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Abstract

In this paper, we discuss the multi-objective transportation problems
with uncertain coefficients. The interval numbers and fuzzy numbers
programmings of multi-objective transportation problem are proposed,
respectively. For the model of interval numbers programming, we find
an optimal satisfactory degree solution by introducing the satisfactory
degree function. The fuzzy programming with trapezoidal fuzzy number
coefficients is reduced to multi-objective linear programming on the
basis of a-cut of the fuzzy numbers, the o level optimal solutions are
obtained. Compared with existing methods. Finally numerical examples
are illustrated the effectiveness and practicality of the proposed
algorithms.

1. Introduction

In the real life, the transportation problems are not single
objective. Therefore, Diaz developed algorithms for multi-objective
transportation problems [2].
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By considering the imprecise nature of human judgments,
parameters such as quantity of product, demand and cost associated with
transporting a unit of the product are uncertain data (i.e., fuzzy numbers
or intervals). Bit et al.,, Verma et al., etc. applied fuzzy programming
technique to solve multi-objective problems [1, 3-5, 7-9].

In this paper, the uncertain parameters of transportation problem are
considered as trapezoidal fuzzy numbers and interval numbers. For the
model of interval numbers programming, we find an optimal satisfactory
degree solution by introducing the satisfactory degree function. But
existing papers discussed seldom the interval number programming
of multi-objective transportation. A new algorithm of multi-objective
transportation problem with trapezoidal fuzzy number is proposed.

2. Interval Number Programming for Multi-objective
Transportation Problem

Definition 1. Let [a, b], [c, d] € I(R), where I(R) = {[a, b]|a, b € R,
a < b}. Then the operations of interval number are defined as:
[a, b] +[c, d] = [a + ¢, b +d],
[a, b] - [c, d] = [a -d, b-c],

Ha. b] = {[ra, rb] if r>0

, re R
[rb, ra] if r<0

Definition 2. Let r € R. If a < r < b, then we denote r < [a, b].

The model of interval number programming for multi-objective

transportation problem can be formulated as follows:

m n
- ko k
fmn ZZ[CU’ dilxj, k=12, ., K,

i=1 j=1

n
s.t. inj <la;, ¢], i=1,2, .., m,
j=1
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m
inj < [b], f]], ] = ]., 2, vy N,

1=1

x;; 20, 1=1,2,..,m,j=12 .. n, (1)

where an interval number [ci};, d;] is a penalty associated with

transportation of a unit of the product from source i to destination j for
k-th penalty criterion. The penalty could represent transportation cost,

delivery time, quantity of goods delivered, under-used capacity, etc. An

interval number [aik, eik] is product quantity which we want to transport

to destination D; to satisfy the interval number demand [bf’ , f]}’] for k-th

penalty criterion. The problem is to determine the project which will

minimize the total penalty criteria.

By definition,

m n
Zy, = ZZ[CS df]x;

|
N
=
N
ol )
K
IN
K
IN

m
ij €;, b] < ZXL] < f]
i=1

[c, d] € I(R). Then we call the

Definition 3. Let @, = [a, b], @,

function
1, a <c,
S(Qy, Q) = 1—2;2, c<a<c+b+d, 2)
0, otherwise,

to be satisfactory degree of @ smaller than Qs.
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Let
m n m
Zk = min cle], Zk =mlnzz lj? Qk_ Zk,Zk]
xeGl xer
=1 j= =1 j=1
where
X = (X115 oo X1p> X9 wor X9y vees Xpls oo X )

n

G; =4xla; £ qu < e, b;
j=1
m
SinJ-Sfj,xijZO,i=1,2,...,m,j=1,2,...,n ,
=1
m n
Gy = 1x1 Y Y dkxy > Zf, x e G},
=1 j=1

Assume that Qp =[Zj, Z;] is expected interval number of the
problem (1) for the k-th penalty criterion.

By Definition 3, let S;, be satisfactory degree function of Z; smaller
than Qk,

1, Zi < Z},
Z}, - 2} T
Sk(Zk7Qk): 1—?, Zk <Zk SZk +Zk +Zk, (3)
Zk +Zk
0, otherwise.

By wusing the max-min operator, an equivalent fractional
mathematical programming to the problem (1) is formulated as follows:

max 3
st. S, 2B, k=12, .., K,
X € Gl’ (4)

where B = min{S;, Sy, ..., Sg}.

xeG1
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The above programming (4) can be further written as

max
Zr - Z§
s.t. %+631,k:1,2,..., K,
Zk +Z;;
x e Gy. (5)

Theorem 1. If y* is an optimal solution to the problem (5), then x* is

an optimal solution to the problem (1), its satisfactory degree is B".

We call x* to be an optimal satisfactory degree solution to the

problem (1), where
* * * * * * * * * *
= (B", %115 X195 «s X1ns> X215 X925 0 Xops oo Xmmls X2y oo X )s
* * * * * * * * *
= (X117, X195 s X1ns X91> X995 cos Xops ooor Xrds Xm2s -os X )-

We call interval number Z; to be the optimal satisfactory degree

interval number for k-th penalty criterion, where

m n m
2 cUxU, ZZduxU k=12, .. K.
=1 j=1 i=1j

Algorithm 1.

Step 1. Find Z}, Z};, the expected interval numbers Q) =[Z}, Z}, ]
of the problem (1) are obtained.

Step 2. The satisfactory degree function S, of Z;, smaller than @)

1s represented by (3).

Step 3. From the results of Step 2, solve the programming (4). The
optimal satisfactory degree solution x* and the optimal satisfactory

degree interval number Z;, of the problem (1) are obtained.
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Example 1.
min Z; = [2, 3]xy; +[4, 5]x19 + [4.2, 5]xyg +[4, Blxy4 + [5.5, 6.5]xg;
1 [4.5, B]xgy +[3, 4.8]x95 + [7.6, 9.2]x9,
min Zy = [1.2, 2.5]x;; +[3, 4.2]x19 + [2, 3.4]x15 +[3.8, 5]x14
1.5, 2.3]xg; +[8, 9.3]x9s + [4, 5.6]x0s + [3.6, 4.2]x0

4
s.t. Z xp; < [12, 15),

Jj=1

4
D xg; <[9,128],
j=1

X < [6, 75]7

M

~
Il
—_

X2 < [57 65],

M

Il
—_

l

2
D xiz <[4, 6],

=1
2
x4 <[6,7.8],
=1
x;20,i=1,2j=123 4. ©)

Based on MATLAB 6.1 platform, by Algorithm 1, the obtained solutions

are as follows:

Z{ =105, Z7 = 91.2, Z3 = 52.7, Z3 = 74.2,

Z7 =[89.72,115.52], Z5 = [67.61, 90.82].
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3. The o Level Optimal Solution to the Multi-objective
Transportation Problem with Fuzzy Parameters

A mathematical programming of the multi-objective transportation
problem with fuzzy parameters is formulated as follows:

m
min Z(x) = ZZEifxij, k=12 .. K,

n
s.t. lej < ai, 1= 1, 2, e, m,

j=1

m ~

inj < bj, j=12, .., n,

i=1

xlj 2 0; l = 15 2’ e M, .] = 1’ 2’ e I, (7)

where ¢;i, @; and b; are fuzzy parameters or fuzzy coefficients.

In this section, by applying a-cut of the trapezoidal fuzzy number and
interval number, we describe an algorithm for solving multi-objective
transportation problem with trapezoidal fuzzy numbers. Comparison
with existing methods [3, 4], this algorithm is effective. Assume that

cif’ , a; and g] are trapezoidal numbers in (7).

Definition 4. The oa-cut of the trapezoidal fuzzy number A=
[n, my, mg, y] is defined as the ordinary set (;l)a for which the degree of

its membership function exceeds the level a € [0, 1]:
(D) = txlng = o} = o+ (m —n)/n, mg + 70~ o]
For the sake of simplicity, denoted by
~ T ~ R
(A)y = o+ (m —m)/m, (A)y =mg +7(1 - a),

then

(A), = [(A)L, @A),
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First, for a certain degree o, we can find the following parametric
programming
m n
min Z; = ZZ(EP)LJCL], =12 .., K,
=1 j=1

n

~~L /~\R1 -
s.t. lej < [(ai)a, (ai)ot ], 1= 1, 2, ey M,

j=1
N < 5 L g R _19
- [( j)a’(j)(x]’ J=1 4, .., n,
i=1
X5 >0,1=1,2,....m,j=12,..,n. (8)

By definition, the programming (8) may be written as

m
min Z; = Z xl], k=12, .. K,
n
s.t. (a 0 < xij < (@ (XR, i=12 .., m,
=1
m
L <D xy <@E j=12.n
1=1
x;; 2 0, 1=1,2,..,m,j=1,2, .., n. )
Secondly, we can find the problem (9) by using fuzzy programming
approach.
Let
m n
Zy = mmZZ( ”)L xij, Zp = mmZZ(ek)R Xij,
xeFy i1 o xekFy i1 o
where
n
B o= {x1@)E < ) xy < @)L )L
j=1

m
SZxU< OE x;20i=1,2, . j:1,2,...,n},
i=
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SN k\R
Fy = {x|zz Eij)axij >7Zf, x e Fl}
=1 j=1

Assume the membership function corresponding to the k-th objective
function of programming (9) in the form

L Zy < Zy
we = U= (2 - 202 - Z0), Zi < 7 < 7 (10
0, Zk > Z];

By adopting the max-min operator, the programming (9) is
equivalent to the following linear programming

max f
st. up,2p, k=12, ..., K

n
(5i)g < lej < (5L f, 1=1,2, .. m,
=

m
7~ \L ~“\R .
(bj)a < lej < (bj)(l’ J = 1, 2, vy N,
=1
X >20,1=1,2,...,m,j=1,2,..,n. (11)
The optimal solution to the problem (11)
Y = (BT, X1, X195 ceer Xipps X015 X995 eoer Xy ooy Xl s X ooy Xy )

which means that the possibility level of all fuzzy parameters in y* is o.

B* is the degree to satisfy all objective functions when the possibility

level of all fuzzy parameters is o.
Theorem 2. Suppose
* * * * * * * * * * *
Y= (BT, X110, X125 e Xlps X215 X225 s X2ps w05 Xnls X2 +oos X))
is an optimal solution to the problem (11) if the value of o is fixed, then
* ¥ * ¥ * * * * * ¥
X = (xll’ X195 eoos X1y X215 X995 coes X1y vees Xinls X2y ooes .’X:mn)

i1s an optimal solution to the problem (7), and its optimal level is o.
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We call x* to be the o level optimal solution.
Algorithm 2.

Step 1. By using (10), the membership function and the a-cut of
trapezoidal fuzzy numbers in programming (7) are given.

Step 2. Find Z}, Z;,, k=1, 2, .., K.
Step 3. Solving the programming (11), the o level optimal solutions
of original problem (7) are obtained. If existing k;, satisfy Z;O = Z;;O,
then we only solve the following parametric programming
max 3
st. up, 2B, k=12 .., K,k #ky,

n

(61-)5 < le} < (51 (XR, l = 1, 2, ey M,

j=1
(b)) = inj <)y, J=12, .., 1,
1=1
xij > 0, 1= 1, 2, e, m, J = 1, 2, ey M (12)

We obtain the o level optimal solutions x™ of (7).
Example 2.
min Zl = §x11 + me + gx13 + Zx21 + €x22 + 3x23
min Zz = §x11 + §x12 + Zx13 + Txm + §x22 + €x23

min Z3 = lel + 5.%‘12 + 163613 + §x21 + gJCQQ + Ix23

3

s.t. lej < 1T,

Jj=1

3
szj <15,
j=1
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x;20,i=1,2j=1,23, (13)
where trapezoidal fuzzy numbers as follows:
1=00.20.8,1,0.2],2=[1,1.5205],3=[1,23,1],4 =[1, 4, 5, 1.5],
5=01,42512],6=[1,5561],7=[1,6,71.3],8=[,78,1],
9=[1,85,91],10 =[1,9,10,1.5],11 = [1,10,11,1.6],15 = [1, 13.5, 15, 1.4].

By Algorithm 2, the a level optimal solutions of (7) are given by
Table 1.

Table 1. The o level optimal solutions

o Z{  Zy Zy  Zi  Zy Zy B Z1  Zy Z3

0.1 64.29 59.97 34.63 123.79 90.56 51.15 0.9393 67.90 60.25 35.63
0.2 67.12 62.73 37.32 122.53 89.88 50.77 0.9348 70.73 63.01 38.19
0.3 69.99 65.53 40.07 121.22 89.16 50.36 0.9295 73.60 65.81 40.79
0.4 72.90 68.37 42.88 119.85 88.40 49.91 0.9229 76.52 68.65 43.42
0.5 75.85 71.25 45.75 118.43 87.60 49.43 0.9004 80.09 72.04 46.12
0.6 78.84 74.17 48.68 116.95 86.76 48.91 0.8048 85.22 76.63 48.72
0.7 81.87 77.13 51.67 115.42 85.88 51.67 0.6468 88.96 80.22 51.47
0.8 84.94 80.13 54.72 113.83 84.96 54.72 0.2671 92.48 83.67 54.72
0.9 84.94 80.13 54.72 113.83 84.96 54.72 0.2671 92.48 83.67 54.72
1.0 84.94 80.13 54.72 113.83 84.96 54.72 0.2671 92.48 83.67 54.72
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But applying the algorithm of [3, 4], the programming (7) can be
turned into a parametric programming, the obtained a level solutions are

given by Table 2.

From Table 2, we know that the algorithm of [3, 4] is no longer

effective for Example 2.

Table 2. The a level optimal solutions

o Zi Zi Zi 7y Z5 Z3 Bz zy 7
01 0 0 0 10417 133.70 162.70 1 0O 0 0
02 0 0 0 10592 13508 163.64 1 0O 0 0

03 O 0 0 107.61 136.40 164.52 0.99 0 0 0

04 O 0 0 109.25 137.67 165.34 1 0 0 0
05 0 0 0 110.82 138.87 166.10 1 0 0 0
06 O 0 0 112.34 140.02 166.80 1 0 0 0
0.7 0 0 0 113.80 141.10 167.44 1 0 0 0
0.8 0 0 0 115.19 142.13 168.02 1 0 0 0
09 O 0 0 116,52 143.10 168.54 1 0 0 0

1.0 0 0 0 117.80 144.00 169.00 0.99 0 0 0

4. Concluding Remarks

In this paper, algorithms of multi-objective interval number
programming and multi-objective fuzzy number programming for
transportation problem are presented, respectively. Comparing with
other method, the proposed algorithm of multi-objective transportation
problem fuzzy number programming is illustrated its effectiveness.
Specially, the model of interval number programming for multi-objective
transportation problem is formulated, an optimal satisfactory degree is

obtained by introducing the concept of satisfactory degree function.
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