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Abstract

Watson [18] used boundary layer theory and a constant velocity profile to
study the radial spread of a liquid jet over a horizontal plane. In this work,
we also use boundary layer approach but with the incorporation of Lamb’s
velocity profile to study two-dimensional motion of laminar flow of a
liquid with circular hydraulic jump. Based on this model, a new relation is
obtained for the following parameters: displacement thickness, momentum
thickness and the position of the jump. Comparison of the approximate
values obtained based on Karman-Pohlhausen [14] method with the exact
values due to Blasius [2] shows that the error in the shear rate relation on
the plane is only about 1.5% while the error in the thickness ratio is about
2.6%. These percentages, which are smaller than those of Watson [18],
show remarkable improvement of our work upon that of Watson. Besides,
our values also compare rather favourably with the exact values [2].
Finally, our analysis reveals that the depth of the fluid on the plane is
dependent on the velocity profile used.
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1. Introduction

When a vertical jet is directed upon a horizontal plate, it spreads out radially in a
thin layer bounded by a circular hydraulic jump, on the inside where the depth is
smaller and on the outside where the depth is greater (Watson [18]). Watson [18]
studied the motion in the thin layer by means of boundary layer theory but with the
inclusion of a constant velocity profile. He observed that the depth of the flow was
much greater on the outside of the jump than on the inside, and hence the condition
at the jump might be simplified. The formation of the thin layer and the circular
jump was first noticed by Rayleigh [17] who derived the properties of bores and
jumps.

Bohr et al. [3] extended the work on circular hydraulic jump using the shallow
water approach. They showed that circular hydraulic jump could be qualitatively
understood using simplified equations of the shallow water type which included
viscosity. They also concluded that it was not possible to determine the position of
the jump from ideal theory. Craik et al. [5] also contributed to the study of circular
hydraulic jump using experimental approach. They described new observations of
this phenomenon. In addition, they examined a previously unreported instability of
the jump and showed this to arise when the local Reynolds number R; just ahead of

the jump exceeded a critical value of 147. Other contributors include, notably,
Belanger [1], Bouhadef [4], Felice [6], Felice and Francesco [7], Glauert [8], Groves
[9], Huguera [10], Kundu and Cohen [11], Lamb [12], Olsson and Turkdogan [13],
Rainville and Pinkel [15], Rajput [16], etc.

In this paper, we discuss circular hydraulic jump by means of boundary layer
theory but with the inclusion of a velocity profile due to Lamb [12]. Our results
agree reasonably with the exact values. Our work shows an improvement upon that
of Watson. For convenience, we consider the following regions of flow:

i. Theregion 0 < x < Xg. Here the speed at the edge of the boundary layer is
taken as the constant Ug. When X < Xg, we have & < h and U(x) = U,.

Here also an approximation to the Blasius type of solution will be derived.

ii. The region x > Xg. Here, there is a similarity resolution with & = h and
U(X) < Uo.
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iii. The region x = xg. Here & =h and the whole flow is of the boundary

layer type.

Note that xg is given by the condition & = h, so that the whole flow passes through

the boundary layer.
2. Ideal Theory

The treatment of the problem of two-dimensional flow here applies only to
laminar flow in which viscosity is completely neglected. The flow here might be
realized by a two-dimensional jet striking a horizontal plane, or by the flow of water
under a sluice gate, Glauert [8]. If the flow was realized physically by one of the
methods above, U, would be the speed of the impinging jet, or the speed attained

by the flow under the sluice gate a short distance downstream of the gate.

The ideal or inviscid flow has the uniform depth, a, given by

a=2 2.1)

aine
The characteristic Reynolds number is

_Ya_Q
R=—22==. 2.2)

Here Q is the volume flux and v is the kinematic viscosity. The condition to be
applied at the jump (Belanger [1]) is that the thrust of the pressure is equal to the rate
at which momentum is destroyed. If d is the depth outside the jump and h is the
depth inside it, then the thrust of the pressure per unit length of wave (jump) is

1
5pg(d? —h?),

where p is the density and g is the gravitational acceleration.

The speed of flow inside the jump is Uy and outside it is U;, where

u =2 2.3)
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The rate of destruction of momentum per unit length of wave is therefore
2 2
p(U 0 h- Ul d )

Thus

1

5pg(d? —h?) = p(UGh - Ud). (2.4)
Using (2.1) and (2.3) in (2.4) leads to

1 2 2y _~2/ h 1
Jat-nt)- -1 @5)

When h << d, (2.5) reduces to (by neglecting h? and %)

1 o Q%
Zgd° ==— (2.6)
which becomes, when h = a,
q2 2
QT - %. @.7)

A better approximation is to neglect only g in (2.5), so that the pressure thrust

inside the wave is ignored but the momentum outside it is included. Thus, from

(2.5), we get
1 h2) Q%(h 1
Eg(l_ d_zJ - a_z(d_2 B Ej' (28)

Neglecting — and setting h=a in (2.8) and then using (2.7) yield after
d

2
multiplying the resulting equation by %,
Q

ngj; (1 + %j -1 (2.9)
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Since h << d, (2.5) becomes (by neglecting hz)

2 2
g_Qh Q
7= gz (2.10)

2
Putting h = a in (2.10) and multiplying the result by % leads to
Q

2
gad L2
202 d

=1. (2.11)

Thus, when the depth h is regarded as constant and equal to a, the ideal or inviscid
theory, identical with the theory of Rayleigh [17], leaves the position of the jump
indeterminate as in [3] but gives the result (2.9), or if the pressure thrust ahead of the
wave is neglected, it leads to (2.11).

3. Blasius Solution of Two-dimensional Laminar Boundary Layer Equations

Let x, y be the rectangular coordinates with y vertically upwards and u, v the
corresponding velocity components, then the equations for laminar flow are

ou  dv _

x + Y 0, (3.1)
ué—u + va—u = u@ (3.2)
OX oy ayz ' '
u=v=0 at y=0, (3.3)
%“ ~0 at y=h(x), (3.4)

h(x)
.[o udy = Q, (3.5)

where Q is the volume flux in the positive x-direction. The total flow from the two-
dimensional jet would be 2Q, and the flow under the sluice gate is Q.

A solution of these equations can be found based on Blasius type of velocity
profile given by
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1
—UAf _|{Yo |2
u=Upf{(n), n= [DX} y, (3.6)
and
flfl”+ 2f1m= 0 (0 <n< 00) (37)

is the Blasius equation with boundary conditions

fi=f/=0 at n=0}

(3.8)
ff=1 at n=o

[Here " denotes differentiation with respect to n.]

Thus the velocity distribution has the Blasius flat-plate profile, and the boundary
layer thickness is {S—X} Before considering the approximate solution, we shall first
0

find the exact solution of the boundary layer equations (3.1)-(3.5).

Thus following Blasius [2], it follows that

1
L (vx)2 1 (éu
D|— | —|=— = f"(0) = 0.332. 3.9
() (UO\J UO (ay)yzo ( ) ( )
(if) The displacement thickness &, is
1
8y = 1.7208(%]2. (3.10)

(iif) The momentum thickness 6, is

1
8, = 0.664(0—)()2. (3.11)
Up
From (3.10) and (3.11), we find
8, = 2.59155, (3.12)

so that the thickness ratio H* becomes

H* = -1 = 2.5915. (3.13)
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Thus the value of ,(0) in (3.9) and the value of H™ in (3.13) constitute the exact

solution.
4. Similarity Solution of the Boundary Layer Equations (3.1)-(3.2)

In this section, a similarity solution will be derived by direct assumption of the
velocity profile due to Lamb [12] given by

uU=UXfm), 7 =ﬁ, (41a)
where
f(n) = sin(%n) (4.1b)

is the similarity-profile function.

When the boundary layer finally absorbs the whole flow, the velocity profile
changes as x increases from the Blasius profile (3.6) to the similarity profile (Lamb’s
profile) (4.1a)-(4.Ib). Here U(x) is the speed at the free surface y = h(x) and h(x)

is the depth of the fluid on the plane. Using the boundary conditions (3.3) and (3.4),
we find

f(0) = sin(0) = 0, y=0
f(1) = sin% =1 y=hx)} 4.2)
’ _ Y T _ _
f (1)—50055_0, y = h(x)
From (3.5),
1 R T
Q- UhJ.Osm(?n)dn. 4.3)

Thus Uh is a constant, and (3.1) then leads to
v =Uhmf(n) (4.4)

or

v =Uhm sin(gnj. (4.5)
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Using (4.1a) and (4.4) equation of motion (3.2) reduces to

of "(n) = h2U?(n), (4.6)
i.e.,
V| —TC—Zsin(E ) - hau? sinz(ﬁ )
22| T 2 1)
i.e.,
o[—sin(ﬁnﬂ -4 hy 'sinz(ﬂn) 4.7)
2 2 2
4h2"
from which it follows that > is a constant.
T

Also, —sin(gn) < 0, since the shearing stress t = u%u is greatest at the plate.

Thus, it is convenient to write

4 2., -3 2
n—th =5 o, (4.8)

where o is a number. Using (4.8) in (4.7), we find

oron(n)] - s3]

or
nﬂ =302 sinz(%n). (4.9)

Nl

2| -sin|

Multiplying (4.9) by ' = %cos(%nj, we find

_sinl & i Tal=-302sin?[ Xy & R
2[ sm(znﬂ Zcos(znj 3a.“ sin (Zn) 2cos(2n)

or

Horlp]-offotp)  m
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Integrating (4.10), we have
cosz(g n] = —asin3(gn) +A (A =const). (4.11)
Using the last two conditions of (4.2) in (4.11), we have

A=a? (4.12)

cosz(gnj = az[l—sin3(%nﬂ. (4.13)

Since cos(g n) > 0, we have from (4.13),

T
COS(—

so that (4.11) becomes

"

o= 2/ (4.14)
_sin3[Zn)[2
[1 sin (2 ﬂﬂ
Lett' = sin(ﬁn). Then ac _ Ecos(ﬁn).
2 dn 2 2
Substituting these in (4.14), we find
2 dt :
_c0tn 3772 ,
o= an [L1-1"] 2. (4.14)
Separating variables and integrating (4.14)’ becomes
sin
_2 j 3] Zdt (4.15)
Applying the condition f(1) =1 of (4.2), we find
_2 j 37 Zar. (4.16)
Using change of variables 3 =, (4.16) becomes
2 1
_2. it s 3(1-5s) 2ds. (4.17)

n 3
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Equation (4.17) is a well known integral whose solution is written in the form

a:_.% r(%) , (4.18)

T

where T'(n) is the gamma function.

Now, (4.14) can also be written as

or

-2 fros{) (3]

Multiplying both sides of this expression by sin(gn), we find

asn{Zn) - 2osn(Zn) [o- s 5] 2 on(3n]].  cosey

Separating variables and integrating from n = 0 to 1, (4.18)’ becomes

[z el fow] ]

Again, using change of variables sin3(% le = in the RHS of (4.19), we find

1 1

1 o 2 (L 1 11
J sin(—njdn:—-a-j A3(1-2) 2d(33),
0 2 T 0

1

1 11 1
'[ sin(ﬁn]dn =3-lor1j A 3@1-2) 2dn. (4.19y
0 2 n 3 0
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Simplifying the RHS of (4.19)’, we obtain

- . (420)

fi“'*(%@dn%-{@ég%

I:sin(g n)dn - % (4.21)

But

4 _ 2
33?2 T
whence
o = 1.09963. (4.22)
Substituting (4.20) into (4.3), we find
Uh = %. (4.23)

We now solve for U(x) and h(x) for the similarity solution using (4.8) and
(4.23). From (4.8), we have

Using (4.23) in this last expression, we find after simplification

, dUu -3  4g?u?

Separating variables and integrating (4.24) gives
2
Ui = % + const. (4.25)
90°Q
2
Putting the const. = % in (4.25) leads to
90°Q

1 _2n® u(x+ 1)
U 90,2 Qz
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or

(4.26)

Here ¢ is an arbitrary constant whose presence merely indicates that a shift of origin

is possible. Accordingly, substituting (4.26) into (4.23) and simplifying we find

_iu(x+£)
(X)_zﬁ Q

Equation (4.26) shows that U (x) varies inversely as x while (4.27) shows that h(x)

(4.27)

grows in direct proportion to x. This is possible within the vicinity of the jump.

5. Approximate Solution using Karman-Pohlhausen Method with
Lamb’s Profile

Karman-Pohlhausen momentum integral equation for two-dimensional laminar
flow (see [13]) is given by

d J‘5 2 (6uj
— | (Ugu—-u“)dy =v| — 5.1
o o( 0 )dy )y (5.1)
with Lamb’s velocity profile (4.1a)-(4.1b) becoming
u=U, sin(ﬁn) n=--. (5.2)
2 3(x)

Here 3 is the boundary-layer thickness. From (5.2), we find

ouy gy, T U,
(ijzo =U 250x) cos(0) = Uy 250x)" (5.3)
From (5.1),
5 L 4 .
I Ugudy = U25(x) J' Osm(gn) dn = U25(x) - oz WiE20) (6

and

1) 1 2
jouzdy :U§8(x)josin2(%njdn :%(X). (5.5)
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Substituting (5.3), (5.4) and (5.5) into the momentum integral equation (5.1), we
obtain

(8 ~ 3302

2 d _ n
W}UO &6()() = UUO T(X) (56)

Integrating (5.6) and simplifying, we find

6\/§a2n LX

2 -_—_— . ——
15 ~8-3a?) Uo

C, (5.7)

where C is a constant. If (5.7) were to remain valid as x — 0, then C = 0; or when
X >> a (where a is the uniform depth of the ideal or inviscid flow), then C could be
neglected.

Consequently, when a << X < Xg,

2 6x/§a2n VX

[3(x)] = 6-3v30?) Uo (5.8)

or
[3(x)? =%%ﬂ (using (2.1)). (59)
From (5.8),
ux% 6v3a’n |2

a(x):{m} {m} . (5.10)

Hence
. .

Comparing (5.11) and (5.6), we have

1 1
T 1 { 6v/30.° }_ l{ux]il{ 630’ }2
8 - 3v/3a? Uo|8-3v30? ]|

2

Ug
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which on simplification yields

1 1
vx |2 1 [éou n|8-3v302 |2 "
B W k= CIC
(by virtue of (3.9)).

Substituting (4.22) into (5.12), we find

1
vx [2 1 [éu
[t Rl e = f"(0) = 0.327. 5.13
[Uo} Uo [5)/1,:0 © 649

Substituting Lamb’s velocity profile (5.2) into the displacement thickness

3
8 = I [1— l} dy, (5.14)
0 Ug
we find
1 ) 4
5, = aj [1—sm(£ Hd - 8[1——}
' 0 2 i 3v30.2
or
2
8 = 8{—3\6& - 4}. (5.15)
3v3a
Similarly, substituting (5.2) into the momentum thickness
5y { u }
4 =f—1——d, 5.16
2= o0 T Uy 1Y (5.16)
we have
5, = Sjl[sin(zn) - sinz(lnﬂdn = S[L _1}
? 0 2 2 3302 2
or

5y = a{%} (5.17)
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Consequently, the thickness ratio H™ is

2
R W C Ll P (5.18)

8 8-3302

Comparison of the approximate values (5.13) and (5.18) with the accurate values
(3.9) and (3.13) shows that the error in the shear rate relation f”(0) is about 1.5%

while the error in the thickness ratio H™ is about 2.6%. The boundary layer just

absorbs the whole flow when x = xq.

When x < Xg, the total depth h is given by the volume flux condition

UOSJ:sin(% nj dn+Ug(h-38)=Q. (5.19)

Substituting (4.21) and (2.1) into (5.19) and using the condition & = h, we have
after simplification

h=2% (5.20)

where a is the jet radius. Since § =h when x = xg, then using this condition
together with (5.20) and (2.2) in (5.10), we obtain

. 18- 3v3a?]maR

(5.21)
0 24+/30.2

where R given by (2.2) is the characteristic Reynolds number. Now the value of 7 in
(4.26) and (4.27) can be estimated as follows. Using x = Xy, U(x) =Ug when

8 = h in (4.26), we find

70" o W+ ) 29
which gives, on solving for ¢,
2 A2
=902 Q. (5.23)

- Uo 272y
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Substituting (5.21) into (5.23) and using (2.1) and (2.2), we get after simplification

216+3a* — (16 — 6v30%)n]aR

(= [
4830212

(5.24)

6. Jump Condition

The position x = x; of the hydraulic jump is determined by equating the rate of

loss of momentum to the thrust of the pressure. The condition of the momentum is
thus

1 h
3000° =p| uldy - pufd (6.1)
or using (2.3),
2 h
12+ :j u2dy. 6.2)
2 da ),

Equation (6.2) is the jump condition. We note that for the case x; < Xg (see [18]),
h o o (L o(m 2
J u dy:UOSI sin (injdﬂJon(h—S)- (6.3)
0 0

Substituting (6.3) into (6.2), the jump condition for the case x; < Xg takes the form

1 ., Q2 s (1. ofn 2
= gd +—=U08I sin® =n |dn+Ug(h -9), (6.4)
2 d 0 2
i.e.,
1 0 Q2 2. 1 2

Using (5.20) in (6.5) gives

2
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Substituting (5.10) into (6.6), we find

1
142, Q% _j2o[ma 1] 643a’r uvx |2
29 a7 T 2|5 5v3a2 Ug | |

Applying (2.1) to (6.7) gives

1
gd’a’  a® _ n_a_i{ 6v30n v_xar
22 4 |2 2[g_3/3q¢% Q

Substituting (2.2) into the RHS of (6.8) and changing x to x;, we have

1
gd?a® a’ |na 1{ 630 xla}E

22 d |2 2|g-3/3.2 R

Solving for x;, we obtain

X | 8-3v3u? gd?a 2a
_— = TE_ —_——

2
=|—— for x < Xq.
aR | 643a’n Q? d } Lo

For the case x; > Xg, we have

h 1
j uzdy=u2hj sinz(ﬁn)dn.
0 0 2

Substituting (6.11) into the jump condition (6.2), we have

12,9 zjl-z(z) _u%. L
ng + _Uhosm >N dn=U*%h 5"

Using (4.26) and (4.27) in (6.12), we find after simplification

v(x+0) _[27v3a* || 1 d2+Q_2_1
¢ | 16n? || 2° d |-

137

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)
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Using (2.2) in (6.13) leads to

4 277t
X+ 0 = RQZ{?J@? Hl gd? + Q—} , (6.14)
167 2 d
ie.,
4 2 -1
X _ {@} &2"" L2l (6.15)
aR 16m 2Q? d

Finally, substituting (5.24) into (6.15) and changing x to x;, we obtain

(6.16)

= + —_
aR | 1672 4830 %2

X [27@&4“@261 ar _ [216v3a” - (16 - 6v3a)n’]aR
202 d '

7. Discussion and Conclusion

The two-dimensional inviscid theory, which assumes uniform constant
velocities Ug, U, before and after the jump respectively, leads to the result (2.11),

which shows that it is not possible to determine the position of the jump from the
inviscid theory [3]. We observe that incorporation of viscous effects (2.2) in (2.11)
coupled with the use of the principles of momentum and continuity at the jump leads
to the modified result (6.10) for x; < xg or (6.16) for x; > xg. Thus, the position
X = ¥ of the jump is given by (6.10) for x; < Xg or (6.16) for x; > xg. The
difference between the inviscid result (2.11) and the result (6.10) or (6.16) due to
viscous effects is that (6.10) or (6.16) shows that if the left hand side of (2.11) is less
than 1, the flow loses total head by friction over the length x; until the jump can

occur.

In the present work, we observe that comparison of the approximate value
(5.13) with the exact value (3.9) shows that our percentage error in the shear rate
relation f”(0) on the plate is only about 1.5%. Similarly, the percentage error in the

thickness ratio H* obtained by comparing the approximate value (5.18) with the
accurate value (3.13) is about 2.6%. These results are adequate for the present
purpose since they closely tend to the accurate values [2]. Also, these percentages
which are less than those of Watson show improvement of our work upon that of
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Watson [18]. However, the position of the jump (6.10) or (6.16) based on viscous
effects shows a good correspondence to that of Watson [18], provided the liquid
flow remains laminar. Our analysis also shows that the total thickness of the layer h
(5.20) is directly proportional to a, the radius of the impinging jet; that is, h depends
chiefly on the model (velocity profile) used. Finally, (4.27) shows that h(x) depends

linearly on x, while (4.26) shows that U(x) depends inversely on x. The relation

(4.27) also means that x starts from the leading edge of the boundary layer, whereas
the parameter ¢ in this relation is the distance from the centre of the impinging jet to
the leading edge of the boundary layer. Here the boundary layer constitutes an
obstacle over which the upstream (incident) flow jumps and falls off at the edge of
the plate.
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