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Abstract

In this paper, we derive a sufficient condition for asymptotic stability of
the zero solution of delay-difference control system with time-varying
delay of Hopfield neural networks in terms of certain matrix inequalities
by using a discrete version of the Lyapunov second method.

1. Introduction

In this paper, we consider delay-difference control system with time-varying
delay of Hopfield neural networks of the form

v(k +1) = ~Av(k) + BS(v(k — h(k))) + Cu(k) + f, (1)

where v(k) e Q@ < R" is the neuron state vector, h(k) is a continuous function

describing the time-varying transmission delay in network system and satisfies
0<h(k)<h, A=diag{aq, .., ay}, @ =0, i=1 2, .., n isthe nxn constant

relaxation matrix, B is the n x n constant weight matrix, C is n x m constant matrix,
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u(k) e R™ is the control vector, f =(f;,.., f,) e R" is the constant external

input vector and S(z) = [sy(z¢), ..., Sy(zy)]" with s; e CY[R, (=1, 1)], where s; are

the neuron activations and monotonically increasing for each i =1, 2, ..., n.

The asymptotic stability of the zero solution of the delay-differential system of
Hopfield neural networks has been developed during the past several years. We refer
to monographs by Burton [3] and Arik [2] and the references cited therein. Much
less is known regarding the asymptotic stability of the zero solution of the delay-
difference control system with time-varying delay of Hopfield neural networks.
Therefore, the purpose of this paper is to establish sufficient condition for the
asymptotic stability of the zero solution of (1) in terms of certain matrix inequalities.

2. Preliminaries

We assume that the n-vector function nonlinear perturbations are bounded and
satisfy the following hypotheses, respectively,

0< fi(rl)_ fi(rZ) < Ii’

— vn,peR, and n # 1y, (2)
1— N

where [; > 0 are constants for i =1, 2, ..., n.
By assumption (2), we know that the functions f;(-) satisfy
[ fixi)| <l %] i=12.,n
and
f2() < ix fi(x), i=12 ..n ?)

Fact 2.1. For any positive scalar £ and vectors x and y, the following inequality
holds:

xTy+ yTx < sxTx+s‘1yTy.

Lemma 2.1 [2]. The zero solution of difference system is asymptotic stability if

there exists a positive definite function V(x) : R" — R* such that
3B > 01 AV (x(K)) =V (x(k +1)) =V (x(k)) < -] x(K) |,

along the solution of the system. In the case the above condition holds for all
x(k) e Vs, we say that the zero solution is locally asymptotically stable.
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Lemma 2.2 [3]. For any constant symmetric matrix M e R™", M =MT >0,

scalar s € Z*/{0}, vector function W : [0, s] - R", we have
s-1 s-1 U s-1
sz (W' (i) Mw(i)) = {Z w(i)] M[Z w(i)].
i=0 i=0 i=0

3. Main Results

In this section, we consider the sufficient condition for asymptotic stability of
the zero solution v* of (1) in terms of certain matrix inequalities. Without loss of
generality, we can assume that v* =0, S(0)=0 and f =0 (for otherwise, we let
x = v —v" and define S(x) = S(x +Vv*) - S(v")).

The new form of (1) is now given by

x(k +1) = —Ax(k) + BS(x(k — h)) + Cu(k). 4)
This is a basic requirement for controller design. Now, we are interested in designing
a feedback controller for the system (4) as
u(k) = Kx(k),
where K'is n x m constant control gain matrix.

The new form of (4) is now given by
x(k +1) = =Ax(k) + BS(x(k — h)) + CKx(k). (5)
Theorem 3.1. The zero solution of the delay-difference system (5) is
asymptotically stable if there exist symmetric positive definite matrices P, G, W,
L = diag[ly, ..., I,] > 0 and & > 0 satisfying matrix inequalities of the form
.L1) O 0
yv=| 0 (22 0 |<0 (6)
0 0 (33
where
(1,1)= APA— APCK —KTCTPA-CTKTPC - P + h(k)G +W
+¢APBBT PA + ¢,KTCTPBBT PCK,
(2,2)=¢ 'L+ e LL + LBTPBL —W,
(3, 3) = -h(k)G.
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Proof. Consider the Lyapunov function V(y(k))=V;(y(k))+Va(y(k))+
V3(y(k)), where

Vv = X' (k)Px(k),

k-1

V, = Z (h(K) =k +i)x" (i) Gx(i),
i=k—h(k)
K—

Vo= D iwx(i),

i=k—h(k)

=

P, G, and W being symmetric positive definite solutions of (6) and y(k) = [x(k),
x(k — h)]. Then difference of V(y(k)) along trajectory of solution of (5) is given by

AV (y(k)) = AVy(y(k)) + AV, (y(k)) + AV3(y(k)),
where

AV (y(k)) = Va(x(k +1)) = Vi (x(k))

= [~ Ax(k) + BS(x(k - h(k))) + CKx(K)]"
x P~ Ax(K) + BS(x(k — h(k))) + CKx(K)]
- x" (k) Px(k)

=x" (k)[APA— APCK - KTCTPA
—cTKTPC - P]x(k)
- x" (k) APBS (x(k - h(k)))
— 8T (x(k - h(k))) BT PAX(k)
+x" (K)KTCTPBS(x(k — h(k)))
+ST (x(k —h(k))) BT PCKx(K)

+ ST (x(k — h(k))) BT PBS(x(k — h(k))),

k-1 k-1

AV, = A Z (h(k)=k +1)xT (1)Gx(i) | = h(k)x" (k)Gx(k) - x" ()Gx(i),
i=k—h(k) i=k—h(k)
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and
k-1

AVy = A( X' (i)Wx(i)] = x" (K)Wx(K) = x" (k = h(k))Wx(k — h(k)), (7)
)

i=k—h(k
where (3) and Fact 2.1 are utilized in (7), respectively.

Note that
—x (k) APBS (x(k — h(k))) - 8T (x(k - h(k))) BT PAx(k)
< ex" (k) APBBT PAX(K) + £ 71T (x(k — h(k)))S(x(k — h(k))),
x" (K)KTCTPBS(x(k — h(k))) + ST (x(k — h(k))) BT PCKx(k)
< gx' (K)KTCTPBBT PCKx(k) + &1 28T (x(k — h(k)))S(x(k — h(k))),
sT(x(k — h(k)))BTPBS(x(k — h(k))) < x (k — h(k)) LBT PBLx(k — h(k)),
78T (x(k - h(k)))S(x(k — h(k))) < e X" (k - h(k)) LLx(k — h(k)),
&18" (x(k = h(K)))S(x(k = h(k))) < & X (k = h(k)) LLx(k = h(k)),
hence
AV; < xT(k)[APA - APCK — KTcTPA-CTKTPC - P]x(k)
+ex! (k) APBBT PAX(K) + &x" (k)KTCTPBBT PCKx(k)
+& 5T (k = h(k)) LLx(k — h(k)) + &7 X" (k — h(k)) LLx(k — h(k))

+ X (k = h(k))LBT PBLx(Kk — h(k)).
Then we have
AV < xT(k)[APA— APCK —KTCTPA-CTKTPC - P + h(k)G +W
+ eAPBBT PA + ¢,KTCTPBBT PKC]x(k)
+ X" (k = h(k))[eILL + e7*LL + LBTPBL =W ]x(k — h(k))
k-1

- x' (i)Gx(i).
i=k—h(k)
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Using Lemma 2.2, we obtain

k-1 k-1 1 k-1
| X" (i)Gx(i) > {h(k x(|)J (h(k)G){(— Z x(i)J.
i=k—h(k) i=k—h(k) i=k—h(k)

From the above inequality, it follows that
AV < X" (K)[APA - APCK — KTCTPA-CTKTPC - P + h(k)G +W
+ eAPBBT PA + ¢,KTCTPBB" PCK ]x(k)

+ X7 (k = h(k))[e ILL + 7 *LL + LBTPBL — W ]x(k — h(k))

x

\_/

s T
X" (k), x" (k - h(k)), [(— (i)J 0 (22 0

x(k)
x(k = h(k))

k-1
[h(k)l 2 X(')J

k=h(k)

= yT (K)wy(k),

where
(1,1) = APA— APCK — K'CTPA-CTKTPC - P + h(k)G +W
+ cAPBBT PA + ,KTCTPBB' PCK,

(2,2) =L + e Ll + LBTPBL - W,
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(3, 3) = -h(k)G,
x(k)
k = h(k
J(6) = x(k —h(k))
s
x(i
h(k) i=k—h(k)

By the condition (6), AV (y(k)) is negative definite, namely, there is a number 8 > 0

such that AV (y(k)) < —B| y(k) ||2 and hence, the asymptotic stability of the system

immediately follows from Lemma 2.1. This completes the proof. O

Remark 3.1. Theorem 3.1 gives sufficient conditions for the asymptotic
stability of delay-difference system (5) via matrix inequalities. These conditions are
described in terms of certain diagonal matrix inequalities, which can be realized by
using the linear matrix inequality algorithm proposed in [4]. But Hu and Wang [10]
described these conditions to be of asymptotic stability of delay-difference system
via matrix inequalities in terms of certain symmetric matrix inequalities, which can
be realized by using the Schur complement lemma and linear matrix inequality
algorithm proposed in [4].

4, Conclusions

In this paper, based on a discrete analog of the Lyapunov second method, we
have established a sufficient condition for the asymptotic stability of delay-
difference control system of Hopfield neural networks in terms of certain matrix
inequalities.
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