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Abstract 

This paper deals with the blow-up properties of positive solution to the 
nonlocal in space and time degenerate parabolic equation 

( ) ( ) ( ) ( ) ( ) ( )Tatxdxdssxuxfuxu
t a

xxt ,0,0,,,
0 0

×∈⎟
⎠
⎞

⎜
⎝
⎛ β=− ∫ ∫α  

with homogeneous Dirichlet conditions and nonnegative nontrivial initial 
datum. The local existence and uniqueness of the classical positive solution 
are established. Under appropriate hypotheses, it is shown that all positive 
solutions blow up in finite time. It is also proved that the blow-up set is 
the whole domain. And these differ from the local source case and the case 
with only space integral source. Furthermore, the blow-up rate is precisely 

determined for the two special cases: ( ) ,pssf =  ,1≥s  1>p  and ( ) =sf  

,1−ske  ,1≥s  .1≥k  
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1. Introduction 

In this paper, we consider the following nonlocal in space and time degenerate 
parabolic problem 

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) [ ],,0,0,

,,0,0,,0,0

,,0,0,,,

0

0 0

axxuxu

Tttautu

Tatxdxdssxuxfuxu
t a

xxt

∈=

∈==

×∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β=− ∫ ∫α

 (1.1) 

where 10 <α<  and 0>a  are constants, [ ],,0 aC∈β  ( ) 0≥β x  and ( ) 0≡/β x  in 

( ).,0 a  When ,0≠α  the coefficients of xxu  and xu  tend to 0 and ∞, respectively, 

so we say that equation (1.1) is degenerate. 

By transformations ( ) ( ),,, tzwtxu =  ,2
2 2

2
α−

⎟
⎠
⎞⎜

⎝
⎛ α−= zx  equation (1.1) becomes 

the following singular parabolic equation 
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⎞
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⎝

⎛
β=−− ∫ ∫

t l
zzzt dzdsszwzfwz

bww  (1.2) 

where [ ),1,02 ∈
α−

α=b  2
2

2
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α−
= al  and 
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2~ 2

2

⎥
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⎦

⎤

⎢
⎢

⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛ α−β⎟

⎠
⎞⎜

⎝
⎛ α−=β α−zzz b

b
 

Equation (1.2) is a mathematical model to describe the conduction of heat in a body 
with b being a geometric parameter related to the shape of the body. For example, 

5.0=b  represents that heat transfers into one face of a flat cylinder with a small 
ratio of depth to diameter, see [1] and references therein. 

It is well known that equation (1.1) with 0=α  and ( ) ,1−= skesf  1≥k  

arises in the nuclear dynamics, see the numerous references in [10] for physical 
motivation. 

When ,0=α  equation (1.1) is a semilinear heat equation with nonlocal in space 
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and time source. The semilinear heat equations with local source ( )uf  or with 

nonlocal in space source ( )∫Ω dxuf  have been investigated by many authors. The 

most important works have been done by Friedman and McLeod [6], by Giga and 
Kohn [7], and by Souplet [12, 13]. Papers [6, 7] studied the semilinear heat equation 
with a local source, gave the general blow-up conditions, proved that the blow-up set 
is a compact subset of the domain, and discussed the asymptotic behavior of the 
blow-up solutions for the special cases of ( ).uf  Papers [12] and [13] studied the 

semilinear heat equation with nonlocal in space source, considered the blow-up 
conditions and the blow-up set, and pointed out that the blow-up set is the whole 
domain, and obtained uniform blow-up rate by using the mean-value inequality for 
subharmonic functions. Papers [12] and [13] also discussed the special cases of (1.1) 

with 0=α  and ( ) pssf =  or ( ) ,1−= skesf  .1≥k  

In this paper, we generalize the results of papers [12] and [13] to the case 0≠α  

and the general case of ( ).sf  Since the occurrence of degeneracy, we cannot use the 

method developed in paper [13] directly. The key points in our argument are          
the introduction of appropriate transformations and the construction of special 
eigenfunctions using the first kind of Bessel functions. To prove the existence of       
a unique classical solution to problem (1.1), we assume that ( )sf  and ( )xu0  are 

nonnegative functions satisfying 

( )1H  [ )( ) ( )( ),,0,0 21 ∞+∞+∈ CCf ∩  ( ) ,00 >f  and ( ) 0>′ sf  for .0>s  

( )2H  [ ]( )aCu ,02
0

γ+∈  for some constant ( ),1,0∈γ  ( ) ( ) 00 00 == auu  and 

( ) .00 ≡/xu  

Set ( ) ( )∫ +ωω=
s

IdfsF
0 0,  where 0I  is a positive constant to be given in 

Section 3. In order to get global blow-up result, we need also assume 

( )3H  
( )∫

∞+
∞+<

0 21 .
sF

ds  

( )4H  For some positive constant L, ( ( )) Lxux xx ≤α
0  in ( ).,0 a  
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Our main results read as follows 

Theorem 1.1. Suppose that ( )sf  and ( )xu0  satisfy ( ) ( ).H-H 31  Then for any 

nontrivial nonnegative initial datum ( ),0 xu  the solution ( )txu ,  of (1.1) blows up in 

finite time. 

Theorem 1.2. Suppose that ( )sf  and ( )xu0  satisfy ( ) ( ).H-H 41  Then the  

blow-up set of the solution ( )txu ,  of (1.1) is almost the whole interval ( ).,0 a  

Furthermore, set ( )∫ β=
a

dxxI
0

,  and denote the blow-up time of the solution ( )txu ,  

of (1.1) by ,∗T  then 

(a) in case of ( ) ,pssf =  ,1≥s  ,1>p  we have 

 ( ) ( ) ( ) [ ( ) ] 1
1

1
1

1
1

121,lim −−
+−−

+
∗

→
+−=−

∗
pppp

p
p
p

Tt
IpptxutT  (1.3) 

uniformly on any compact subset of ( );,0 a  

(b) in case of ( ) ,1−= skesf  ,1≥s  ,1≥k  we have 

 ( ) ( ) ItxutT
Tt

2,lim =−∗

→ ∗
 (1.4) 

uniformly on any compact subset of ( ).,0 a  

Remark 1.3. From Theorem 1.1, we know that under some conditions on ( )sf  

and ( )xu0  all positive solutions of equation (1.1) blow up in finite time, this differs 

from the heat equation with a local source or with a nonlocal in space source case. 
Moreover, from Theorem 1.2, we also know that the blow-up solution of (1.1) has a 
global blow-up, and this differs from the case of the heat equation with a local 
source. 

This paper is organized as follows: In Section 2, we show the local existence of 
a unique positive classical solution. In Section 3, some criterion for the positive 
solution to blow up in finite time is given. In Section 4, the global blow-up result 
and the asymptotic behavior of blow-up solutions for the two special cases of ( )sf  

are obtained. 
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2. Local Existence and Uniqueness 

First, we have the following comparison principle. 

Lemma 2.1. For any ( ),,0 Tr ∈  let ( )txb ,  and ( )txc ,  be two bounded 

nonnegative integrable functions defined on [ ] [ ],,0,0 ra ×  and let ( ) ∈txu ,  

[ ] [ ]( ) ( ) ( ]( )raCraC ,0,0,0,0 1,2 ×× ∩  satisfy 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ]

( ) ( ) ( ]

( ) [ ].,0,00,

,,0,0,,0,0

,,0,0,,,,,
0 0

axxu

rttautu

ratxdxdssxusxctxbuxu
t a

xxt

∈≥

∈≥≥

×∈≥− ∫ ∫α

 (2.1) 

Then ( ) 0, ≥txu  in ( ) ( ).,0,0 Ta ×  

The proof is a trivial modification of that of Lemma 2.1 in [14] or of Lemma 1 
in [11]. We omit it here. 

Obviously, ( ) 0,ˆ =txu  is a lower solution of problem (1.1). In order to find an 

upper solution, we consider the following initial value problem 

 ( ) ( ) ( )
[ ]

( ),max0;0, 0
,00

xuhtdsshIfth
ax

t

∈
=>⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=′ ∫  (2.2) 

where ( )∫ β=
a

dxxI
0

.  Under transformation ( ) ( )∫=
t

dsshtH
0

,  problem (2.2) changes 

into 

 ( ) ( )( ) ( ) ( )
[ ]

( ).max0,00;0, 0
,0

xuHHttIHftH
ax∈

=′=>=′′  (2.3) 

By assumption ( )1H  and the theory of ordinary differential equations, we know that 

there exist a positive constant 0t  and a unique positive solution ( )tH  to problem 

(2.3) defined on [ ].,0 0t  Furthermore, from the above transformation, we know that 

( ) ( )tHth ′=  is the unique solution of problem (2.2) on [ ].,0 0t  From (2.2), we also 

know that ( )th  is positive and increasing in t. Let ( ) ( ).,~ thtxu =  Then we have 
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( ) ( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=′=− ∫α

t
xxt dsshIfthuxu

0
~~  

( ) ( ) ,,~
0 0 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
β= ∫ ∫

t a
dxdssxuxf     ( ) ( ) ( ],,0,0, 0tatx ×∈  

( ) ( ) ( ) ( ) ,0,~,0,0~ >=>= thtauthtu             ( ],,0 0tt ∈  

( ) ( ) ( ),00,~
0 xuhxu ≥=                                        [ ].,0 ax ∈  

That is, to say, ( ) ( )thtxu =,~  is an upper solution of problem (1.1). 

To show the existence of classical solution for problem (1.1), let us introduce a 
“cut-off function” ( ).xρ  By Dunford and Schwartz ([4, p. 1640]), there exists a 

nondecreasing function ( ) ( )RCx 3∈ρ  such that ( ) 0=ρ x  if ,0≤x  and ( ) 1=ρ x  if 

.1≥x  Let ,2
10 a

α−
α−<δ<  

( )

⎪
⎪

⎩

⎪
⎪

⎨

⎧

δ≥

δ<<δ⎟
⎠
⎞⎜

⎝
⎛ −
δ

ρ

δ≤

=ρδ

2,1

,2,1

,,0

x

xx

x

x  

and ( ) ( ) ( ).00 xuxxu δδ ρ=  We note that 

( ) ( )

⎪
⎪
⎩

⎪
⎪

⎨

⎧

δ>

δ<<δ⎟
⎠
⎞⎜

⎝
⎛ −
δ

ρ′
δ

−

δ<

=
δ∂
∂

δ

.2,0

,2,1

,,0

020

x

xxuxx

x

xu  

Since ρ is nondecreasing, we have ( ) .00 ≤
δ∂
∂

δ xu  From ( ) ,10 ≤ρ≤ x  we have 

( ) ( )xuxu δ≥ 00  and ( ) ( ).lim 00
0

xuxu =δ
→δ

 

Under hypotheses ( )1H  and ( ),H2  by using Schauder’s fixed point theorem, 

we can prove in the same way as in [3, Theorem 2.3] that there exists a unique 
nonnegative solution ( )txu ,δ  to the following regularized problem 
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( ) ( ) ( ) ( ) ( ) ( ]

( ) ( ) ( ]

( ) ( ) [ ],,,0,

,,0,0,,0,

,,0,,,,

0

0

0
0

axxuxu

tttautu

tatxdxdssxuxfuxu
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xxt

δ∈=

∈==δ

×δ∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β=−

δδ

δδ

δ
δδ

α
δ ∫ ∫

 (2.4) 

which is defined on [ ] [ ]0,0, ta ×δ  and satisfies ( ) ( ),,0 thtxu ≤≤ δ  where <δ<0  

.2
1 a

α−
α−  

Lemma 2.2. Under hypotheses ( )1H  and ( ),H2  let a
α−
α−<δ<δ< 2

10 21  

and suppose that 1δu  and 2δu  are solutions of problem (2.4) corresponding to 

1δ=δ  and .2δ=δ  Then ( ) ( )txutxu ,, 21 δδ ≥  on [ ] [ ].,0, 02 ta ×δ  

Proof. Define ( ) ( ) ( )txutxutxw ,,, 21 δδ −=  on [ ] [ ],,0, 02 ta ×δ  then we have 

( ) ( ) ( ) ( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
β=− ∫ ∫∫ ∫ δ

δ
δ

δ
α

t at a
xxt dxdssxuxfdxdssxuxfwxw

00 2
2

1
1 ,,  

( ) ( ) ( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
β≥ ∫ ∫∫ ∫ δ

δ
δ

δ
t at a

dxdssxuxfdxdssxuxf
00 2

2
2

1 ,,  

( ) ( ) ( ) ( ) ( ) ( ]∫ ∫δ ×δ∈βξ′=
t a

tatxdxdssxwxf
0

02
2

,,0,,,,  

( ) ( ) ( ) ( ],,0,0,,0,, 022 1 tttawtutw ∈=≥δ=δ δ  

( ) [ ],,,00, 2 axxw δ∈≥  

where ( )tξ=ξ  is an intermediate value between 

( ) ( )∫ ∫δ δβ
t a

dxdssxux
0 2

2 ,    and   ( ) ( )∫ ∫δ δβ
t a

dxdssxux
0 2

1 .,  

In virtue of condition ( ) 0≥ξ′f  in ( )1H  and Lemma 2.1, we get ( ) 0, ≥txw  on 

[ ] [ ],,0, 02 ta ×δ  i.e., ( ) ( )txutxu ,, 21 δδ ≥  on [ ] [ ].,0, 02 ta ×δ   
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From Lemma 2.2 and ( ) ( )thtxu ≤≤ δ ,0  we know that a function ( )txu ,  can 

be constructed as follows 

 ( )
( ) ( ) ( ] [ ]

[ ]⎪⎩

⎪
⎨
⎧

∈=

×∈
=

δ
→δ

.,0,0,0

,,0,0,,,lim
,

0

0
0

ttx

tatxtxu
txu  (2.5) 

Now, we can show that ( )txu ,  is a classical solution of problem (1.1). 

Theorem 2.3. Let hypotheses ( )1H  and ( )2H  hold, and let ( )txu ,  be given by 

(2.5). Then ( )txu ,  is a unique nonnegative classical solution of problem (1.1) in 

( ) ( ].,0,0 0ta ×  Furthermore, let T be the supremum over .0t  Then problem (1.1) 

has a unique nonnegative solution ( )txu ,  in ( ) ( ),,0,0 Ta ×  and if ,∞+<T  then 

( )txu ,  is unbounded on [ ] [ ).,0,0 Ta ×  

The proof bears much resemblance to those of Theorems 4 and 5 in [2] and to 
those of Theorems 2.3 and 2.5 in [5], and is therefore omitted here. 

Lemma 2.4. Let hypotheses ( )1H  and ( )2H  hold, and let ( )txu ,  be the 

nonnegative solution of problem (1.1) on [ ] [ ).,0,0 Ta ×  Then ( ) 0, >txu  in 

( ) ( ).,0,0 Ta ×  

Proof. By hypothesis ( ) ,H2  there exists a constant ( )a,00 ∈ε  such that 

( ) 00 ≡/xu  on [ ],,0 aε  then for any ,2,0 0 ⎟
⎠
⎞⎜

⎝
⎛ ε

∈δ  we have ( ) 00 ≡/δ xu  on [ ]., aδ  

Using (2.4) and hypothesis ( ),H1  we get 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) [ ],,,00,

,,0,0,,0,

,,0,,,0,

0

0

axxuxu

Tttautu

Tatxdxdssxuxfuxu
t a

xxt

δ∈≡/=

∈==δ

×δ∈>⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β=−

δδ

δδδ

δ
δ

δδ
α

δ ∫ ∫
 (2.6) 

then the positive lemma of regular parabolic equations (see [10, Lemma 2.2.1]) 
implies that ( ) 0, >δ txu  in ( ) ( ),,0, δ×δ Ta  where δT  is the lifetime of ( )., txuδ    

In virtue of Lemma 2.2 and equality (2.5), we have ( ) ( ) 0,, >≥ δ txutxu  in 
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( ) ( ).,0, δ×δ Ta  Then the arbitrariness of ⎟
⎠
⎞

⎜
⎝
⎛ ε

∈δ
2

,0 0  ensures that ( ) 0, >txu  in 

( ) ( ).,0,0 Ta ×   

Remark 2.5. Without loss of generality, for ,2
1,0 ⎟

⎠
⎞⎜

⎝
⎛

α−
α−∈δ a  we may assume 

that ( ) 00 >δ xu  in ( )a,δ  and ( ) ,00 >δ′ δu  ( ) .00 <′ δ au  In fact, let ( )txu ,δ  be the 

solution of problem (2.4) in ( ) ( ).,0, δ×δ Ta  Then from the proof of Lemma 2.4, we 

know that ( ) 0, >δ txu  in ( ) ( ),,0, δ×δ Ta  where δT  is the lifetime of ( )., txuδ  If 

( )xu δ0  is not strictly positive in ( ) ,, aδ  then we can choose some small positive 

constant ( )δ∈ Ts ,00  as an initial time, and take ( )0, sxuδ  as an initial datum,   

from the above discussion we have ( ) 0, 0 >δ sxu  in ( )a,δ  and ( ) ,0, 0 >δ′δ su  

( ) .0, 0 <δ′δ su  

3. Blow-up in Finite Time 

In this section, we shall prove Theorem 1.1. First, let us choose 00 >δ  small 

enough such that ( ) 0≡/β x  on [ ],,0 aδ  and assume that ( )xφ  is the unique solution 

of the following elliptic problem 

 ( ( )) ( ) ( ) ( ) .0;,,1 00 =φ=δφδ∈=′φ′− α aaxxx  (3.1) 

Then it is well known that ( )xφ  is positive in ( )a,0δ  and that ( ) ,00 >δφ′  ( ) .0<φ′ a  

Denote 

 
[ ]

( ) ( ) ( )∫δδ∈
φβ=φ=

a

ax
dxxxIxM

00
1

,
,max    and   ,1,1min2 ⎭⎬

⎫
⎩⎨
⎧= MI  (3.2) 

then M, 1I  and 2I  are positive constants. 

From Remark 2.5, we may assume that ( ) 000 >δ xu  in ( )a,0δ  and ( ) ,000 0 >δ′ δu  

( ) ,000 <′ δ au  then by using the properties of the solution ( )xφ  of problem (3.1), we 

know that there exists a positive constant ( )
2

02
0

fI≤ε  such that 

 ( ) ( ) ( ).,, 000 0 axxux δ∈≤φε δ  (3.3) 
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Define 

 ( ) ( )∫ +ωω=
s

IdfsF
0

0,  (3.4) 

where 2
0

2
1

0 ε= I
II  and denote 

 
( )∫

∞+
=

0 2121
0 ,1

sF
ds

IIT  (3.5) 

where ,1I  2I  and 0ε  are given by (3.2) and (3.3). Then assumption ( )3H  implies 

that .0 0 +∞<< T  

Now, we can give the proof of Theorem 1.1. 

Proof of Theorem 1.1. Let ( )tz  be the solution of the following initial value 

problem 

( ) ( ) ( )( ) ;0,12 1
00

2 >
+

=′′ ttzIfTc
Itz  

( ) ( ) ,0,00 0ε=′= zz  (3.6) 

where ,1I  ,2I  0ε  and 0T  are also given by (3.2), (3.3) and (3.5), and 0c  is some 

positive constant large enough such that 

 .2
42

00
0

++
≥

TTc  (3.7) 

After multiplying both sides of the first equation in (3.6) by ( ),2 tz′  and integrating 

it over ( ),,0 t  we know that ( )tz  is the unique solution of the following initial value 

problem 

 ( ) ( ) ( )( ) ( )( ) ;0,01
2
1

2
01

001
2 >⎥⎦

⎤
⎢⎣
⎡ ε+−

+
=′ tFtzIFTcI

Itz  (3.8) 

( ) ,00 =z  

then conditions ( ) ,00 >f  ( ) 0>′ sf  for 0>s  in ( )1H  and expression (3.4) of ( )sF  

implies that ( )tz  is positive and increasing in t. Using assumption ( ),H3  we also 
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know that ( )tz  is well defined on a finite time interval [ ),,0 ∗
zT  where 

( )

( ) ( )( ) ( )( )
∫

∗

⎥⎦
⎤

⎢⎣
⎡ ε+−

+

=∗ zT
z

FtzIFTcI
I

tdzT
0

2
1

2
01

001
2 01

 

( )

( ) ( )( )
∫

∗

⎥⎦
⎤

⎢⎣
⎡

+

≤
zT

tzIFTcI
I

tdz
0

1
21

21

001
2

1

 

( ) ( )( )
( )( )∫

∗

⎥⎦
⎤

⎢⎣
⎡ +

=
zT

tzIF
tzId

II
TcI

0 1
21

1
1

21

2
001 11  

( )
( )∫

∞+
+∞<+=⎥⎦

⎤
⎢⎣
⎡ +

≤
0

0
21

0021

21

21
00 11 TTc

sF
ds

II
Tc  (3.9) 

such that 

 ( ) .lim +∞=
∗→

tz
zTt

 (3.10) 

In virtue of the positivity and increasing property of ( ),tz  assumption ( )1H  and the 

equation in (3.6), we know that ( )tz ′′  is also positive and increasing in ( ) ,,0 ∗
zT  then 

( )tz′  is also positive and increasing in ( ) ,,0 ∗
zT  and then we have 

 ( ) ( ) ( ) ( ) ( ) ( )∫ ∗∗ ∈ε+′′≤ε+′′≤′+′′=′
t

zz TttzTtztzdssztz
0

00 .,0,0  (3.11) 

Due to (3.7), we have 

 .1 00000 TTcTc ⋅+≥  (3.12) 

Then by using (3.11), (3.9), (3.12), (3.6) and the choice of constant ,0ε  we obtain 

( ) ( ) ( ) ( ) 0ε+′′+′′≤′+′′ ∗ tzTtztztz z  

( ) ( ) ( ) ( ) 00000
21

00 11 ε+′′+≤ε+′′++′′≤ zTctzTTctz  

( )( ) ( )( ) ( ).,0,2 1201
2 ∗∈≤ε+≤ zTttzIfItzIfI  (3.13) 
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If we set ( ) ( )∫=
t

dssytz
0

,  then we have ( ) ( ),tzty ′=  ( ) ( ).tzty ′′=′  And then (3.13) 

implies that 

 ( ) ( ) ( ) ( ).,0,
0

12
∗∈⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
≤+′ ∫ z

t
TtdssyIfItyty  (3.14) 

Using expression (3.2) of ,2I  we then obtain 

 ( ) ( ) ( ) ( ).,0,
0

1
∗∈⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
≤+′ ∫ z

t
TtdssyIftytyM  (3.15) 

Let ( ) ( ) ( ).,ˆ tyxtxu φ=  Here ( )xφ  is the solution of problem (3.1). Then by using 

(3.15), (3.1) and (3.2), we get 

( ) ( ) ( ) ( ( )) ( )tyxxtyxuxu xxt
′φ′−′φ=− αα ˆˆ  

( ) ( ) ( ) ( ) ( )tytyMtytyx +′≤+′φ=  

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤ ∫

t
dssyIf

0
1  

( ) ( ) ( ) ( ) ( ).,0,,,,ˆ 0
0 0

∗

δ
×δ∈⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
β= ∫ ∫ z

t a
Tatxdxdssxuxf  (3.16) 

On the other hand, from (3.1) and (3.3), we also have 

( ) ( ) ( ) ( ) ( ) ( ) ( ),,0,,ˆ0,ˆ 00
∗∈=φ==δφ=δ zTttautyatytu  

( ) ( ) ( ) ( ) ( ) [ ].,,00,ˆ 000 0 axxuxyxxu δ∈≤φε=φ= δ  (3.17) 

From (3.16) and (3.17) we know that ( )txu ,ˆ  is a lower solution of problem (2.4) 

with ,0δ=δ  then comparison principle Lemma 2.1 implies that ( ) ( )txutxu ,ˆ,0 ≥δ  

on [ ] [ ),,0, 00
∗
δ×δ Ta  and this ensures ,0 +∞<≤ ∗∗

δ zTT  that is to say, ( )txu ,0δ  blows 

up in finite time. 

Assume that ( )txu ,  is the unique solution of problem (1.1) in ( ) ( ),,0,0 ∗× Ta  

where ∗T  is the lifetime of ( ),, txu  then Lemma 2.4 implies that ( ) 0, >txu  in 

( ) ( ).,0,0 ∗× Ta  By using assumption ( ),H1  we get 
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( ) ( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β=− ∫ ∫α

t a
xxt dxdssxuxfuxu

0 0
,  

( ) ( ) ( ) ( ) ( ),,0,,,, 0
0 0

∗

δ
×δ∈⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
β≥ ∫ ∫ Tatxdxdssxuxf

t a
 

( ) ( ) ( ),,0,0,,0,0
∗∈=>δ Tttautu  

( ) ( ) ( ) [ ].,,0, 000 0 axxuxuxu δ∈≥= δ  (3.18) 

And (3.18) shows that ( )txu ,  is an upper solution of problem (2.4) with ,0δ=δ  

again by using comparison principle Lemma 2.1, we obtain 

( ) ( ) ( ) [ ] [ ),,0,,,,, 00
∗

δ ×δ∈≥ Tatxtxutxu  

and this implies that ,0 +∞<≤ ∗
δ

∗ TT  that is to say, ( )txu ,  blows up in finite     

time.  

4. Global Blow-up and Asymptotic Behavior 

In this section, we give out the proof of Theorem 1.2. Throughout this section, 

we denote by ∗T  the blow-up time of the unique positive solution ( )txu ,  of problem 

(1.1) and use the notation wv ~  for ( ) ( ) .1lim =∗→
twtv

Tt
 First, we give the 

following three preliminary lemmas. 

Lemma 4.1. Let hypotheses ( ) ( )41 H-H  hold. Then the solution ( )txu ,  of 

problem (1.1) satisfies 

 ( ( )) Ltxux xx ≤α ,    in   ( ) ( ).,0,0 ∗× Ta  (4.1) 

Proof. Set ( ) ( ( )) ,,, Ltxuxtxv xx −= α  it follows from equation (1.1) that v 

satisfies 

 ( ) ( ) ( ) ( ).,0,0,,0 ∗α ×∈=− Tatxvxv xxt  (4.2) 

By ( ) ,H4  we have ( ) ( ( )) 00, 0 ≤−= α Lxuxxv xx  in ( ).,0 a  On the other 

hand, we also have ( ) ( ) ( ) 0,,
0 0

<−⎟
⎠
⎞⎜

⎝
⎛ β−= ∫ ∫ Ldxdssxuxftav

t a
 and ( ) =

→
txv

x
,lim

0
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( ) ( ) 0,
0 0

<−⎟
⎠
⎞⎜

⎝
⎛ β− ∫ ∫ Ldxdssxuxf

t a
 for ( ).,0 ∗∈ Tt  All these above inequalities 

ensure that ( ) 0, ≤txv  in ( ) ( )∗× Ta ,0,0  (Notice that equation (4.2) and equation 

(1.1) are degenerate and singular at .0=x  However, we can always approximate 
these equations with regular parabolic equations, and then apply the maximum 

principle, see Lemma 2.1 and its proof of [8]). That is to say, ( ( )) Ltxux xx ≤α ,  in 

( ) ( ).,0,0 ∗× Ta   

Set 

 ( ) ( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β= ∫ ∫

t a
dxdssxuxftg

0 0
,    and   ( ) ( )∫=

t
dssgtG

0
,  (4.3) 

then we have 

Lemma 4.2. Let hypotheses ( ) ( )41 H-H  hold, and assume that ( )txu ,  is        

the unique positive solution of problem (1.1). Then ( ) +∞=∗→
tg

Tt
lim  and 

( ) .lim +∞=∗→
tG

Tt
 

Proof. From Theorem 1.1, we know that ( )txu ,  blows up in finite time .∗T  

Let [ ]ax ,00 ∈  be a blow-up point. Then by definition, we know that there exists a 

sequence ( ){ } ,, 1
+∞
=nnn tx  ( ) ( ) ( )∗×∈ Tatx nn ,0,0,  such that 

( ) ( ) ( )∞+→→ ∗ nTxtx nn ,, 0    and   ( ) ( )., ∞+→∞+→ ntxu nn  

Integration of equation (1.1) between 0 and ( )∗∈ Tt ,0  yields 

 ( ) ( ) ( ( )) ( )∫ ++= α
t

xx tGdssxuxxutxu
0

0 .,,  (4.4) 

By ( ),H2  we know that 
[ ]

( ) .max 0
,0

0 ∞+<=
∈

xuM
ax

 Then (4.4) and the result 

( ( )) Ltxux xx ≤α ,  in ( ) ( )∗× Ta ,0,0  of Lemma 4.1 implies that 

 ( ) ( ) ( ) ( ) ( ),,0,0,,, 1
∗×∈+≤ TatxtGCtxu  (4.5) 

where .01
∗+= LTMC  And then ( ) ( )., 1 nnn tGCtxu +≤  Let .∞+→n  Then we 
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have ( ) .lim +∞=
+∞→ nn

tG  Using the nondecreasing property of ( ),tG  we obtain 

( ) ,lim +∞=
∗→

tG
Tt

 and then it is obviously from +∞<∗T  and the nondecreasing 

property of ( )tg  that ( ) .lim +∞=
∗→

tg
Tt

  

To show the global blow-up result, we transfer problem (1.1) by transformations 

 ( ) ( ) ( )[ ] α−α−== 1
1

1,,, zxtzwtxu  (4.6) 

to a new problem 

 

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) [ ],0,0,

,,0,0,,0,0

,,0,0,,

0

0

lzzwzw

Tttlwtw

Tltztgwzdw zzt

∈=

∈==

×∈=−

∗

∗γ−

 (4.7) 

where ( ) ,10
γ−α−=d  ,1 α−

α=γ  ,1
1 1 α−
α−

= al  ( ) ( )( ) ,1 1
1

00 ⎟
⎠

⎞
⎜
⎝

⎛ α−= α−zuzw  and 

( )tg  is given by (4.3). And we consider the following eigenvalue problem 

 ( ( )) ( ) ( ) ( ) ( ) .00;,0, =ϕ=ϕ∈μϕ=″ϕ− γ− llzzzz  (4.8) 

By transformation ( ) ( ),zzz ξ=ϕ γ  the above problem becomes 

 ( ) ( ) ( ) ( ) ( ) .00;,0, =ξ=ξ∈ξμ=ξ′′− γ llzzzz  (4.9) 

Again, by transformations ( ) ( ),2
1

yzz η=ξ  ,2
2
γ+= yz  problem (4.9) becomes 

( ) ( )
( ) ( )

( ) ( ),,0,0
2

1
2
4

22

2
2 byyyyyyy ∈=η⎥

⎦

⎤
⎢
⎣

⎡

γ+
−

γ+
μ+η′+η′′  

( ) ( ) ,00 =η=η b  (4.10) 

where .2
2 γ+

= lb  Equation (4.10) is a Bessel equation, whose general solution is 
given by 
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 ( ) ,2
2

2
2

2
1

2
1 ⎟

⎠

⎞
⎜
⎝

⎛
γ+
μ+⎟

⎠

⎞
⎜
⎝

⎛
γ+
μ=η

γ+
−

γ+
yBJyAJy  (4.11) 

where A and B are two arbitrary constants, and 
γ+2

1J  and ,
2

1
γ+

−
J  denote Bessel 

functions of the first kind of orders 
γ+2

1  and ,
2

1
γ+

−  respectively. 

Let 1μ  be the first root of ,0
2
2

2
1 =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
γ+
μ

γ+

bJ  by Mclachlan ([9, pp. 29 and 

75]), it is positive. And it is obvious that 1μ  is the first eigenvalue of problem (4.8). 

Also, we can easily obtain its corresponding eigenfunction 

 ( ) ,2
2 2

2
1

2
12

1

1 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
γ+

μ=ϕ
γ+

γ+

+γ
zJzkz  (4.12) 

which is positive for ( ),,0 lz ∈  where 0>k  is chosen such that ( )∫ =ϕ
l

dzz
0 1 .1  

Lemma 4.3. Let hypotheses ( ) ( )41 H-H  hold, and assume that ( )txu ,  is the 

unique positive solution of problem (1.1). Then 

 ( )
( ) 1,lim =

∗→ tG
txu

Tt
 (4.13) 

uniformly on any compact subset [ ] ( ).,0, adc ⊂  

Proof. Define ( ) ( )∫=
t

dssGtH
0

,  ( ) ( ) ( )tzwtGtzv ,, −=  and 

 ( ) ( ) ( ) ( ),,0,,
0

1
∗∈ϕ= ∫ TtdzztzvtF

l
 (4.14) 

where ( )tzw ,  is given by (4.6) and it satisfies (4.7), and ( )x1ϕ  is given by (4.12). 

Then by equations (4.7) and (4.8), we have 

( ) ( ) ( )( ) ( ) ( ) ( )∫ ∫ ϕ−=ϕ−=′ γ−
l l

zzt dzztzwzddzztzwtgtF
0 0

101 ,,  

( ) ( ( )) ( ) ( )∫ ∫ ϕμ=″ϕ−= γ−
l l

dzztzwddzzztzwd
0 0

11010 ,,  

( ) ( ) ( ).,0,1010
∗∈μ+μ−= TttGdtFd  



GLOBAL BLOW-UP FOR A DEGENERATE PARABOLIC EQUATION 73 

Integrating the above equation over ( )t,0  and noting that 

( ) ( ) ( ) ( ) ( )∫ ∫ ≤ϕ−=ϕ=
l l

dzzzwdzzzvF
0 0

101 ,00,0  

we get 

( ) ( ) ( ) ( )∫ −μμ− μ+=
t tsdtd dssGedeFtF
0

10 10100  

( ) ( ).,0,10
∗∈μ≤ TttHd  (4.15) 

On the other hand, (4.5) implies that 

( )
( )

( )
( ) ( )( )tzwtGtzv

lzlz
,inf,inf

,0,0
−=

∈∈
 

( )
( ) ( )( ) ( ).,0,,inf 1

,0
∗

∈
∈−≥−= TtCtxutG

ax
 (4.16) 

Combining (4.15) and (4.16), we obtain 

 ( ) ( ) ( )( ) ( )∫ ∗∈+≤ϕ
l

TttHCdzztzv
0

21 ,,0,1,  (4.17) 

where { }1012 ,2max μ= dCC  is a positive constant. 

By Lemma 4.1, we have ( ( )) Ltxux xx ≤α ,  in ( ) ( ).,0,0 ∗× Ta  Then it follows 

from transformation (4.6) that 

( ) ( ) ( ) ( ).,0,0,,,0
∗γ− ×∈≤ TltzLtzwzd zz  

And therefore, 

 ( ) ( ) ( ) ( ) ( ),,0,0,,,, 3
∗×∈−≥−= TltzCtzwtzv zzzz  (4.18) 

where .
0

3
γ= ld

LC  For any subset [ ] ( ),,0, adc ⊂  let α−
α−

= 1
1 1

1 cl  and 

.1
1 1

2
α−

α−
= dl  Then [ ] ( ).0, 21 lll ⊂  Let { }.,min

2
1

21 lllr −=  Then .0>r  For 

any fixed [ ],, dcx ∈  let .
1

1 1 α−
α−

= xz  Then [ ]., 21 llz ∈  We define 

 ( ) ( ) ( ) ( ) ( ) ( ).,0,,,2,, 23 ∗×+−∈−+=ξ TrzrztyzyCtyvty  (4.19) 
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Then by (4.18), we get 

( ) ( ) ( ) ( ).,0,,,0, ∗×+−∈≥ξ Trzrztytyyy  

Thus it follows from the mean-value inequality for subharmonic functions that 

( ) ( ) ( )∫
+

−
ξ≤ξ=

rz

rz
dytyrtztzv .,2

1,,  

Then 

 ( ) ( ) ( ).,0,3,2
1, 33 ∗

+

−
∈⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+≤ ∫ TtrCdytyvrtzv

rz

rz
 (4.20) 

From (4.12), there exists a positive constant 4C  such that 

[ ]
( ) .inf 1

41
, 21

+γ

+−∈
≥ϕ rCy

rlrly
 

This, together with (4.20) and (4.17) implies that 

( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+≤ ∫

+

−

rz

rz
rCdytyvrtzv 33

3,2
1,  

( ) ( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ϕ≤ ∫

+

−

+γ−
rz

rz
lCdyytyvrCr
33

1
1

4 3,1
2
1  

( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ϕ≤ ∫−γ−

l
dyytyvrC

0
1

2
5 1,  

( )( ) ( ),,0,12
6

∗−γ− ∈+≤ TttHrC  (4.21) 

where 
⎭⎬
⎫

⎩⎨
⎧= +γ 43

4
5 6,2

1max lC
CC  and ( ).1256 += CCC  Since ( ) 0>tG  for ( ),,0 ∗∈ Tt  

combining (4.5) with (4.21), we obtain 

( )
( )
( )

( )
( )

( )
( )tG

tHrCtG
tzw

tG
txu

tG
C +≤−=−≤− −γ− 1,1,1 2

6
1  

for ( ).,0 ∗∈ Tt  By the conclusion ( ) +∞→tG  as ∗→ Tt  in Lemma 4.2 and 

,+∞<∗T  we have ( )
( ) .0lim =

∗→ tG
tH

Tt
 Then from the arbitrariness of [ ],, dcx ∈  we 

know that 
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( )
( ) 1,lim =

∗→ tG
txu

Tt
 

uniformly on any compact subset [ ] ( ).,0, adc ⊂   

Now, we can give out the proof of Theorem 1.2. 

Proof of Theorem 1.2. From Lemma 4.3, we know that ( )
( ) 1,lim =

∗→ tG
txu

Tt
 

uniformly on any compact subset [ ]dc,  of ( ) ,,0 a  and from Lemma 4.2, we know 

that ( ) ,lim +∞=∗→
tG

Tt
 then we have ( ) ∞+=∗→

txu
Tt

,lim  uniformly on any 

compact subset [ ]dc,  of ( ) ,,0 a  that is to say, the blow-up set of ( )txu ,  is the 

whole domain ( ) ,,0 a  and we can say that the solution ( )txu ,  of (1.1) has a global 

blow-up. 

For any fixed ( ),,0 0δ∈δ  where 0δ  is given at the beginning of Section 3, let 

( )txu ,δ  be the unique solution of problem (2.4), and set 

( ) ( ) ( ) ( ) ( )∫∫ ∫ =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β= δ

δ
δδ

tt a
dssgtGdxdssxuxftg

00
,,,  

and 

( ) ( ) ( )∫ ∫δ δδ β=
t a

dxdssxuxth
0

.,  

From the proof of Lemma 2.4 and Theorem 1.1, we know that ( )txu ,δ  is 

positive and blows up in finite time .∗δT  We can show in the same way as Lemma 4.2 

that ( ) ( ) .limlim ∞+== δ
→

δ
→ ∗

δ
∗
δ

tGtg
TtTt

 Then ( )thδ  is nondecreasing in t, and then the 

nondecreasing property of ( )sf  in s in ( )1H  ensures that ( ) ( )( )thftg δδ =  is also 

nondecreasing in t. And just in the same way as in the proof of Proposition 4.2 in 
[13], we can show that the limit 

 ( )
( ) 1,lim =

δ

δ

→ ∗
δ

tg
txu t

Tt
 (4.22) 

converges uniformly on any compact subset [ ]dc,  of ( )., aδ  Since ( )txu ,0 δ≤  

( )txu ,≤  and for any [ ] ( ),,, badc ⊂  ( )txu ,δ  converges to ( )txu ,  uniformly on 

[ ] [ )∗× Tdc ,0,  in 1,2C  norm, from (4.22) we eventually obtain that 
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 ( )
( ) 1,lim =

∗→ tg
txut

Tt
 (4.23) 

uniformly on any compact subset [ ] ( ).,0, adc ⊂  

By using comparison principle and assumption ( ),H4  we can show that 

( ) ( ){ },,max LtguxL xx ≤−≤− α  

where L is the positive constant given in ( ).H4  Then we have ( ) ( ) 2,0 ≤≤ tgtxut  

in ( )a,0  for t close enough to .∗T  Set ( ) ( ) ( )∫ ∫ β=
t a

dxdstxuxth
0 0

,,  then we may 

apply (4.23) and the dominated convergence theorem to obtain 

 ( ) ( ) ( ) ( ) ( )( )∫ =β=′′
a

t thfItIgdxtxuxth
0

~,    as   ,
*

Tt →  (4.24) 

where ( )∫ β=
a

dxxI
0

.  

(i) In case of ( ) ,pssf =  ,1≥s  ,1>p  from (4.24), we have 

 ( ) ( )tIhth p~′′    as   .∗→ Tt  (4.25) 

Multiplying (4.25) by ( )th′  and integrating over ( ),,0 t  we get 

( ) ( )thp
Ith

p
2

1
2
1

1
2~

+

⎟
⎠
⎞⎜

⎝
⎛

+
′    as   .∗→ Tt  

Integrating the above equality over ( ),, ∗Tt  we obtain 

 ( ) ( ) 1
2

1
1

1
2

2
1

1
2~ −

−∗−
−

− −⎟
⎠
⎞⎜

⎝
⎛ +

⎟
⎠
⎞⎜

⎝
⎛

−
ppp tTI

p
pth    as   .∗→ Tt  (4.26) 

Since ( ) ( ),~ 1 thItG ′−  by using (4.13) and (4.26), we obtain 

( ) ( ) ( ) ( )[ ( ) ] ( )( ) ( ) ( )111111 121~, −+−∗−−+− −+− ppppppp tTIpptxu  

as  ,∗→ Tt  (4.27) 

hence (1.3) holds uniformly on any compact subset [ ]dc,  of ( ).,0 a  

(ii) In case of ( ) ,1−= skesf  ,1≥s  ,1≥k  from (4.24), we have 

 ( ) ( ( ) )1~ −′′ thkeIth    as   .∗→ Tt  (4.28) 
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Just handling similarly as case (i), from (4.28), we obtain 

 ( ) ( ) ( ) 12~~, −∗ − tTItGtxu    as   ,∗→ Tt  (4.29) 

hence (1.4) holds uniformly on any compact subset [ ]dc,  of ( ).,0 a  
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