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Abstract

In this paper, we apply the direct computation method for solving
Fredholm integral equations system with separable kernels. It is
worthnoting that the direct computation method determines the exact
solution in the closed form.

1. Introduction

The direct computation method is an efficient method for solving
Fredholm integral equations of the second kind with separable kernels
[6]. This method gives exact solution of the Fredholm integral equation
with separable kernel. In recent years, several researchers discussed a
numerical method to approximate the solution of second kind Fredholm
integral equations system. For example, Babolian et al. [1] proposed
the Adomian Decomposition Method (ADM) for solving systems of linear
and nonlinear Fredholm integral equations of the second kind.
Maleknejad et al. [5] used Block-Pulse Functions (BPF) as a simple base
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for solving a system of integral equations. Javidi and Golbabai [4] applied
the Homotopy Perturbation Method (HPM) for solving system of
Fredholm integral equations. Golbabai and Keramati [3] applied a simple
method to approximate the solution of linear Fredholm integral
equations system based on ADM. Yusufoglu [7] extended the HPM to
solve the system of Fredholm and Volterra type integral equations. All
these methods give an approximate solution. De Bonis and Laurita [2]
presented a projection method based on the Lagrange interpolation for
the numerical solution of second kind Fredholm integral equations
system on [-1, 1].

In this paper, we use direct computation method to give the exact
solution of the Fredholm integral equations system of the second kind

with separable kernels.

Consider the second kind Fredholm integral equations system of the

following form:
U = KO + | ; K(t, 5)U(s)ds, 1
where
U(t) = [ (2), ug(t), -, up )],
F(t) = [A (), f2(t), -, £ (@),
K(t, s) = [k;(t, ), i, j=1,2,,n

In equation (1), the functions K and F are given, and U is the
solution to be determined. We assume that (1) has a solution.

The paper is organized as follows: In Section 2, we describe the direct
computation method for linear Fredholm integral equations system. In

Section 3, we give some numerical examples.

2. The Direct Computation Method

Recall that our attention will be focused on separable or degenerate
kernels k; (¢, s) expressed in the following form:

Lij
kit )= > gPOrPs), i =12 n
k=1
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Without loss of generality and for simplicity reasons, we may assume
that the kernel k;j(z, s) can be expressed as

kij(t, s) = gij(t)hij(s), i,j=1,2 ,n

Accordingly, equations (1) become
wi(t) = f;(t) + Zgij(t)jo hij(s)uj(s)ds, i=1,2, -, n. 2
=1

It is clear that the definite integral at the right hand side of (2) reveals
that the integrand depends on one variable, namely, variable s. This
means that the definite integrals in the right hand side of (2) are

where o;; are constants. In other

equivalent to numerical values ojs i

words, we may write
1
o = J.O hij(s)uj(s)ds. (3)

It follows that equations (2) become
n
w,(t) = £:(t) + Zaijgij(t), i=1,2 -, n @)
=1

It is thus obvious that the solution w;(t) is completely determined by (4)

upon evaluating the constants a;. This can be easily done by

substituting equation (4) in equation (3),

1 n
o = IO hij(s)(fj(s) + ;a jkgjk(s)st ®)
1 n 1
= I hij(s)fj(s)ds + Zaik,'. hij(s)gjr(s)ds, i,j=1,2,,n, (6)
0 k=1 0
we set
1 . .
bj = ~[Ohij(s)fj(s)ds, i,j=1,2-,n
and

1
Cijk = .[0 hij(s)gjk(s)ds, i, j, k= 1, 2, ey, N
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Accordingly, we may write (6) as
n
a’lj :bij—‘rza’jkcijk’ izl’ 2""7”7 j:l, 2;"'7 n,
k=1

we obtain simultaneous equations for o;; = [oy7, -+, 01y, 09y, =+, o )F

(I-C)a = b, (7)

where I is an identity matrix of order n?, Cis an n? x n? matrix and b

isan n? x1 vector

C =[Cy]

n2><n2 ’

b = [bij]nle = [bll’ T bln’ ba1, o, bnn]T

and C;; is an n x n matrix in which all rows are zero except row j, where

I‘OWj 18 [Cijl cij2 cijn]’ i.e.,
0 0 .
0 0
Ci=l. )
Cij1 Cij2 o Cijn
L0 0 0 dnxn

So, after solving system (7), we can find a;;, 1, j =1, 2, ---, n.

ij>
Then by inserting a;; in (4), we give u;(t), i =1, 2, ---, n, the exact
solution of the integral equations system under discussion.

Also, this method can be used for solving some of nonlinear Fredholm
integral equations systems with separable kernels. In this case, we
obtain all exact solutions [6].

3. Numerical Examples

In this section, we will give some examples to use the method given
in this paper. We calculate the exact solution of the Fredholm integral

equations system with separable kernels.
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The following examples will be helpful to illustrate the main results
of this paper:

Example 1. Consider the following linear Fredholm integral

equations system:

1
() =Se - % + Jo (% elsuy(s) + s2u2(s)jds,

pojoo Wl

up(t) = = — % + J.;(tze_sul(s) — tug(s))ds.

For this problem, we have n = 2 and

2+ 1
_ uﬂﬂ} :[ﬁ@q: 3¢ 71
w0l "0=[fo) |’ |

5t
_ 1 _ _ 42 _
g11(t) = 3¢ g12(t) =1, g91(t) =17, ggalt) =t

Mi(t) =t, hg(t) =12, ho(t) = e, hgy(t) = 1.

1
Let o = .[0 hij(s)uj(s)ds. Then, we have

ul(t) = zet - l + let(lll + 19,
3 4 3 8)
ug(t) = %— tz + tz(lgl - t(lzg.

183 5 1 11
124710712  4e’ 6|’

efery]=|L L L A1 Axe 1 Al
~ ik 3’2’57 4’3 e '3 2|
- . )
3 2 90
C=11 s >t
3 ; 0 0
1
0 0 = =
L 3 2]
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By solving system (I — C)a = b, we have
T
T
o = [ogg, apg, dg1, agg]” = [1, 1L 1} ,

by substituting a;; in (8), we give

2 1 1 1
ul(t)—ge itge ¢
3_2 3

2 2

-t t

u2(t):2 —t=g5 -t

Example 2. Consider the following linear Fredholm integral

equations system:

1 1
uy () + f (t + 8)uy(s)ds +j (t +25%)uy(s)ds = 22t + 1L
0 0 6 15

1 1
uy(t) + I ts?uy(s)ds + J. t2suq(s)ds = 242, lt,
0 0 4 4

we may rewrite this system in the following form:

11 11 1 1 1 1 9
u(t) = AT u(s)ds — | su(s)ds—t| ug(s)ds—2| s“us(s)ds
0 0 0 0
11 11
= Et + E - O('llt — 019 — tOng - 2(114,
5.2 1 Lo 2!
uy(t) = 2 rgt-t] s ui(s)ds —t*| sug(s)ds
0 0
= gtz + it — Og1t — agat>.
)
We give
3 1 1 [ 32 ]
3 1 3 2 0 0 20
1 3 1 44
L 2 L 1 2%
3 2 3 0 0 45
0 0 1 0 1 1 13
I-C= 25 po M
0 0 0 1 7 0 16
111z 253
4 3 4 3 360
1 5 19
_0 0 0 0 3 n s
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and then

T
T
a = [Oﬂ117 012, 0113, %14, A21, 0‘22] = [57 3°3°'5 1’ Z} .

By substituting a;; in (9), we give

ul(t)=%t+£—lt—l—lt—z=t,

155

Example 3. Consider the following linear Fredholm integral

equations system:

1 17 t +
() = 75t + 55 + T8 (uy(s) + ug(s))ds,
19
ug(t) = 12 = 1o ¢ 1+ j ts(uy (s) + ug () ds.
0
Set
1 1
a = '[ (uy(s) + ug(s))ds, b= J s(uy () + ug(s))ds,
0 0
then
1 17 t b
ul(t) = Et —_— + § a + §
19
us(t) = t2 —Et+1+bt

By substituting (11) and (12) in (10), we give

5
a-b= Za
79
—2a + 9b = E,
. . 17 19
which gives a = 5 b= 13

Substituting these values in (11) and (12) yields

19
1 17 ¢t17 12

ul(t):Et+%+§€+ 3
19 19

us(t) = t2 —Et+1+ﬁt—l+t

=1+t

(10)

(11

12)
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Example 4. Consider the following nonlinear Fredholm integral

equations system:
1
w(0) = - 35+ 5 [ (o) + us(s)ds,
1
uslt) = ¢ 5+ 5 [ (@) + up(e)as.
Setting
1 1 9
a=[ @E+uE)ds b= (@) +us)ds
0 0
carries (13) into

5
u(t) =t T

L8
37
2 2.0
us(t) =t 5 + 3

Substituting (15) in equations (14) gives

which give

or equivalently

5
so that g and 6
3

(13)

(14)

(15)
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Accordingly, two real solutions are given by

{ul(t):t nd {ul(t):t—S,

us(t) = t us(t) = t2 + 6.

4. Conclusion

In this paper, we have pointed out that the direct computation

method introduces the exact solution of Fredholm integral equations

system in the closed form rather than a series form as in the case of

decomposition method. However, if the separable kernels k;; (¢, s) of the

integral equations consist of a polynomial of one or two terms only, then

the direct computation method provides the exact solution with the

minimum value of calculations.

In addition, the numerical methods give only one approximate

solution of nonlinear integral equations system but direct computation

method gives all exact solutions.
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