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Abstract

Let G be a group with identity e, R be a G-graded commutative ring, and
M be a graded R-module. This paper is devoted to study some properties
of graded multiplication modules. First, we characterize graded
multiplication modules by using the graded localization of graded
R-module M. Next, we give a condition which allows us to determine
whether graded submodules of a graded module have graded prime
radical.

1. Introduction

Let G be a group. A ring (R, G) is called a G-graded ring if there exists a
family {Rq : g € G} of additive subgroups of R such that R = @4.g Ry such that
1e Re and RyRy < Ry, for each g and h in G. For simplicity, we will denote the
graded ring (R, G) by R. A G-graded ring is graded domain, if ab = 0, where
a, b e h(R), then a =0 or b = 0. A G-graded ring R is said to be graded principal

ideal domain, if R is a graded domain, and for each graded ideal of R is graded
principal. If R is G-graded, then an R-module M is said to be G-graded if it has a
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direct sum decomposition M = @, .M, such that forallg, h € G; RgM), < M g,
An element of some R, or M, is said to be homogeneous element. A submodule
N c M, where M is G-graded, is called G-graded if N = @,.(N N M) or if,
equivalently, N is generated by homogeneous elements. Moreover, M/N becomes a

G-graded module with g-component (M/N)g =(Mg, + N)/N for geG. We
write #(R) =UgegRy and h(M)=U,cqM,. The graded radical of / (in the
abbreviation, Gr([)) is the set of all x € R such that for each g € G, there exists

n, >0 with x,¢ e I. Note that if r is homogeneous element of (R, G), then

g g

r e Gr(I) iff ¥ € I for some n € N. A graded ideal  of R is said to be graded
prime (resp. graded primary) ideal if I # R; and whenever ab € I, we have a € |
or bel (resp.a el or b e Gr(l)), where a, b € h(R). A graded ideal [ of R is
said to be graded maximal if I # R and there is no graded ideal J of R such that
I ¢ J ¢ R. The intersection of all graded maximal ideals of R is called graded
Jacobson radical of R and denoted by gr-Jac(R). A graded ring R is called graded
local if it has a unique graded maximal ideal. A graded submodule N of R-module M
is called graded prime (resp. graded primary) if rm € N, then me N or
re(N:M) (resp.me N or r e Gr(N : M)), where r € h(R), m € h(M). Let
N be a graded submodule of graded R-module M, graded radical N is the intersection
of all graded prime submodules of M containing N, and denoted by gr-rad(N). A

graded R-module M is called graded finitely generated if M = Z:’zl Rxg., where

Xg, € h(M). A graded R-module M is called graded cyclic if M = Rxy, where
Xg € h(M). It is clear that every graded finitely generated and graded cyclic

modules are finitely generated and cyclic, respectively. A graded submodule of a
graded R-module M is called graded maximal if it is maximal in the lattice of graded
R-modules. An R-module M is called a multiplication module provided for each
submodule N of M there exists an ideal / of R such that N = /M. Multiplication
modules have been studied in details in [5] and [10]. An ideal / of a ring R is
multiplication if it is multiplication as an R-module.

Let R be a G-graded ring and S < h(R) be a multiplicatively closed subset of

R. Then the ring of fraction SR isa graded ring which is called the graded ring of
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fractions. Indeed, S™ R = @,.(S R)g, where (S R)g ={r/s:reR,seS

and g = (degs) ' (degr)}.
Let M be a graded module over a ring R and S < h(R) be a multiplicatively

closed subset of R. The module of fraction S™'M over a graded ring S7'R isa

graded module which is called the module of fractions, if S™'M = (—BgEG(S_lM)g,

where (S_IM)g ={m/s:meM,seS and g =(degs) (degm)}. Consider the
graded homomorphism m: M — S7'M defined by n(m) = m/1. For any graded
submodule N of M, the submodule of S~'M generated by m(N) is denoted by
S7IN. Similar to non-graded case, one can prove that SN = {Be S™\m - B

=mfsformeNand s e S} and that S™'N = S7'M if and only if SN
(N : M) = (. Let P be any graded prime ideal of a graded ring R and consider the
multiplicatively closed subset of S = A(R)— P. We denote the graded ring of

fraction ST'R of R by Rﬁ and we call it the graded localization of R. This ring is
graded local with the unique graded maximal S~1P which will be denoted by PRS.
Moreover, Rf, -module S™'M is denoted by M ]%. For graded submodules N and K

of M, if N ]% =K 1‘% for every graded prime (graded maximal) ideal of R, then
N =K.

Moreover, similar to non-graded case, we have the following properties for
graded submodules N and K of M:

M sTHNNK)=s'NNSTIK.
) YNV : K) = (S7'N : S7'K) if K is finitely generated.
If K is a graded submodule of § “!R -module 7'M, then K N M will denote

the graded submodule n_l(K ) of M. Moreover, similar to the non-graded case, one

can prove that S_I(K N M) =K. In this paper, we study properties of graded

multiplication modules and give a characterization for graded multiplication modules



344 P. GHIASVAND and F. FARZALIPOUR

by using the graded localization of R-module M. Also, we study the product of
graded submodules of graded multiplication modules and determine when the graded
radical of graded submodules is graded prime.

2. Properties for Graded Multiplication Modules

A graded module M over a G-graded ring R is called to be graded multiplication
if for each graded submodule N of M; N = IM for some graded ideal / of R. One
can easily show that if N is graded submodule of a graded multiplication module M,
then N = (N : M)M. Wecantake I = (N : M).

A graded ideal I of a G-graded ring R is called graded multiplication if it is
graded multiplication as graded R-modules.

The following lemma is known, but we write it here for the sake of references:

Lemma 2.1. Let M be a graded module over a graded ring R. Then the
following hold:

(1) If I and J are graded ideals of R, then I + J and I (| J are graded ideals.

(ii) If N is graded submodule, r € h(R) and x € h(M), then Rx, IN and rN
are graded submodules of M.

(iii) If N and K are graded submodules of M, then N + K and N (1 K are also
graded submodules of M and (N : M) is a graded ideal of R.

(iv) Let N, be a collection of graded submodules of M. Then Zx N, and
Ny N, are graded submodues of M.

Lemma 2.2. Let R be a G-graded ring and M be a graded R-module.

(1) Let S < h(R) be a multiplicatively closed subset of R. If M is a graded
multiplication R-module, then S M isa graded multiplication S “'R -module.

(il) 4 graded finitely generated R-module M is a graded multiplication module if
and only if the R}% -module Mfg, is a graded multiplication module for all graded

prime (graded maximal) ideal P of R.

Proof. (i) Let L be a graded submodule of S7'M. Then L = S7'N for some



SOME PROPERTIES OF GRADED MULTIPLICATION MODULES 345

graded submodule N of M. So, there exists a graded ideal 7 of R such that N = IM.
Hence S7'N = S7'(IM) = S7'1S7'M, as required.

(ii) Let N be a graded submodule of M, and let P be a graded ideal of R. So, N f,
is a graded submodule of M§. Hence N3 = (N§ ‘R,g MEYME =(N: M)FM3
= (N : M)M)3 since My is graded finitely generated. Thus N = (N : M)M, as
required. O

Definition 2.3. A graded module M over a G-graded ring R is called locally

graded cyclic if M 1% is graded cyclic Rf, -module for all graded maximal ideal P of R.

Proposition 2.4. A graded finitely generated module is a graded multiplication
module if and only if it is locally graded cyclic.

Proof. Let M be a graded multiplication module and P be a graded maximal
ideal of R. So, M 1‘% is a graded multiplication ng7 -module by Lemma 2.2. Therefore,
M 1‘% is graded cyclic by [9, Theorem 2.14]. Conversely, let M be a graded locally
cyclic. M ;b; is graded cyclic for any graded maximal ideal P of R, by definition.
Hence M ]§ is a graded multiplication module for any graded maximal ideal P of R,
so by Lemma 2.2, M is a graded multiplication module. d

If M is a graded module over a G-graded ring R, then we define the subset
0%(M) of Mas 05(M) = erh(M)(Rx : M). Since (Rx : M) is graded ideal of R,
so 05(M) = zxeh(M) (Rx : M) is graded submodule of M by Lemma 2.1.

Lemma 2.5. Let M be a graded multiplication module over a G-graded ring R.
Then the following hold:

() M = 0% (M)M.
(ii) N = 05(M)N for any graded submodule N of M.

Proof. (i) For x € A(R), Rx ¢ M andso Rx = (Rx: M )M since M is graded

multiplication. Therefore,
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M= erh(M)Rx N erh(M)(Rx MM

- (erh(M) (Rx : M)jM = 05(M)M.

(i1) Suppose that N is a graded submodule of M. Then N = IM for some graded
ideal 7 of R. Hence N =IM =1(08(M)M)=0%(M)(IM)=05(M)N, as needed. [J

Theorem 2.6. Let M be a graded module over a G-graded ring R. Then M is
graded finitely generated and locally graded cyclic if and only if 0% (M) = R.

Proof. Let P be a graded maximal ideal of R. Then M§ = Rgx for some
x € h(M§). Hence R = (Rgx : M§) = (Rx :z M)R§ since M is graded finitely
generated. Therefore, R = 64(M)RZ, and so, R = 6% (M ). Conversely, suppose

that R=0%(M). Then there exist x; € (M) (1<i<n) such that R =

D (Rx; : M). Therefore, M =6%(M)M = {Zl”l (Rx; :M)]M ey Ry

oM, so, M = Z; Rx; is a graded finitely generated. Now, let P be a graded

maximal ideal of R. Since 0% (M) = R, there exists x € /(M) with (Rx : M) ¢ P.
Therefore, there exists 7 € R\P with rM < Rx and then (rM)3 < (Rx)$, so,
(r/)REM § = (Rx)%. Thus M§ = (Rx)% for any graded maximal ideal P of R and

so M is locally graded cyclic. O
3. The Product of Multiplication Graded Submodules

Let M be a graded multiplication module over a G-graded ring R. Let N and K
be graded submodules of M with N = IM and K = JM for some graded ideals of

R. The product of N and K denoted by NK = IJM. Moreover, for a, b € (M), by

ab, we mean the product of Ra and Rb. Clearly, NK is a graded submodule of M by
Lemma 2.1 and NK < N K.

Lemma 3.1. Let N and K be graded submodules of a graded multiplication
R-module M and S < h(M) be a multiplicatively closed subset of R. Then
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(i) 65(N)0%(K) < 0%(NK).
(i) S7'(65(M)) < 0%(S7'M).
Proof. (i) Let a e NN M, and b e K1 M), for g, h e G. It is enough to

prove that (Ra: N)(Rb: K) < (Rab : NK). Assume that Z?zl x;y; € (Ra : N)
(Rb:K), where x; € (Ra:N) and y; e (Rb:K) for i=1,2,.., n Hence
x;N cRa and y;K c Rb for i=1,2,..,n Thus x;;NK < Rab and then

x;y; € (Rab : NK). So, z:; x;y; € (Rab : NK).

(i)
ST 0% (M)) = S_l(zxeh(M) (Rx : M)]

=Y S REM S ()57 < 67

Theorem 3.2. Let R be a G-graded ring, N be a proper graded submodule of a
graded multiplication R-module M and 1 = (N : M). Then gr-rad(N) = Gr(I)M.

Proof. Without loss of generality M is a faithful graded R-module. Let A be the
collection of all graded prime ideals P of R such that / < P. If J = Gr([), then

J =Npep P and hence, by [9, Theorem 2.11], JM = N pp(PM). Let P e A. If
M = PM, then gr-rad(N)c PM. If M = PM, then N = IM < PM implies
that gr-rad(N) < PM by [9, Theorem 3.6]. It follows that gr-rad(N)c< JM.

Conversely, suppose that K is a graded submodule of M containing N. By
[9, Theorem 3.6], there exists a graded prime ideal Q of R such that / ¢ QO and

K=0M. Since IM =Nc K=0M # M it follows that 7 < Q, by [9,
Proposition 3.3], and hence J < Q. Thus JM < K. It follows that JM <
gr-rad(N). Therefore, gr-rad(N) = JM. O

Proposition 3.3. Let N be a graded submodule of a faithful graded
multiplication module over a graded PID. Then N is graded multiplication module.
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Proof. There exists a graded ideal / of R such that N = IM, so [ is graded

principal ideal of R, and hence it is graded ideal by [12, Theorem 2.3]. Now the
assertion follows from [9, Corollary 2.9]. O

Lemma 3.4. Let N, K be graded submodules of a graded multiplication
R-module M. Then:

() If N c K, then (K/N)" = (K" + N)/N for each positive integer n.
(i) If N < K, then gr-rad(K/N) = (gr-rad(K))/N.

(iii) If M is finitely generated and N is a graded prime submodule of M, then

gr-rad(N") = N for each positive integer n.

Proof. (i) Since a quotient of any graded multiplication R-module is graded
multiplication by [9, Proposition 2.10], it follows from [1, Lemma 2.6], that

(K/N)" = ((K/N : M/N))" = (K : M)" M/N
=(K:M)'M +N)/N =(K" + N)/N.
(i1)) We have
gr-rad(K/N) = (gr-rad(K/N : M/N))-(M/N)
= (gr-rad(K : M))-(M/N)
= (gr-radK + N)/N
= (gr-rad(K))/N ,
by Theorem 3.2.
(iii) Since N is graded prime it follows that (N : M) = P is a graded prime of
R. By Theorem 3.2 and [1, Lemma 2.6], we have
gr-rad(N") = (gr-rad(N" : M))M = (gr-rad(N : M))"M
= gr-rad(P")M = PM = N. u

Proposition 3.5. Let N be a graded primary submodule of a graded finitely
generated multiplication module over a G-graded ring R. Then whenever
a, b € h(M) with (Ra)(Rb) = N but Ra & N, then Rb < gr-rad(N).
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Proof. Assume that N is graded primary and let (Ra)(Rb) < N with Ra & N.
There exist graded ideals 7, J and 4 of R such that Ra = IM, Rb=JM and
N = AM, respectively (see [9, Proposition 2.3]). Since Ra = IM ¢ N, there exist

rel and me M — N such that rm ¢ N. We can write r:Zm

i1 T with

n . .
0#r, and m= Zl_zlmgi with 0 # mg . Therefore, there are 1< j<m and

t .
1<t <n such that ThMg, # N. If s = Zi_lsgl_ € J, then for each 1<i <

Th;Mg,Sg; = Sgi(rhjmg,) €elJM c N, so s, €Gr(4) for any 1<i<t, and

hence J < Gr(A). Thus, Rb = JM < Gr(A)M = gr-rad(N) by Theorem 3.2, as
needed. O

Lemma 3.6. Let N, K be graded submodules of a graded multiplication
R-module M with K is graded finitely generated and K < gr-rad(N). Then

K'c N for some t.

Proof. Let K = Rag +:- + Rag, for a,, € K1 M, (1<i<n). So, there

exist graded ideals Iy, ..., I, such that Ra, = I;M (1 <i < n). There exist positive

integers mj, ..., m,, such that a;"_i =1I1""M < N by [1, Theorem 3.13] (1 <i < n).
1

Let £ = Max{my, ..., m,}. It follows that K* =(I,M +---+ I,M) =(I; +---+1,)'M

C N. ]

Theorem 3.7. Let M be a graded finitely generated faithful graded
multiplication over a graded ring R. Then R is graded integral domain if and only if,
whenever N -K =0, then either N =0 or K =0 for all graded submodules N and
Kof M.

Proof. Assume that R is a graded integral domain and let N and K be graded
submodules of M. There exist graded ideals / and J of R such that N K =
(IM)(UM)=IJM =0, so IJ =0 since M is faithful, and hence 7 =0 or J = 0.
Thus, either N = IM =0 or K = JM = 0. Conversely, suppose that ab = 0 with
a#0 for some a,b e h(R). Then A= (Ra)M and B = (Rb)M are graded
submodules of M with 4B = 0. By hypothesis, B =0, and hence b =0, as
required. O
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4. The Graded Radical of a Graded Submodule

Lemma 4.1. Let R be a G-graded ring. If every proper graded ideal of R is
graded primary, then R is a graded local ring.

Proof. First, we show that if P and [ are graded ideals of R, then either / < P
or Pc I. Assume that / ¢ P and choose a e I\ h(R)— P. Let b e P. So,

b= Zb ., where 0 # b, € h(R). Then ab, e PI foreach 1 <i<n and PIis
graded primary ideal, so, we have bgi e PI or a" e PI for some m. But if

a™ € PI c P, then a € P, a contradiction. Thus we must have bgi € PI for each

1<i<n Hence b € PI, and so P < PI. Therefore, P = Pl < I. Now let M be
any graded maximal ideal of R. Then M is comparable to any proper graded ideal. If
M' is any graded maximal, then M and M’ are comparable, so, M = M', as
needed. O

Theorem 4.2. Let R be a graded ring and M # 0 be a graded R-module. If
every proper graded submodule of M is a graded primary submodule of M and
M # T(M), where T(M)={me M :rm =0 forsome 0 #r € h(R)}, then R is

graded local.

Proof. Letm € h(M)—T(M), so, (0 : m) = 0, and hence Rm = R as R-modules.
Clearly, every proper graded submodule of graded R-module Rm = R is graded
primary, hence R is graded local by Lemma 4.1. O

Proposition 4.3. Let M # 0 be a graded multiplication module over a graded
ring R. If every proper graded submodule of M is a graded primary submodule of M,
then M is graded cyclic.

Proof. This follows from Theorem 4.2 and [9, Theorem 2.15]. O

Proposition 4.4. Let M be a graded multiplication R-module. Then if N is a
graded primary submodule of M, then gr-rad(N) is graded prime submodule of M.

Proof. Assume that N is a graded primary submodule of M. Then [ = (N : M)
is a graded primary ideal of R by [8, Proposition 2.7]. Since Gr(/) is a graded prime
ideal of R, it follows from Theorem 3.2 that gr-rad(N) = Gr(I)M is graded prime,

as required. O
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Theorem 4.5. Let R be a graded domain with G dim(G) =1 and M be a graded
P-secondary R-module. Then for any graded submodule N of M, gr-rad(N) is a

graded prime submodule.

Proof. Consider the ideal (K : M) for any graded prime submodule K
containing N. These graded ideals are graded prime and N < K implies that
(N:M)c (K : M) which in turn implies that P = Gr(N : M) < Gr(K : M) =
(K : M) for all such K (note that M/N is graded P-secondary by [8, Theorem
2.7]). For one of these graded prime submodules K, we obtain the chain of graded
ideals 0 C gr-rad(N:M)c (K :M). Then gr-rad(K :M)=(K :M)= P for any
graded prime submodule K containing N since G dimn(R)=1. Moreover,
(gr-rad(N): M) =(Nycgx (K :M))=Nycgx(K:M)=P. Let ra € gr-rad(N)
for some r € h(R) and a € (M) — (gr-rad(N)). Then there exists a graded prime
submodule N of M such that a € K, so r € P, as needed. O

Corollary 4.6. Let R be a graded domain with G dim(R)=1 and M be a

graded torsion R-module such that 0 is a graded prime submodule. Then for any

graded submodule N of M, gr-rad(N) is a graded prime submodule.

Proof. By Theorem 4.5, it is enough to show that M is a graded secondary
module. As M is graded torsion, (0 : M) = P = 0 and since 0 is graded prime, P is

a graded prime ideal of R. Let a € h(R). If a € P, then aM = 0. If a ¢ P, then

we have aM = M, as required. O
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