

( ) ( ) ( ) ,241211 2212 −λ′≤+++λ≤ SSS MMMT  

i.e., ( ) .12 1−λ≤λ SMF  By (3.3) and ( ) ,1 11 −− λ≤λ− Sr MIA  we will have 

( ) ( ) ( ) ,1 11

1

1 −−

=

− λ′′≤λ−′′≤ϕλ−ϕ=λ ∑ SSrS

m

r
rrr MMIAMIAG  

i.e., ( ) .2 1−λ≤λ SMG  Now from (3.8), we have 

( ) ( ) ( )( ) ( ) ( )( ).11 λ+λ=λ+λ=λ− −− FIGTIGIA  

Therefore 

( ) ( ) ( )( ) ( ) ,1212 111 −−− λ+λ≤λ+λ=λ− SS MMFIGIA  
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i.e., here the assertion of Theorem 3.1 is proved. Therefore, to complete the proof of 
Theorem 3.1, we must prove the estimate in (3.2), to the end, we have according to 
latter inequality 

( ) ,1222 1111 −−−− λλ+λ≤λ− SSS MMMIA  

and since ,1211 −−−− λ≤λ=λλ  it follows that 

( ) ( ).,,11 Φ∈λ≥λλ≤λ− −− CMIA S  

This completes the proof of Theorem 3.1. 
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