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Abstract
In this paper, we study the asymptotic behavior of solutions of higher
order neutral difference equations of the form
A" (X + PXp_k) + F(n, Xq) = hy,
where m>1 is an integer. We establish conditions under which all

nonoscillatory solutions are asymptotic to an™ 14 b with a,beR

The obtained results extend those that are known for non-neutral higher
order difference equations.

1. Introduction

In this paper, we study the asymptotic behavior of non-oscillatory solutions of
the neutral difference equations of the form

Am(Xn + pxn—k)+ f(n’ Xn) = hn! 1)
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where n e N(ng) = {ng, ng +1, ...}, ng is a positive integer, m, k >1 are integers,
{h,} is a sequence of real numbers, p is a non-negative real number, and f : N(ng)
x R — R is a continuous function. The forward difference operator A is defined as

usual, that is, Ax,, = Xn.1 — X,. The higher order difference for a positive integer m

is defined as A™x, = A(A" ), A%, = x,.

By a solution of equation (1), we mean a real sequence {x,} which is defined
for all n > ng —k and satisfies equation (1) for all n € N(ng). As is customary, a
nontrivial solution {x,} of equation (1) is said to be nonoscillatory if the terms x,
of the sequence {x,} are either eventually positive or eventually negative and

oscillatory otherwise.

The neutral delay difference equations arise in a number of important
applications including problems in population dynamics when maturation and
gestation are included, in “cobweb” models in economics where demand depends on
current price but supply depends on the price at an earlier time, and in electrical
transmission in lossless transmission lines between circuits in high speed computers.

Oscillation theory of higher-order neutral difference equations has developed
very rapidly in recent years. It has concerned itself largely with the oscillatory and
asymptotic behavior of solutions (see, e.g., [1-3, 6, 8-14] and the references
containing therein). The asymptotic behavior of nonoscillatory solutions of equation
(1) has been studied using fixed point theorems and summation averaging techniques
with the condition uf (n, u) > 0 for u = 0 and for all n € N(ngy) (see, for example

[1, 2, 3, 9, 10, 12, 14] and the references cited therein). Motivated by this
observation, in this paper, we investigate the asymptotic behavior of nonoscillatory
solutions of equation (1) without using the above said conditions on the nonlinear
function. For a general background on difference equations and inequalities we can
refer to [1] and [7].

2. Asymptotic Behavior of Nonoscillatory Solutions

In this section, we investigate the asymptotic behavior of nonoscillatory
solutions of equation (1). We begin with the following lemma which can used to
obtain useful information about the properties of nonoscillatory solutions of equation

).
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Lemma 1. Let {x,} be an eventually positive or eventually negative sequence

and

n k m-1
Wn =Xy + p(T) Xn—k, N € N(np), (2)
where 0 < p < oo, kis a positive integer. If lim w, =c, then lim y, = L
n—oo n—oo 1+ p
Proof. Assume that {x,} is eventually positive since the proof for the case {x,}

is eventually negative is similar. First note that {x,,} is bounded since x, < w,, for

all neN(ng). Next, let {nj} and {n;} be divergent subsequences of positive
integers such that lim Xp, = lim inf x, =a and lim x,. = lim supx, =f. In view
—>0

i—o0 n—o0 joo 1 n

of (2), we see that
n — k m-1
o o i
o=ty =i o+ P

> (lim inf xn)[1+ pinm(”‘ - kjmj ~ s p).

—® n;

Hence a < < B. The proof is now

1f o’ Similarly, one can show that o

complete. O

Next, we state the discrete type Bihari inequality established by Hull and
Luxemburg [5].

Lemma 2. Let {y,} and {f,} be non-negative sequences defined on N(ng)

and let W : R, — (0, o) be continuous and nondecreasing. If

n-1
Yo <d+ Z fW(ys),

S=Ng
for all ne N(ng), where d is a nonnegative constant, then for ny <n <ny,

n € N(ng), we have

n-1
Yn < G‘l{e(dn > fs} 3)

S=Ng
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where G(u) = J'l:j u >0, up > 0 arbitrary, and G™1 is the inverse of G such
0

ds
W(s)'
n-1
that G(d)+ > fs € Dom(G™?), for ng < n < ny.

S=Ng

Remark 3. If J‘:J % —> 0 as U — oo, then (3) is valid for all n € N(ng).
0

Theorem 4. Assume that 0 < p < oo and k is a positive integer. If there exists a
positive real sequence {q, } and a continuous nondecreasing function g: R, —» R,
such that

u
100, 0)] = ang[ L) @
an<ooand Z|hn|<oo, (5)
n=ng n=ng
and

u
G(u)=J‘ ﬁ—>c>o, as u — oo,

Up g(s)

then every nonoscillatory solution {x,} of equation (1) is asymptotic to an™! 4+ b,

where a and b are real constants.

Proof. Let {x,} be a nonoscillatory solution of equation (1). Define
Zn = Xy + PXp_k- (6)
Then |z, | > | X, | and from equation (1), we have
A"z, = —f(n, x,)+ hy. (7)

If we denote Aizno =aj, 0 <i<m-1, then summing (7), m times from ng to

n —1, we obtain

n-1 n-1
A" 2y =g = Y (s X))+ Db ®)

S=Ng S=Ng
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and

_ i) _q\m-1
Z(n nO) d _ Z(n (m 1)' f(S Xs)+ Z(n (n? i;l hs. (9)

It follows from (9) that

m-1 n-1 n-1
< LZM |nm—1]+nm—12| F(s xg)[+n™ | | (10)
i=0

S=Ng S=Ng

and in view of (4), it is clear that
| f(n, Xn)|<Qng(| ”|j<qng(| ”lj

Then from (10), we have

e Z|d|+zqsg('zs'] Sl 1w

3

i=0 s=ng s=ng
n-1
From condition (5), there exists a positive constant d, such that Z| hs | < dp,
S=Ng
forall n € N(ng), and from (11), we have
NP Y
n S
e <8+ ng(W)’ (12)
S=Ng
m-1
where § = d, + Z| d; |. Applying Lemma 2 on (12), we obtain
i=0

n-1
;nl < Gl[G(S)+ ZqSJ,

n S=Ng
where G~ is the inverse function of G. Let
m-1
8, =G(8) + qu < .
S:no

Since GL is increasing, we conclude that

| Zn | < 62 = G_l(f)l) < O,
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On the other hand, by (4), we have

n-1 n-1 |X | n-1 |Z |
Z| f(s, x5)| < qug(STS—l) < qug(sTs—l)

S=Ng $=Ng $=Ng

n-1
< 9(82) ) ds < 85

S=Ng

0
Therefore, Z| f(n, x,)| exists and from (8), we see that there exists a constant
n=ng

a; € R suchthat lim Am’lzn = @,. Then by Stolz’s theorem [4], we have

N—o0
. z -
lim —" = lim A"z, = a
n—ow M= n—oo
z, N n—k\m?
Now, we put w, = T then (6) implies w, =y, + p ; Yn_k. Where
n
X N
Yo = —”l Lemma 1 implies that
n™-
. X a
lim —1--a=-"
n—ow ym-1 1+p
This completes the proof. O

Remark 5. If in the proof of Theorem 4, we choose d,,_; sufficiently large so

that lim A™ 1z, =d,, 4 # 0, then the corresponding solution {x,} of equation (1)
n—oo

is asymptotic to an™ + b, where a = 0.
Corollary 6. Consider the equation
A™ (X + PXn_k )+ €nXn =y, N e N(ng), (13)

where p is a non-negative real number and k is a positive integer, and

0 o8]
an’1| ey | <o and an’ﬂ hn | < o0.
n=ng n=ng

Then every nonoscillatory solution {x, } of equation (13) is asymptotic to an™? + b

as n — oo.
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Proof. The conclusion follows from Theorem 4 with ¢, = nm‘l| e, | and
g(u)=u. O

Remark 7. For p =0 and h, = 0 Corollary 6 corresponds to the well-known
result [7] for the equation A™y,, +e,y, = 0.

Corollary 8. Consider the equation

A™(Xp + PXn_k) +enXy =0, ne N(ng), (14)

where 0 < o <1, 0 < p < oo, kis a positive integer and

o0

Z n“(m‘l)| Uy | < .

n=ng
Then every nonoscillatory solution {y,} of equation (14) is asymptotic to
m

an™ 1 ibasno oo

Proof. Apply Theorem 4 with
Gy = n*™ Ve, |, hy =0 and g(u) = u®.

As a final result of this section, we extend the conclusion of Theorem 4 to more
general equation
A (X + PXn_k) + F(N, Yo Yna1) = hn, (15)
where m > 2.
Theorem 9. Assume that 0 < p < oo, k is a positive integer and f(n, u, v) is
continuous in D ={(n, u,Vv), n e N(ng), u, ve R}. If there exists a positive

sequence {g,} and a continuous nondecreasing function g : R, — (0, ) such
that

u
| f(n,u, v)|Sqng(%j|v|, on D,
u
G(u)=I i—>oo, as u— o
Up Sg(s)
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and

o0

an‘lqn <o and i| hs | < oo,

n=ng n=ng

then every oscillatory solution {x,} of equation (15) is asymptotic to an™

n — oo, where a and b are real constants.
Proof. Proceeding as in the proof of Theorem 4, we have
n-1 n-1
Am_lzn =dm1— Z f(s, Xs, Xs11) + Zhs
S=Ng S=Ng

and

1.ibas

n-1 m-
Z(n—nw d _z“‘;;‘ig. 16 re)+ 3, =l

S=Ng

If follows that

m2|d|+zqsg(' Lel) S ine|

i=0 S=Ng S=Ng

and

2] < Zw |+qug( _1j|xs+1|+2|h|

S=Np S=Ngp

Since | z, | = | X, | and g is nondecreasing, we have from (16) and (17)

m-1
;n_1|32| qug(lz |jzs+l|+2|h|
i=0

S=Ng S=Np

and

|Zn m-— n-1
m_2 Zl Z%g[ j Zgyp |+ Zlhsl-

S=Ng S=Ng

(16)

(17)

(18)

(19)
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. . A
Let R, be the right side of (18). Then we have Lzl <R, and [4z, | <R,.
nm—l nm—2

Hence | znyq | < n™ 2R, +] 2y | of | Zpyq | < @+ n)n™ 2R, Thus from (18), we

obtain

R, mz Z(1+ s)s™2R.g(Ry) + Z|h .

i=0 S=Ng S=Ng

The rest of the proof is similar to that of Theorem 4 and hence the details are
omitted. d

3. Examples

In this section, we give some examples to illustrate the results obtained in
Section 2.

Example 10. Consider the nonlinear, difference equation

2
2 1 1 Xh
A(x +=X _1)+
e (2n2+1)2(1+x§]

1 3

= + , n>2 (20)
4502 4+1 (=D +1(n+2)
Set m=2, qnzi,hn= ! + 3 and g(u) = u? .
n* an +5n2 41 (N=1)(n+1)(n+2) 1+ u?

Then applying Theorem 4, we see that for any nonoscillatory solution {x,} of (20)

there exist reals a and b such that x, - an+b as n — o. Observe that {x,} =

{Zn + %} is a solution of (20) which is asymptotic to 2nas n — .

Example 11. Consider the nonlinear difference equation

A% + 2%y 1) + =0, (21)

(18n +30)(n® + 2n% + 2) [ X2 J

n(n? —=1)(n? +5n + 6)(n® +1)% {1+ x?

where n>2. Set m=3, q, :i“, h, =0 and g(u) =
n 1+u

5 Then applying
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Theorem 4, we see that for any nonoscillatory solution {x,} of (21), there exist reals

a and b such that an? +b as n — . Observe that {X,} = {nz + %} is a solution

of (21) which is asymptotic to n? as n — o.

Remark 12. The known results in the literature [1, 2, 3, 10, 12, 14] do not apply
to the equation (20) and (21) since the condition uf(n, u) >0 for u = 0 is not
satisfied.

Example 13. Consider the following higher order Emden-Fowler type nonlinear
difference equation

A™ (X + PXn_k ) + nﬁxrﬂ’l =0, (22)

where 0 < a <1 is aratio of odd integers, 0 < p <1, kis positive integer. Then by

Corollary 8 every nonoscillatory solution {x,} of equation (22) is asymptotic to

an™ 1 +b as n — w provided a(m—-1)+p+1<0.

4. Conclusion

If m=2 and h, =0, then the results obtained in this paper reduces to that of

in [8]. Further, the results obtained in this paper can be extended to more general
equation of the form

A(anAm_l(Xn + PXp_k ) + T(n, xy) = hy,

where {a,} is a positive real sequence, without much difficulty and hence the details

are left to the reader.
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