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Abstract

The purpose of this paper is to introduce the definition of ¢-function and
linear ¢ — 2-normed spaces given by Golet [5] and extend these to b-

general orthogonality given by Kamali and Mazaheri [6] and obtain some
results on ¢ — b-general orthogonality.

1. Introduction, Definitions, Notations and Preliminaries

The concept of linear 2-normed spaces has been investigated by S. Gahler and
has been developed extensively in different subjects by many authors [1].

A real linear 2-normed space is a real linear space X equipped with a 2-norm
[+ -]: X x X - R satisfying the four conditions:

1.1. || x, y| =0, forevery x,ye X; | x y| =0 ifand only if x and y are
linearly dependent;
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1.2. | x, y| =]y, x|, forevery x, y € X;
13. | x, o | =] o]l x, »|, forevery x, y € X and o € R;
L4 |x, y+z| <[ x y|+]|x 2|, forevery x, y, z € X.

Some of the basic properties of 2-norms that they are non-negative and

[x, y+ox|=]|x y|, forall x, y e X and o € R.

Let (X,

o +|) be a2-normed space and W; and W, be two subspaces of X. A
map f : W xW, — R is called a bilinear 2-functional on Wy x W, whenever for

all X1, X9 € VVI, W, Vo € W2 and )\,1, 7\,2 e R.
(@) fOog +x2, y1 +y2) = fxg, y1) + f g, y2) + f(x2, y1) + f(x2, 2);
(i) f(Mxy, Aoyy) = Mdo f(x1, vp).

A bilinear 2-functional f : W) xW, — R is called bounded if there exists a
non-negative real number M (called a lipschitz constant for f7) such that | f(x, y)]

< M| x, y||, forall x € W, and all y € W,. For a 2-normed space (X, |-, -|) and

0#beX, we denote by X, the Banach space of all bounded bilinear 2-
functionals on X x (b), where (b) is the subspace of X generated by b.

Definition 1 [10]. Let (X, |-, -||) be a linear 2-normed space, and x, y € X. If

there exists b € X such that ||x, b||# 0 and ||x, b| < | x + ay, b| for all scalars

o € R, then x is b-orthogonal to y and denoted by x 1b V.
If W, and W, are subsets of X, there exists b € X such that for all y; € W],
Yy € Wz, M1 J_b Yo, then we say Wl J_b Wz.

Definition 2 [6]. Let X be a linear 2-normed space and x, y, b € X. x is called
b-general orthogonal to y and write x J_lé; v, if and only if there exists a unique

o, € X, such that

0, (x, b) =[x b [0, ll=]x b and ¢(», b) = 0.

Definition 3 [5]. Let ¢ be a function defined on the real field R into itself with
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the following properties:

(@) o(-t) = ¢(t), forevery ¢ € R,;

(@) (1) =1

(a3) o is strict increasing and continuous on (0, );

(ag) limy_yo @(c) = 0 and lim,_,, @(a) = .

Based on this definition of ¢ function, we define linear ¢ — 2-normed spaces as

follows:

Definition 4 [5]. Let X be a linear space over the field R of dimension greater
than one and let |-, -|| be a mapping defined on X x X with real valued into the

field R satisfying the following conditions:
(1) || x, || =0, if and only if x and y are linearly dependent;
@) % vl =1y, x, forall x v < X;
3) [|ox, ¥ =] o(a)||| x, y|, forevery x, y € X andall a € R;
@ Ix+y, z|<lx 2|+ ]|y 2|, forevery x, y, z € X.
If ¢(a) =] o], then one obtains the linear 2-normed spaces [4].
If (o) =|a|?, pe(0,1], then one obtains the p —2-normed spaces as a

generalization of 2-normed spaces. In this study, we assume @ (o) =| o | and apply

this to b-general orthogonality and its results.
2. Main Results

In this section, we state and prove some characterizations of the ¢ — b-general

orthogonality in linear ¢ — 2-normed spaces.

Definition 5. Let (X, |-, -|) be ¢ —2-normed space and x, y € X. If there
exists b € X such that | x, 5| #0 and | x, | < | x+ ¢(a)y, b| (o € R). Then x

is @ — b-orthogonal to y and denoted by x J_g y.

Theorem 1. Let X be a linear ¢ — 2-normed space, b€ X, ye X and x €
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X\((b)). Then the following statements are equivalent:
(1) x 1b »;
(2) There exists X, such that f(y, b) =0, f(x, b) =] x, b and | f | =1.

Proof. (2) — (1) First suppose there exists f € X, such that f(y, b) = 0.
Then

lx. o) =f(x.0) = fx+o(@)y. b) <[ /][ x+ o)y, b

< x+ o)y, b].

Therefore, x J_f’p y.

(1) > (2) Suppose x J_if, v and W = (y) is the subspace of X generated by b.
Then
inf{] x - o(c) v, b 9la)y € W} = [ x, b > 0.

Then there exists f € X}, such that g(y, ) =0, g(x, b)) =1 and || g | =1/5. Put
[ =2g, then f(y,b)=0, f(x,b)=]x b and | f|=1. .
Definition 6. Let X be a linear ¢ — 2-normed space and x, y, b € X. x is

called ¢ — b-general orthogonal to y and write x J_pr y if and only if there exists

aunique ¢, € X; such that ¢, (x, b) = |x, b %, ¢y | =] x. & and ¢(y, b) = 0.

Theorem 2. Let X be a linear ¢ — 2-normed space. If x, y € X, and x J_lé ¥,

then x J_fp V.

Proof. Suppose x, y € X and x J_]()_; y, then
% 017 = d(x. )
= 0 (x + o(a) y, b)
=[x Il %+ o(a)y, &

Therefore, || x, b < | x + ¢(x)y, b|. Thatis x J_fp ». O
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Theorem 3. Let X be a linear ¢ —2-normed space. Then the following

Statements are true.

(a) Forall x € X and all ¢(a) >0, dg(o) = () 0y

orall x,y € X andall o >0, if x v, then ¢(o)x .
(b) For all X andall o> 0, if x Lo v, th 156
(C)ForallxeX,ifo_foG x, then x = 0.

orall x,ye X, if x vy and x # 0, then (x)({y) = {0}.
(d) For all X, ifx1hg dx=0, th N 0
(e) Forall x e X, 0 J—(%G vy and x J—(%G 0.

Proof. (a) Suppose x € X and ¢(x) > 0. Then
do(rye (0(0)x, ) = | 9(a)x, b [* = 9% ()| x, b [

= 0 ()9, (x, b)
by using the linearity of ¢, we have
P(01) by (3. b) = 92 (0) - O (. B)
and
dg(ay(x: b) = 0(c) - 0, (x. b).
Then we obtain ¢g(q)y = ¢(ct)d,- O
(b) Suppose x, y € X, B e R and ¢(a) > 0. Then
0% () 2. b [* = ¢ (o) [ x + By b
= | o(e) (x + By). b
= o(a)x, b | +[ o(a)By, b [
= | p(a)x, b .

Since ¢(y, b) = 0, @*(a)-B>| ». b ||2 = 0. Therefore, ¢(o)x J—?pG ¥. a)
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(c) Forall xe X, if x L0 x, then (e (0(0)x,5)=0 and ¢q), (0(ct)x, b)
= | o(a)x, b|J*. Since @(c) > 0 and b € X, then x = 0. u]

(d) If z e (x) N (y) and since lim,_,o ¢(a) = 0, choose x, and y, such that

z = ¢1x, = ¢y, forscalars cj, ¢;. Hence y(q)(z, b) = 0, it follows that

Do) (@(c1) X B) = [ @ler)x,, B> = % (ep)] x, b
x,, bl 5 0, as n — oo. Therefore, ¢(c;) — 0, thus ¢; — 0.
" n oLy 1

(e) It is trivial.
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