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Abstract

For a certain class of composition operators C, on the Hardy space

H 2(D) with multivalent symbol ¢, we verify the conjecture due to Cowen

and MacCluer [3], which explains the presence of circular symmetry of
the spectrum in this case.

1. Introduction

For ¢ analytic in the unit disk D such that ¢(D) — D, the composition operator

Cy on the Hardy space H2(D) of the unit disk is given by Cyf = f o ¢, forall fin

H 2(D). It is known that C, is a bounded operator, and other general properties of
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C, have been established. Much of these developments can be found in [7] and [2].
Many properties of C, depend to a great extent on the behavior of the symbol map
¢ near its fixed points. A point b in D is a fixed point of ¢ if Iimr_ﬂ, ¢(rb) = b.
We will write ¢'(b) for lim - ¢'(rb). This limit obviously exists when |b| < 1.

If |b|=1, then the theorems of Julia, Carathéodory, and Wolff show that ¢'(b)

existsand 0 < ¢'(b) < oo.

Theorem 1.1 (Wolff’s Lemma) [2, p. 56]. If ¢ is an analytic map of the unit disk
into itself that has no fixed point in D, then there is a unique fixed point b of ¢ on the
unit circle with 0 < ¢'(b) <1. If ¢, not the identity, has a fixed point in D, then

¢'(b) > 1 for all fixed points b of ¢ on the unit circle.

We will call the distinguished fixed point b the Denjoy-Wolff point of ¢, where
if |[b| =1, then 0 < ¢'(b) <1 and if |[b| <1, then | ¢'(b)| < 1. This Denjoy-Wolff
point b of ¢ allows the study of composition operators based on its location
(Ib] <lor|b|=1) and the value of ¢'(b).

Much progress has been made in identifying the spectra of composition
operators when the Denjoy-Wolff point is on the boundary of D [6, p. 133] as well
as explaining the presence of circles in the spectrum [2, p. 287]. However, in the
case of interior fixed point, results are incomplete. Let ¢, denote ¢odpo---od.

\_q-/_—/
mtimes
Kamowitz [6, p. 133] showed that if ¢ is analytic in a neighborhood of D, has a fixed
point b in D, ¢ is not inner and C, is not power compact, then there is a positive

integer m for which S, = {¢m (W) : | ¢y (W) | =1} is finite, nonempty, and consists
only of fixed points of ¢,,. Moreover, ¢ = min{¢;,(z): z € S} is greater than 1

-1
and sp(Cy) = {k a] < cm} U{@'(M)":neNU{l. Cowen and MacCluer

[2, p. 289] proved the same result using different methods for univalent symbols ¢
without the additional assumption of analyticity in a neighborhood of D.

Since sp(Cy) in both theorems is a disc together with some isolated points, it

has the property of circular symmetry. We say that the spectrum of an operator T has
circular symmetry if whenever A belongs to the spectrum and A is not an isolated
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point, then g%, belongs to the spectrum for every real 6. Cowen and MacCluer
conjectured that presence of circular symmetry can be explained by the presence of

an invariant subspace for C, on which the restriction of C,, is similar to ei9C¢.
Conjecture 1.2 [3, p. 21]. If ¢ has a fixed point in D and the essential spectral
radius of C, is positive, then there is an invariant subspace for C, on which the

restriction of C, is similar to rotates of itself.
In this paper, we verify Cowen and MacCluer’s conjecture for the class of

_ k+1
% with O<c<% and k =1,2,3,... Thisis
1-2cz

a class of multivalent functions having fixed points 0 and the kth roots of unity for
k e N. In this case, ¢'(0)=0 and from Kamowitz’s theorem sp(C,) is a disc

symbols given by ¢(z) =

centered at the origin and 1.

In Section 5, we find a subspace M, of H2(D) corresponding to each of the

kth roots of unity on which C; behaves like a weighted shift. The subspace M, is

given using a basic sequence in H2(D) of differences of reproducing kernel
functions determined by a sequence of backward iterates of the symbol map ¢(z).
This paper generalizes the result and techniques of Wahl [9]. We also show that the

interior of the spectrum is a disc of eigenvalues of C:g.

2. Analytic and Geometric Properties of ¢(z)

L ) . (1-2c)z**
For the composition operator C, on H<(D) with symbol ¢(z):T,
1-2cz

0O<c< % k=1 2,3, .. we first study the analytic and geometric properties of

¢(2). It is easily verified that ¢(D) = D and that ¢ is analytic in an open disc
containing D. Also it is clear that ¢(0) = 0, ¢'(0) = 0 and ¢ is not univalent on D.
The following lemma records some easily proved properties of ¢(z).

k+1
Lemma 2.1. For ¢(z)=% with 0 <c <i and k € N the following
1-2cz 2
hold:



284 SIVARAM K. NARAYAN and DAWN E. SADIR

(1) The fixed points of ¢ are precisely 0 and the kth roots of unity e k for
j=12, ..,k

(2) ¢ maps [0, 1] onto [0, 1].

(3) ¢’[e k ]=%;C2C for j=1,2, ... k

As a consequence of Lemma 2.1, we prove the following.
k+1
& with 0<c<l and k € N, for each

1-2¢z* 2
=12, .., k there exists an ¢; > 0 such that ¢ is univalent when restricted to

Lemma 2.2. For ¢(z) =

DjI{ZGCZ z-e K <sl} and | §(z)-e K |>|z-e k |for z e Dj.
2mij
Proof. Follows from ¢’[e k ]:%>1. O

— k+1
Lemma 2.3. For ¢(z) = %

i)

neighborhood of D, there is a small disc centered at ek on which [o(z)] < 1.

Thus, ¢(z) is not inner. O

_ k+1
Lemma 2.4. For ¢:% with 0<c<l and k e N, if ze D and
1-2cz 2

with 0 < ¢ <% and k e N, ¢(z) is not

inner.
in
Proof. Let z=¢ek. Then 1-2c

17 7% <1. Since ¢ is analytic in a

0 <arg(z) < ﬁ then arg(¢(z)) > (k +1)arg(z).

(1-2c)z"*

m write
1-2cz

Proof. For ¢ =

0(2) = | d(z) e 90 _ | (I)(Z)|ei((k+1)arg(z)—arg(l—Zczk)).
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Thus, arg(¢(z)) = (k +1)arg(z) — arg(1 — 2cz¥ ) + 2mn for some integer m. Let arg(z)
denote the principal argument of z, where 0 < arg(z) < 2m. For j =0, ..., k =1, let

- .20 2m Cfor i - _
SJ—{ZGD. 0 <arg(z) < ” +k+1}' If zeSj for j=0,.., k-1 then

looking at the real and imaginary parts of 1-2c2 we get Re(l—2czk):
1-2c Re(zk) >1-2c>0 and Im(1- ZCzk) =-2c Im(zk). Since 2xj < karg(z)

T for zeS j=0.,k-1 we get 0<arg(zk)<n and

k+1 i

3

2

<2mj+k

Im(L - 2cz*) < 0. Hence, < < arg(L - 2cz¥) < 2n for zeSj, j=0, ... k-1.

This inequality together with % < (k +1)arg(z) — 2nj < % + 7 results in

2mj

2n 2m 3
k

< (k +1)arg(z) + 2n(1 — j) - arg(l - 2cz¥) < K 5

for ze Sj, j=0,.., k-1 For j=0, we get

arg(¢(z)) = (k +1)arg(z) + 2n — arg(1 — 2¢z%) > (k + L)arg(z). O

Remark 2.5. In general taking the branch of argument with % <arg(w) <

% +2m, we have for z € Sj, arg(¢(z)) = (k +1)arg(z) + 2n(1 - j)—arg(1- Zczk).

Thus,for ze Sj, j=0,1 .., k=1 we get arg(¢(z)) > arg(z).
3. Spectra of C,,

Since ¢(z) has a finite angular derivative at z =1, Cy Is not compact. Also,
Com has a finite angular derivative at z =1 and C, is not power compact. From

Section 2, we know that ¢ is not inner and ¢(0) = 0. From Kamowitz’s theorem

stated in Section 1, we see that

sp(Cy) = {x A< 1/%}U {1}.
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Clearly, sp(C¢) has circular symmetry. The essential spectrum of C, is the disc
without the isolated point. Hence, C, has positive essential spectral radius. Thus,

the conditions of Cowen and MacCluer’s conjecture hold for this class of
composition operators with multivalent symbol. We show that there is an invariant
subspace for C,, on which C, is similar to rotates of itself.

4. Development of an Interpolating Sequence

In order to verify the conjecture of Cowen and MacCluer we find a subspace M
of H 2(D) on which C;f behaves like a weighted shift and then apply well-known

results on weighted shifts. A key ingredient in such a construction is the notion of an
interpolating sequence.

Definition 4.1. A sequence {zj} in D is an interpolating sequence if for every
bounded sequence of complex humbers {cj} there exists a bounded analytic function
fon D with f(zj) = c;.

The following result gives a sufficient condition for a sequence to be an
interpolating sequence.

Theorem 4.2 [5, p. 203]. Suppose {zy } is a sequence of points in D and

1-]z,]

<c<l1l
1_|Zn—1|

Then {z,} is an interpolating sequence.

We require in our construction that the interpolating sequence {zj} is a
backward iteration sequence (i.e., the sequence {z;} satisfies ¢(zj) = zj_1). The

following theorem is crucial to our construction of the interpolating sequence.
Theorem 4.3 [1, p. 88]. Suppose for ¢ : D — D there is a point b € 6D such
that lim  _ o(rb)=b and ¢'(b) >1. If the non-constant sequence {z}y_,

contained in D is such that ¢(zx ) = zx_; and limy_,,, zx = b, then {z }°_, is an

interpolating sequence.
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2rij

In our case for each boundary fixed point b; =e k 'keN,j=0,..,k-1

an interpolating sequence {z(mj)}"r;:0 can be constructed satisfying lim,_,, zr(nj)

=b;. Since 1 is a fixed point of ¢ for all k € N, we will develop an interpolating

sequence that approaches 1. A similar construction (with minor modifications)
works for the other fixed points as well. For notational convenience, we give the
details only for the boundary fixed point 1.

_ k+1
A-2)z 7 20)zk with 0 < ¢ <% and k € N. Then there
1-2cz

exists a sequence {zp}-_, satisfying the following conditions:

Theorem 4.4. Let ¢ =

(1) 1<z5 <0,
(2 Im(z,) >0, form=1,2, ..,
) &(z)=2zm_g, form=1, 2, ..,

(4) limy,_, ., z, =1 nontangentially,
(5) {Zm}m-o is an interpolating sequence.

Proof. From Lemma 2.2, there exists ¢ > 0 such that ¢ is univalent on
D,={zeC:|z-1| <&} and D; = ¢(D;). Thus, we can define ¢~* : D; — D.
By translating and dilating D; to D, we can define a new function @ that satisfies

the hypothesis of Konigs” Theorem [7, p. 91].

For z € D define ®(z)= ¢

1
%. It is easy to verify that ® : D — D is

2

analytic, ®(0) = 0 and ®'(0) = ﬁ # 0. From Kdnigs’s Theorem, there exists

¥ :D - C such that W(0) =0, ¥'(0) =1, and ¥ o ® = ®’'(0)¥. Since ¢ is
univalent on Dy, @ is univalent on D and Konigs’s Theorem gives that ¥ is

univalent on D.
Define 6: D; - C by o(z) = \P(ZT_l) Then o(1) =0, 6'(1) = % and ¢ is

univalent. For z € Dy, we have
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(4)’1)'(1)0(2) = CD’(O)\P(ZT_]') Yo CD(Z - 1)

€

Ly i G A : q,(¢1<z> —1J
= o(47(2)) = o0 474(2).

Henceforth we denote a =%. Let w=¢ X(z) for ze D;. Then

w e Dy and from above (¢1) (1)o(¢(W)) = o o ¢ L(¢(W)) = o(w). Thus, o($(w))
= ac(w). By iterating we obtain o(¢,(w)) = a"o(w).
Since D; (1 D is an open set with 1 on its boundary, o(D; (1 D) is an open set

with (1) = 0 on its boundary.

Claim 4.5. o((1- ¢, 1)) < (-, 0).

Proof. Let ze(l-¢,1). Then z=1-38 for 0<d<e Since o(z)=
‘I’(ZT_l) = ‘P(%B) and -1< %8 < 0, it is enough to consider W¥((-1, 0)). Let

ne (-1 0). Then en+1le (1—¢ 1). Since ¢ maps (0,1) onto (0, 1), there is
B € (0, 1) suchthat ¢(B) = en +1. Thus

o) - D= Bl ()

Now iterating @, we get ch(_?sj € (-1, 0). From the proof of Ko6nigs’ Theorem
[7, pp. 91-92], we know that W(w) = lim,_,,.(®'(0)) " ®,(w). Since ®'(0) > 0, we
conclude ‘P(%S) < 0. But ¥ is univalent and W(0) = 0. Therefore, ‘P(%a) <0
and hence the claim. O

Choose u € o(D; 1 D) such that each of the following conditions is met.

e The line segment from 0 to au not including 0 is contained in o(D; N D).

e Py = o 1(u) is in the first quadrant.

e The angle formed between [-1, 0] and the line segment from 0 to u is acute.
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Let p; = ¢(pg)- Then au = ac(pg) = o(¢(pg)) = o py). Parameterize the line

segment from 0 to au by tu for 0 <t < a. Define y(t) = o }(tu) for 0 <t < a.

Hence, yisacurve in (D; N1 D)U {1} from1to p; through pg.

For 0<t<1 let z=oc Y(tu)=y(t). Then tu=o(z) and atu = ac(z) =
o(¢(2)). Therefore, y(at) = o 1(atu) = o H(c(¢(2))) = #(z) = ¢(y(t)). Further extend

the definition of y recursively as follows: For s >1, define y(a®) = ¢(y(a%™)).

This gives a smooth continuous curve y : (0, ) — D guaranteed by analyticity of

ot and ¢. From its definition y is mapped onto itself by ¢.

Using Lemma 2.4, we have arg(¢(z)) > (k +1)arg(z) for z € D satisfying
0<arg(z) < ﬁ Thus, y crosses (-1, 0). Let sq be the smallest value such that
y(a%®) e (-1, 0). Define zy = y(a®) and for m € N define z,, = y(a**™™). Then

®(zm) = d(y(@®™™)) = Y(asoimﬂ) = Zppq and limp o, 2 = limp o v(@%0™™")
= y(0) = 1. Since from Claim 4.5, ot maps the negative real axis into the interval

conformally at 1, it maps the line segment from 0 to au onto a curve that makes an
acute angle with (0,1) from the choice of u. Hence, {z;,} approaches 1

nontangentially. The sequence {z,,} is an interpolating sequence follows from

Theorem 4.3. This completes the proof of Theorem 4.4. O

Corollary 4.6. Let {zy}~_, be the sequence obtained in Theorem 4.4. Then

{ﬂ}&o is an interpolating sequence.

Proof. Note that ¢(zp) = Zp,. O

Remark 4.7. In order to obtain an interpolating sequence approaching a
boundary fixed point b =1 we modify the proof of Theorem 4.4 by considering
rays from O to b and 0 to —b. Another interpolating sequence can be obtained similar
to Corollary 4.6 by reflecting the original interpolating sequence on the ray joining 0
and b.
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5. Verification of Cowen-MacCluer’s Conjecture

From the two interpolating sequences obtained in Theorem 4.4 and Corollary
4.6, we omit zq to obtain two disjoint sequences. The following theorem is needed

to show that {z, a}ﬁzl is an interpolating sequence.

Theorem 5.1 [4, p. 314]. If S and T are disjoint interpolating sequences, then
SUT is an interpolating sequence if and only if p(S, T)=inf{p(z, w):z e S,

weT} >0, where p(z, w) = T oy

2w ‘ is the pseudo-hyperbolic metric.

In our case for n, p > 1 the Schwartz-Pick Theorem [2] gives

2h - 2p
1-12pz,

Zn-1 = Zp1
1- Zp1Zna

¥(zn) - d(zp)
1-(zp)d(zn)

p(zn, Zp) = = p(zp-1, Zp1).

We also have p(zy,2p)=p(zp, 2q). Thus, p({zm}im_y, {Zmlmey) =INFip(2n, 2p)}

|21 -2 | S Im(z;)
|1-zjz1|  1+|z|

=inf{p(z, zyy)}. Since p(zg, z_j) = > 0, we have proved the
following proposition.

Proposition 5.2. Let {zy}+_, be the sequence from Theorem 4.4. Then
{zmm, a}?ﬁ:l is an interpolating sequence.

The following two theorems are needed for the development of an invariant
subspace M for Cg. A sequence {f,} in H2(D) is said to be a basic sequence if

{f,} is a basis of the closed linear subspace of H 2(D) that is spanned by {fa}
Theorem 5.3 [1, p. 88]. If {z,} = D is an interpolating sequence, then

W1-|zy |2 Ky, } is a basic sequence in H 2(D) equivalent to an orthonormal set,
that is, the series > apy1— | gy [PK,_ convergesifand only if Y | o [* < oo.

Theorem 5.4 [9, p. 765]. Suppose the vectors {em}ﬁzo are equivalent to

an orthonormal set. Then the vectors {e,n —eym.1)m_o are equivalent to an

orthonormal set.
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Since  {zm, zm}, is an interpolating sequence {y1-|zp 1 Kz
Vi-]zp, |2 Ka}ﬁﬂ in H2(D) equivalent to an orthonormal set by Theorem 5.3.
Let ky = y1—|zm Kz, —V1-12p 2 K.—. Then {ky}n_; is equivalent to an

m
orthonormal set using Theorem 5.4.

Let M = span{kp };,_;. Consider Cykpy, where {ky}_; is a basis for M,

* * 2 2
Cokm = Co(V1~| 2 PKyy, = 1| 2 PK)

2 2
= V1= zm ["Kyzy) = V1= 2m [T Ky
1-|z, 2
Al (e PRy~ T2 PR

N

Vl_l Zm—1|
Vi-|zp |2

=l
l_l Zm-1 |2

Thus, C(’g shifts the basis for M which gives the following theorem.

with O<c<l and k € N, and C¢

(1-2c)z*
K 2

Theorem 5.5. Let ¢(z) =

. . 2 _ 2
be the associated composition operator on H<(D). Let ky =+1—]zn]| Kz,
—y1-|zy |2 Ka, where {zp} - _ is the interpolation sequence satisfying Theorem

4.4.Then M = span{ky . _; is an invariant subspace for Cy and Cy | is similar

2 o0
to the backward weighted shift with weight sequence {%1_'2”"2
1- | Im-1 |

m=1

Theorem 5.6. Cy| y ~ €°Cj | .

Proof. Since C$ | m is a weighted shift, theorem follows from the well-known

result that a weighted shift is unitarily equivalent to rotates of itself [8, p. 52]. O
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This verifies Cowen and MacCluer’s conjecture for C,, where ¢(z) =

(1-2c)z¢+
1-2cz¥
following result.

, keN,and 0<c< % We identify parts of the spectrum with the

Theorem 5.7. If | A | < i, then A is an eigenvalue of Cy.

Ja
k+1-2c 1
Proof. As before a=-7—--. Suppose || < T and f, =
o\
_ 2
Z:ﬂ;\m(%} Km, Where {ky, 1, is the basis for M.
1-|zp |
From the Julia-Carathéodory Theorem, we have
T - d(zm)| _ 1-zpa| 1_|Zm—1|2
S EY R o o P B S P
2 . 2 )
Hence, there is a constant b such that % =TT’ M < bal. Now
i=1 2
1-|zj] 1-|z|

m
>8] -5 - -
f, converges absolutely whenever Zm_l|%|ma2 converges since {kp}o_; is

equivalent to an orthonormal set. Clearly, f, e H?(D) whenever || < 1 itisa

Ja

routine calculation to show that C; f,, = Af, and f, = 0. O
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