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Abstract 

For a certain class of composition operators φC  on the Hardy space 

( )D2H  with multivalent symbol φ, we verify the conjecture due to Cowen 

and MacCluer [3], which explains the presence of circular symmetry of 
the spectrum in this case. 

1. Introduction 

For φ analytic in the unit disk D such that ( ) ,DD ⊂φ  the composition operator 

φC  on the Hardy space ( )D2H  of the unit disk is given by ,φ=φ ffC  for all f in 

( ).2 DH  It is known that φC  is a bounded operator, and other general properties of 
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φC  have been established. Much of these developments can be found in [7] and [2]. 

Many properties of φC  depend to a great extent on the behavior of the symbol map 

φ near its fixed points. A point b in D  is a fixed point of φ if ( ) .lim
1

brb
r

=φ−→
 

We will write ( )bφ′  for ( ).lim
1

rb
r

φ′−→
 This limit obviously exists when .1<b  

If ,1=b  then the theorems of Julia, Carathéodory, and Wolff show that ( )bφ′  

exists and ( ) .0 ∞≤φ′< b  

Theorem 1.1 (Wolff’s Lemma) [2, p. 56]. If φ is an analytic map of the unit disk 
into itself that has no fixed point in D, then there is a unique fixed point b of φ on the 
unit circle with ( ) .10 ≤φ′< b  If ,φ  not the identity, has a fixed point in D, then 

( ) 1>φ′ b  for all fixed points b of φ on the unit circle. 

We will call the distinguished fixed point b the Denjoy-Wolff point of φ, where 
if ,1=b  then ( ) 10 ≤φ′< b  and if ,1<b  then ( ) .1<φ′ b  This Denjoy-Wolff 

point b of φ allows the study of composition operators based on its location 
( )1or1 =< bb  and the value of ( ).bφ′  

Much progress has been made in identifying the spectra of composition 
operators when the Denjoy-Wolff point is on the boundary of D [6, p. 133] as well 
as explaining the presence of circles in the spectrum [2, p. 287]. However, in the 
case of interior fixed point, results are incomplete. Let mφ  denote .

timesm

φφφ  

Kamowitz [6, p. 133] showed that if φ is analytic in a neighborhood of D, has a fixed 
point b in D, φ is not inner and φC  is not power compact, then there is a positive 

integer m for which ( ) ( ){ }1: =φφ= wwS mmm  is finite, nonempty, and consists 

only of fixed points of .mφ  Moreover, ( ){ }mm Szzc ∈φ′= :min  is greater than 1 

and ( ) { ( )( ) } { }.1:: 2
1

∪∪ N∈φ′
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

≤λλ=
−

φ nbcCsp nm  Cowen and MacCluer 

[2, p. 289] proved the same result using different methods for univalent symbols φ 
without the additional assumption of analyticity in a neighborhood of D. 

Since ( )φCsp  in both theorems is a disc together with some isolated points, it 

has the property of circular symmetry. We say that the spectrum of an operator T has 
circular symmetry if whenever λ belongs to the spectrum and λ is not an isolated 
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point, then λθie  belongs to the spectrum for every real .θ  Cowen and MacCluer 
conjectured that presence of circular symmetry can be explained by the presence of 

an invariant subspace for φC  on which the restriction of φC  is similar to .φ
θCei  

Conjecture 1.2 [3, p. 21]. If φ has a fixed point in D and the essential spectral 
radius of φC  is positive, then there is an invariant subspace for φC  on which the 

restriction of φC  is similar to rotates of itself. 

In this paper, we verify Cowen and MacCluer’s conjecture for the class of 

symbols given by ( ) ( )
k

k

cz
zcz

21
21 1

−

−=φ
+

 with 2
10 << c  and ....,3,2,1=k  This is 

a class of multivalent functions having fixed points 0 and the kth roots of unity for 
.N∈k  In this case, ( ) 00 =φ′  and from Kamowitz’s theorem ( )φCsp  is a disc 

centered at the origin and 1. 

In Section 5, we find a subspace kM  of ( )D2H  corresponding to each of the 

kth roots of unity on which ∗
φC  behaves like a weighted shift. The subspace kM  is 

given using a basic sequence in ( )D2H  of differences of reproducing kernel 

functions determined by a sequence of backward iterates of the symbol map ( ).zφ  

This paper generalizes the result and techniques of Wahl [9]. We also show that the 

interior of the spectrum is a disc of eigenvalues of .∗φC  

2. Analytic and Geometric Properties of ( )zφ  

For the composition operator φC  on ( )D2H  with symbol ( ) ( ) ,
21

21 1

k

k

cz
zcz

−

−=φ
+

 

...,3,2,1,2
10 =<< kc  we first study the analytic and geometric properties of 

( ).zφ  It is easily verified that ( ) DD ⊂φ  and that φ is analytic in an open disc 

containing .D  Also it is clear that ( ) ( ) 00,00 =φ′=φ  and φ is not univalent on D. 

The following lemma records some easily proved properties of ( ).zφ  

Lemma 2.1. For ( ) ( )
k

k

cz
zcz

21
21 1

−

−=φ
+

 with 2
10 << c  and N∈k  the following 

hold: 
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(1) The fixed points of φ are precisely 0 and the kth roots of unity k
ij

e
π2

 for 
....,,2,1 kj =  

(2) φ maps [ ]1,0  onto [ ].1,0  

(3) c
cke k

ij

21
21

2

−
−+=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
φ′

π

 for ....,,2,1 kj =  

As a consequence of Lemma 2.1, we prove the following. 

Lemma 2.2. For ( ) ( )
k

k

cz
zcz

21
21 1

−

−
=φ

+
 with 2

10 << c  and ,N∈k  for each 

kj ...,,2,1=  there exists an 0>ε j  such that φ is univalent when restricted to 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ε<−∈=
π

j
k
ij

j ezzD
2

:C  and ( ) k
ij

k
ij

ezez
ππ

−>−φ
22

 for .jDz ∈  

Proof. Follows from .1
21

21
2

>
−
−+=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
φ′

π

c
cke k

ij
 ~ 

Lemma 2.3. For ( ) ( )
k

k

cz
zcz

21
21 1

−

−
=φ

+
 with 2

10 << c  and ,N∈k  ( )zφ  is not 

inner. 

Proof. Let .k
i

ez
π

=  Then .121
21 <

+
−=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
φ

π

c
ce k

i
 Since φ is analytic in a 

neighborhood of ,D  there is a small disc centered at k
i

e
π

 on which ( ) .1<φ z  

Thus, ( )zφ  is not inner. ~ 

Lemma 2.4. For ( )
k

k

cz
zc

21
21 1

−

−
=φ

+
 with 2

10 << c  and ,N∈k  if D∈z  and 

( ) ,1arg0
+
π≤< kz  then ( )( ) ( ) ( ).arg1arg zkz +>φ  

Proof. For ( )
k

k

cz
zc

21
21 1

−

−=φ
+

 write 

( ) ( ) ( )( ) ( ) (( ) ( ) ( )).21argarg1arg kczzkizi ezezz −−+φ φ=φ=φ  
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Thus, ( )( ) ( ) ( ) ( ) π+−−+=φ mczzkz k 221argarg1arg  for some integer m. Let ( )zarg  

denote the principal argument of z, where ( ) .2arg0 π<≤ z  For ,1...,,0 −= kj  let 

( ) .1
2arg2:

⎭⎬
⎫

⎩⎨
⎧

+
π+π≤<π∈= kk

jzk
jzS j D  If jSz ∈  for ,1...,,0 −= kj  then 

looking at the real and imaginary parts of kcz21 −  we get ( ) =− kcz21Re  

( ) 021Re21 >−>− czc k  and ( ) ( ).Im221Im kk zccz −=−  Since ( )zkj arg2 <π  

1
2

+
π+π≤

k
kj  for ,jSz ∈  ,1...,,0 −= kj  we get ( ) π<< kzarg0  and 

( ) .021Im <− kcz  Hence, ( ) π<−<π 221arg2
3 kcz  for ,jSz ∈  .1...,,0 −= kj  

This inequality together with ( ) ( ) π+π≤π−+<π
k

jjzkk
j 22arg12  results in 

( ) ( ) ( ) ( ) ,2
3221arg12arg12 π+π≤−−−π++<π

k
jczjzkk

j k  

for .1...,,0, −=∈ kjSz j  For ,0=j  we get 

 ( )( ) ( ) ( ) ( ) ( ) ( ).arg121arg2arg1arg zkczzkz k +>−−π++=φ  ~ 

Remark 2.5. In general taking the branch of argument with ( ) <≤
π w
k

j arg2  

,22
π+

π
k

j  we have for ( )( ) ( ) ( ) ( ) ( ).21arg12arg1arg, k
j czjzkzSz −−−π++=φ∈  

Thus, for ,1...,,1,0, −=∈ kjSz j  we get ( )( ) ( ).argarg zz >φ  

3. Spectra of φC  

Since ( )zφ  has a finite angular derivative at ,1=z  φC  is not compact. Also, 

mCφ  has a finite angular derivative at 1=z  and φC  is not power compact. From 

Section 2, we know that φ is not inner and ( ) .00 =φ  From Kamowitz’s theorem 

stated in Section 1, we see that 

( ) { }.121
21: ∪

⎭
⎬
⎫

⎩
⎨
⎧

−+
−≤λλ=φ ck

cCsp  
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Clearly, ( )φCsp  has circular symmetry. The essential spectrum of φC  is the disc 

without the isolated point. Hence, φC  has positive essential spectral radius. Thus, 

the conditions of Cowen and MacCluer’s conjecture hold for this class of 
composition operators with multivalent symbol. We show that there is an invariant 
subspace for φC  on which φC  is similar to rotates of itself. 

4. Development of an Interpolating Sequence 

In order to verify the conjecture of Cowen and MacCluer we find a subspace M 

of ( )D2H  on which ∗
φC  behaves like a weighted shift and then apply well-known 

results on weighted shifts. A key ingredient in such a construction is the notion of an 
interpolating sequence. 

Definition 4.1. A sequence { }jz  in D is an interpolating sequence if for every 

bounded sequence of complex numbers { }jc  there exists a bounded analytic function 

f on D with ( ) .jj czf =  

The following result gives a sufficient condition for a sequence to be an 
interpolating sequence. 

Theorem 4.2 [5, p. 203]. Suppose { }kz  is a sequence of points in D and 

.11
1

1
<<

−
−

−
cz

z
n
n  

Then { }kz  is an interpolating sequence. 

We require in our construction that the interpolating sequence { }jz  is a 

backward iteration sequence (i.e.,  the sequence { }jz  satisfies ( ) ).1−=φ jj zz  The 

following theorem is crucial to our construction of the interpolating sequence. 

Theorem 4.3 [1, p. 88]. Suppose for DD →φ :  there is a point D∂∈b  such 

that ( ) brb
r

=φ−→1
lim  and ( ) .1>φ′ b  If the non-constant sequence { }∞=0kkz  

contained in D is such that ( ) 1−=φ kk zz  and ,lim bzkk =∞→  then { }∞=0kkz  is an 

interpolating sequence. 
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In our case for each boundary fixed point 1...,,0,,
2

−=∈=
π

kjkeb k
ij

j N  

an interpolating sequence { ( )}∞=0m
j

mz  can be constructed satisfying ( )j
mm z∞→lim  

.jb=  Since 1 is a fixed point of φ for all ,N∈k  we will develop an interpolating 

sequence that approaches 1. A similar construction (with minor modifications) 
works for the other fixed points as well. For notational convenience, we give the 
details only for the boundary fixed point 1. 

Theorem 4.4. Let ( )
k

k

cz
zc

21
21 1

−

−=φ
+

 with 2
10 << c  and .N∈k  Then there 

exists a sequence { }∞=0mmz  satisfying the following conditions: 

(1) ,01 0 <<− z  

(2) ( ) ,0Im >mz  for ...,,2,1=m  

(3) ( ) ,1−=φ mm zz  for ...,,2,1=m  

(4) 1lim =∞→ mm z  nontangentially, 

(5) { }∞=0mmz  is an interpolating sequence. 

Proof. From Lemma 2.2, there exists 0>ε  such that φ is univalent on 

{ }ε<−∈= 1:1 zzD C  and ( ).11 DD φ⊂  Thus, we can define .: 11
1 DD →φ−  

By translating and dilating 1D  to D, we can define a new function Φ that satisfies 

the hypothesis of Königs’ Theorem [7, p. 91]. 

For D∈z  define ( ) ( ) .111

ε
−+εφ=Φ

− zz  It is easy to verify that DD →Φ :  is 

analytic, ( ) 00 =Φ  and ( ) .021
210 ≠
−+

−=Φ′ ck
c

 From Königs’s Theorem, there exists 

CD →Ψ :  such that ( ) ( ) ,10,00 =Ψ′=Ψ  and ( ) .0 ΨΦ′=ΦΨ  Since 1−φ  is 

univalent on ,1D  Φ  is univalent on D and Königs’s Theorem gives that Ψ is 

univalent on D. 

Define C→σ 1: D  by ( ) .1
⎟
⎠
⎞⎜

⎝
⎛

ε
−Ψ=σ zz  Then ( ) ( ) ,11,01

ε
=σ′=σ  and σ is 

univalent. For ,1Dz ∈  we have 
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( ) ( ) ( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛

ε
−ΦΨ=⎟

⎠
⎞⎜

⎝
⎛

ε
−ΨΦ′=σ′φ− 11011 zzz  

( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ε
−φΨ=

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

ε

−⎟
⎠
⎞⎜

⎝
⎛ +⎟

⎠
⎞⎜

⎝
⎛

ε
−εφ

Ψ=
−

−
1111

1
1

z
z

 

( ( )) ( ).11 zz −− φσ=φσ=  

Henceforth we denote .21
21

c
cka

−
−+=  Let ( )zw 1−φ=  for .1Dz ∈  Then 

1Dw ∈  and from above ( ) ( ) ( )( ) ( )( ) ( ).1 11 www σ=φφσ=φσ′φ −−  Thus, ( )( )wφσ  

( ).waσ=  By iterating we obtain ( )( ) ( ).waw n
n σ=φσ  

Since D∩1D  is an open set with 1 on its boundary, ( )D∩1Dσ  is an open set 

with ( ) 01 =σ  on its boundary. 

Claim 4.5. ( )( ) ( ).0,1,1 −∞⊂ε−σ  

Proof. Let ( ).1,1 ε−∈z  Then δ−= 1z  for .0 ε<δ<  Since ( ) =σ z  

⎟
⎠
⎞⎜

⎝
⎛
ε
δ−Ψ=⎟

⎠
⎞⎜

⎝
⎛

ε
−Ψ 1z  and ,01 <

ε
δ−<−  it is enough to consider ( )( ).0,1−Ψ  Let 

( ).0,1−∈η  Then ( ).1,11 ε−∈+εη  Since φ maps ( )1,0  onto ( ),1,0  there is 
( )1,0∈β  such that ( ) .1+εη=βφ  Thus 

( ) ( ) ( ).0,11111
−∈

ε
−β=

ε
−+εηφ=ηΦ

−
 

Now iterating Φ, we get ( ).0,1−∈⎟
⎠
⎞⎜

⎝
⎛
ε
δ−Φn  From the proof of Königs’ Theorem 

[7, pp. 91-92], we know that ( ) ( )( ) ( ).0lim ww n
n

n ΦΦ′=Ψ −
∞→  Since ( ) ,00 >Φ′  we 

conclude .0≤⎟
⎠
⎞⎜

⎝
⎛
ε
δ−Ψ  But Ψ is univalent and ( ) .00 =Ψ  Therefore, 0<⎟

⎠
⎞⎜

⎝
⎛
ε
δ−Ψ  

and hence the claim. ~ 

Choose ( )D∩1Du σ∈  such that each of the following conditions is met. 

• The line segment from 0 to au not including 0 is contained in ( ).1 D∩Dσ  

• ( )up 1
0

−σ=  is in the first quadrant. 

• The angle formed between [ ]0,1−  and the line segment from 0 to u is acute. 
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Let ( ).01 pp φ=  Then ( ) ( )( ) ( ).100 pppaau σ=φσ=σ=  Parameterize the line 

segment from 0 to au by tu for .0 at ≤≤  Define ( ) ( )tut 1−σ=γ  for .0 at ≤≤  

Hence, γ is a curve in ( ) { }11 ∪∩ DD  from 1 to 1p  through .0p  

For ,10 ≤≤ t  let ( ) ( ).1 ttuz γ=σ= −  Then ( )ztu σ=  and ( ) =σ= zaatu  

( )( ).zφσ  Therefore, ( ) ( ) ( )( )( ) ( ) ( )( ).11 tzzatuat γφ=φ=φσσ=σ=γ −−
 Further extend 

the definition of γ  recursively as follows: For ,1>s  define ( ) ( ( )).1−γφ=γ ss aa  

This gives a smooth continuous curve ( ) D→∞γ ,0:  guaranteed by analyticity of 

1−σ  and .φ  From its definition γ  is mapped onto itself by .φ  

Using Lemma 2.4, we have ( )( ) ( ) ( )zkz arg1arg +>φ  for D∈z  satisfying 

( ) .1arg0
+
π≤< kz  Thus, γ  crosses ( ).0,1−  Let 0s  be the smallest value such that 

( ) ( ).0,10 −∈γ sa  Define ( )00
saz γ=  and for N∈m  define ( ).0 ms

m az −γ=  Then 

( ) ( ( )) ( ) 1
100

−
+−− =γ=γφ=φ m

msms
m zaaz  and ( )ms

mmm az −
∞→∞→ γ= 0limlim  

( ) .10 =γ=  Since from Claim 4.5, 1−σ  maps the negative real axis into the interval 

conformally at 1, it maps the line segment from 0 to au onto a curve that makes an 

acute angle with ( )1,0  from the choice of u. Hence, { }mz  approaches 1 

nontangentially. The sequence { }mz  is an interpolating sequence follows from 

Theorem 4.3. This completes the proof of Theorem 4.4. ~ 

Corollary 4.6. Let { }∞=0mmz  be the sequence obtained in Theorem 4.4. Then 

{ }∞=0mmz  is an interpolating sequence. 

Proof. Note that ( ) .mm zz =φ  ~ 

Remark 4.7. In order to obtain an interpolating sequence approaching a 

boundary fixed point 1≠b  we modify the proof of Theorem 4.4 by considering 

rays from 0 to b and 0 to .b−  Another interpolating sequence can be obtained similar 

to Corollary 4.6 by reflecting the original interpolating sequence on the ray joining 0 
and b. 
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5. Verification of Cowen-MacCluer’s Conjecture 

From the two interpolating sequences obtained in Theorem 4.4 and Corollary 
4.6, we omit 0z  to obtain two disjoint sequences. The following theorem is needed 

to show that { }∞=1, mmm zz  is an interpolating sequence. 

Theorem 5.1 [4, p. 314]. If S and T are disjoint interpolating sequences, then 
TS ∪  is an interpolating sequence if and only if ( ) { ( ) ,:,inf, SzwzTS ∈ρ=ρ  

} ,0>∈ Tw  where ( )
zw

wzwz
−
−=ρ

1
,  is the pseudo-hyperbolic metric. 

In our case for n, 1>p  the Schwartz-Pick Theorem [2] gives 

( )
( ) ( )

( ) ( )
( ).,111, 11

11

11
−−

−−

−− ρ=
−

−
=

φφ−

φ−φ
≥

−
−

=ρ pp
np

pn

np

pn

np

pn
pn zzzz

zz

zz

zz
zz
zz

zz  

We also have ( ) ( ).,, nppn zzzz ρ=ρ  Thus, ({ } { } ) { ( )}pnmmmm zzzz ,inf, 11 ρ=ρ ∞
=

∞
=  

{ ( )}.,inf 1 mzzρ=  Since ( ) ( ) ,0
1
Im

1
,

1

1

1

1
1 >

+
≥

−
−

=ρ
z
z

zz
zz

zz
j

j
j  we have proved the 

following proposition. 

Proposition 5.2. Let { }∞=0mmz  be the sequence from Theorem 4.4. Then 

{ }∞=1, mmm zz  is an interpolating sequence. 

The following two theorems are needed for the development of an invariant 

subspace M for .∗φC  A sequence { }nf  in ( )D2H  is said to be a basic sequence if 

{ }nf  is a basis of the closed linear subspace of ( )D2H  that is spanned by { }.nf  

Theorem 5.3 [1, p. 88]. If { } D⊂mz  is an interpolating sequence, then 

{ }mzm Kz 21 −  is a basic sequence in ( )D2H  equivalent to an orthonormal set, 

that is, the series ∑ −α mzmm Kz 21  converges if and only if ∑ ∞<α .2
m  

Theorem 5.4 [9, p. 765]. Suppose the vectors { }∞=0mme  are equivalent to 

an  orthonormal set. Then the vectors { }∞=+− 0122 mmm ee  are equivalent to an 

orthonormal set. 
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Since { }∞=1, mmm zz  is an interpolating sequence { ,1 2
mzm Kz−  

}∞=− 1
21 mzm m

Kz  in ( )D2H  equivalent to an orthonormal set by Theorem 5.3. 

Let .11 22
mm zmzmm KzKzk −−−=  Then { }∞=1mmk  is equivalent to an 

orthonormal set using Theorem 5.4. 

Let { } .span 1
∞
== mmkM  Consider ,mkC∗

φ  where { }∞=1mmk  is a basis for M, 

( )
mm zmzmm KzKzCkC 22 11 −−−= ∗

φ
∗
φ  

( ) ( )mm zmzm KzKz φφ −−−= 22 11  

( )
mm zmzm

m

m KzKz
z

z 2
1

2
12

1

2
11

1

1
1 −−

−

−−−
−

−
=

−
 

.
1

1
12

1

2

−
−−

−
= m

m

m k
z

z  

Thus, ∗
φC  shifts the basis for M which gives the following theorem. 

Theorem 5.5. Let ( ) ( )
k

k

cz
zcz

21
21 1

−

−=φ
+

 with 2
10 << c  and ,N∈k  and φC  

be the associated composition operator on ( ).2 DH  Let mzmm Kzk 21 −=  

,1 2
mzm Kz−−  where { }∞=0mmz  is the interpolation sequence satisfying Theorem 

4.4. Then { }∞== 1span mmkM  is an invariant subspace for ∗
φC  and MC |∗φ  is similar 

to the backward weighted shift with weight sequence .
1

1

1
2

1

2 ∞

=− ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−

−

mm

m

z

z  

Theorem 5.6. .~ M
i

M CeC ∗
φ

θ∗
φ  

Proof. Since MC |∗φ  is a weighted shift, theorem follows from the well-known 

result that a weighted shift is unitarily equivalent to rotates of itself [8, p. 52]. ~ 
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This verifies Cowen and MacCluer’s conjecture for ,φC  where ( ) =φ z  

( ) ,
21

21 1

k

k

cz
zc

−

− +
 ,N∈k  and .2

10 << c  We identify parts of the spectrum with the 

following result. 

Theorem 5.7. If ,1
a

<λ  then λ is an eigenvalue of .∗φC  

Proof. As before .21
21

c
cka

−
−+=  Suppose 

a
1<λ  and =λf  

∑∞
= ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

−

−
λ1

2
1

2

2
0 ,

1

1
m m

m

m k
z

z
 where { }∞=1mmk  is the basis for M. 

From the Julia-Carathéodory Theorem, we have 

( )
.

1

1
lim

1
1

lim
1

1
lim 2

2
11

m

m
m

m

m
m

m

m
m

z

z
z

z
z
z

a
−

−
=

−
−

=
−
φ−

= −
∞→

−
∞→∞→  

Hence, there is a constant b such that ∏ =
− ≤

−

−
=

−

− j
i

j

i

i

j
ba

z
z

z
z

1 2

2
1

2

2
0 .

1
1

1
1  Now 

λf  converges absolutely whenever ∑∞
=

λ1
2

m

m
m a  converges since { }∞=1mmk  is 

equivalent to an orthonormal set. Clearly, ( )D2Hf ∈λ  whenever .1
a

<λ  It is a 

routine calculation to show that λλ
∗
φ λ= ffC  and .0≠λf   
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