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Abstract 

Let G be a group with identity e, R be a G-graded commutative ring, and 
M be a graded R-module. This paper is devoted to study some properties 
of graded multiplication modules. First, we characterize graded 
multiplication modules by using the graded localization of graded 
R-module M. Next, we give a condition which allows us to determine 
whether graded submodules of a graded module have graded prime 
radical. 

1. Introduction 

Let G be a group. A ring ( )GR,  is called a G-graded ring if there exists a 

family { }GgRg ∈:  of additive subgroups of R such that gGg RR ∈⊕=  such that 

eR∈1  and ghhg RRR ⊆  for each g and h in G. For simplicity, we will denote the 

graded ring ( )GR,  by R. A G-graded ring is graded domain, if ,0=ab  where 

( ),, Rhba ∈  then 0=a  or .0=b  A G-graded ring R is said to be graded principal 

ideal domain, if R is a graded domain, and for each graded ideal of R is graded 
principal. If R is G-graded, then an R-module M is said to be G-graded if it has a 
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direct sum decomposition gGg MM ∈⊕=  such that for all ;, Ghg ∈  .ghhg MMR ⊆  

An element of some gR  or gM  is said to be homogeneous element. A submodule 

,MN ⊆  where M is G-graded, is called G-graded if ( )gGg MNN ∩∈⊕=  or if, 

equivalently, N is generated by homogeneous elements. Moreover, NM  becomes a 

G-graded module with g-component ( ) ( ) NNMNM gg +=  for .Gg ∈  We 

write ( ) gGg RRh ∈= ∪  and ( ) .gGg MMh ∈= ∪  The graded radical of I (in  the 

abbreviation, ( ))IGr  is the set of all Rx ∈  such that for each ,Gg ∈  there exists 

0>gn  with .Ix gn
g ∈  Note that if r is homogeneous element of ( ),, GR  then 

( )IGrr ∈  iff Irn ∈  for some .Nn ∈  A graded ideal I of R is said to be graded 

prime (resp. graded primary) ideal if ;RI ≠  and whenever ,Iab ∈  we have Ia ∈  

or Ib ∈ ( )( ),orresp. IGrbIa ∈∈  where ( )., Rhba ∈  A graded ideal I of R is 

said to be graded maximal if RI ≠  and there is no graded ideal J of R such that 
.RJI ⊆/⊆/  The intersection of all graded maximal ideals of R is called graded 

Jacobson radical of R and denoted by gr-Jac(R). A graded ring R is called graded 
local if it has a unique graded maximal ideal. A graded submodule N of R-module M 
is called graded prime (resp. graded primary) if ,Nrm ∈  then Nm ∈  or 

( )MNr :∈  ( ( )),:orresp. MNGrrNm ∈∈  where ( ),Rhr ∈  ( ).Mhm ∈  Let 

N be a graded submodule of graded R-module M, graded radical N is the intersection 
of all graded prime submodules of M containing N, and denoted by gr-rad(N). A 

graded R-module M is called graded finitely generated if ∑ =
=

n
i giRxM 1 ,  where 

( ).Mhx ig ∈  A graded R-module M is called graded cyclic if ,gRxM =  where 

( ).Mhxg ∈  It is clear that every graded finitely generated and graded cyclic 

modules are finitely generated and cyclic, respectively. A graded submodule of a 
graded R-module M is called graded maximal if it is maximal in the lattice of graded 
R-modules. An R-module M is called a multiplication module provided for each 
submodule N of M there exists an ideal I of R such that .IMN =  Multiplication 
modules have been studied in details in [5] and [10]. An ideal I of a ring R is 
multiplication if it is multiplication as an R-module. 

Let R be a G-graded ring and ( )RhS ⊆  be a multiplicatively closed subset of 

R. Then the ring of fraction RS 1−  is a graded ring which is called the graded ring of 
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fractions. Indeed, ( ) ,11
gGg RSRS −

∈
− ⊕=  where ( ) { SsRrsrRS g ∈∈=− ,:1  

and ( ) ( )}.1 degrdegsg −=  

Let M be a graded module over a ring R and ( )RhS ⊆  be a multiplicatively 

closed subset of R. The module of fraction MS 1−  over a graded ring RS 1−  is a 

graded module which is called the module of fractions, if ( ) ,11
gGg MSMS −

∈
− ⊕=  

where ( ) { ( ) ( )}.and,: 11 degmdegsgSsMmsmMS g
−− =∈∈=  Consider the 

graded homomorphism MSM 1: −→η  defined by ( ) .1mm =η  For any graded 

submodule N of M, the submodule of MS 1−  generated by ( )Nη  is denoted by 

.1NS −  Similar to non-graded case, one can prove that { β∈β= −− :11 MSNS  

}SsNmsm ∈∈= andfor  and that MSNS 11 −− ≠  if and only if ∩S  

( ) .: ∅=MN  Let P be any graded prime ideal of a graded ring R and consider the 

multiplicatively closed subset of ( ) .PRhS −=  We denote the graded ring of 

fraction RS 1−  of R by g
PR  and we call it the graded localization of R. This ring is 

graded local with the unique graded maximal PS 1−  which will be denoted by .g
PPR  

Moreover, g
PR -module MS 1−  is denoted by .g

PM  For graded submodules N and K 

of M, if g
P

g
P KN =  for every graded prime (graded maximal) ideal of R, then 

.KN =  

Moreover, similar to non-graded case, we have the following properties for 
graded submodules N and K of M: 

(1) ( ) .111 KSNSKNS −−− = ∩∩  

(2) ( ) ( )KSNSKNS 111 :: −−− =  if K is finitely generated. 

If K is a graded submodule of RS 1− -module ,1MS −  then MK ∩  will denote 

the graded submodule ( )K1−η  of M. Moreover, similar to the non-graded case, one 

can prove that ( ) .1 KMKS =− ∩  In this paper, we study properties of graded 

multiplication modules and give a characterization for graded multiplication modules 
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by using the graded localization of R-module M. Also, we study the product of 
graded submodules of graded multiplication modules and determine when the graded 
radical of graded submodules is graded prime. 

2. Properties for Graded Multiplication Modules 

A graded module M over a G-graded ring R is called to be graded multiplication 
if for each graded submodule N of M; IMN =  for some graded ideal I of R. One 
can easily show that if N is graded submodule of a graded multiplication module M, 
then ( ) .: MMNN =  We can take ( ).: MNI =  

A graded ideal I of a G-graded ring R is called graded multiplication if it is 
graded multiplication as graded R-modules. 

The following lemma is known, but we write it here for the sake of references: 

Lemma 2.1. Let M be a graded module over a graded ring R. Then the 
following hold: 

  (i) If I and J are graded ideals of R, then JI +  and JI ∩  are graded ideals. 

 (ii) If N is graded submodule, ( )Rhr ∈  and ( ),Mhx ∈  then ,Rx  IN  and rN  

are graded submodules of M. 

(iii) If N and K are graded submodules of M, then KN +  and KN ∩  are also 

graded submodules of M and ( )MN :  is a graded ideal of R. 

(iv) Let λN  be a collection of graded submodules of M. Then ∑λ λN  and 

λλ N∩  are graded submodues of M. 

Lemma 2.2. Let R be a G-graded ring and M be a graded R-module. 

(i) Let ( )RhS ⊆  be a multiplicatively closed subset of R. If M is a graded 

multiplication R-module, then MS 1−  is a graded multiplication RS 1− -module. 

(ii) A graded finitely generated R-module M is a graded multiplication module if 

and only if the g
PR -module g

PM  is a graded multiplication module for all graded 

prime (graded maximal) ideal P of R. 

Proof. (i) Let L be a graded submodule of .1MS−  Then NSL 1−=  for some 
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graded submodule N of M. So, there exists a graded ideal I of R such that .IMN =  

Hence ( ) ,1111 MISSIMSNS −−−− ==  as required. 

(ii) Let N be a graded submodule of M, and let P be a graded ideal of R. So, g
PN  

is a graded submodule of .g
pM  Hence ( ) ( ) g

p
g
P

g
P

g
pgR

g
P

g
P MMNMMNN p :: ==  

( )( )gPMMN :=  since g
pM  is graded finitely generated. Thus ( ) ,: MMNN =  as 

required. ~ 

Definition 2.3. A graded module M over a G-graded ring R is called locally 

graded cyclic if g
PM  is graded cyclic g

pR -module for all graded maximal ideal P of R. 

Proposition 2.4. A graded finitely generated module is a graded multiplication 
module if and only if it is locally graded cyclic. 

Proof. Let M be a graded multiplication module and P be a graded maximal 

ideal of R. So, g
PM  is a graded multiplication g

pR -module by Lemma 2.2. Therefore, 

g
PM  is graded cyclic by [9, Theorem 2.14]. Conversely, let M be a graded locally 

cyclic. g
pM  is graded cyclic for any graded maximal ideal P of R, by definition. 

Hence g
pM  is a graded multiplication module for any graded maximal ideal P of R, 

so by Lemma 2.2, M is a graded multiplication module. ~ 

If M is a graded module over a G-graded ring R, then we define the subset 

( )Mgθ  of M as ( ) ( )( )∑ ∈
=θ Mhx

g MRxM .:  Since ( )MRx :  is graded ideal of R, 

so ( ) ( )( )∑ ∈
=θ Mhx

g MRxM :  is graded submodule of M by Lemma 2.1. 

Lemma 2.5. Let M be a graded multiplication module over a G-graded ring R. 
Then the following hold: 

 (i) ( ) .MMM gθ=  

(ii) ( )NMN gθ=  for any graded submodule N of M. 

Proof. (i) For ( ),Rhx ∈  MRx ⊆  and so ( )MMRxRx :=  since M is graded 

multiplication. Therefore, 
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( )
( )( )∑ ∑∈ ∈

==
Mhx Mhx

MMRxRxM :  

( )
( )

( ) .: MMMMRx g
Mhx

θ=







= ∑ ∈

 

(ii) Suppose that N is a graded submodule of M. Then IMN =  for some graded 

ideal I of R. Hence ( ( ) ) ( )( ) ( ) ,NMIMMMMIIMN ggg θ=θ=θ==  as needed. ~ 

Theorem 2.6. Let M be a graded module over a G-graded ring R. Then M is 

graded finitely generated and locally graded cyclic if and only if ( ) .RMg =θ  

Proof. Let P be a graded maximal ideal of R. Then xRM g
P

g
P =  for some 

( ).g
PMhx ∈  Hence ( ) ( ) g

PR
g
P

g
P

g
P RMRxMxRR :: ==  since M is graded finitely 

generated. Therefore, ( ) ,g
P

gg
P RMR θ=  and so, ( ).MR gθ=  Conversely, suppose 

that ( ).MR gθ=  Then there exist ( ) ( )niMhxi ≤≤∈ 1  such that =R  

( )∑ =
n
i i MRx1 .:  Therefore, ( ) ( ) ∑∑ ==

⊆









=θ=

n
i i

n
i i

g RxMMRxMMM 11 :  

,M⊆  so, ∑ =
=

n
i iRxM 1  is a graded finitely generated. Now, let P be a graded 

maximal ideal of R. Since ( ) ,RMg =θ  there exists ( )Mhx ∈  with ( ) .: PMRx ⊆/  

Therefore, there exists PRr \∈  with RxrM ⊆  and then ( ) ( ) ,g
P

g
p RxrM ⊆  so, 

( ) ( ) .1 g
P

g
P

g
P RxMRr ⊆  Thus ( )gP

g
P RxM =  for any graded maximal ideal P of R and 

so M is locally graded cyclic. ~ 

3. The Product of Multiplication Graded Submodules 

Let M be a graded multiplication module over a G-graded ring R. Let N and K 
be graded submodules of M with IMN =  and JMK =  for some graded ideals of 
R. The product of N and K denoted by .IJMNK =  Moreover, for ( ),, Mhba ∈  by 

ab, we mean the product of Ra and Rb. Clearly, NK is a graded submodule of M by 
Lemma 2.1 and .KNNK ∩⊆  

Lemma 3.1. Let N and K be graded submodules of a graded multiplication 
R-module M and ( )MhS ⊆  be a multiplicatively closed subset of R. Then 
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 (i) ( ) ( ) ( ).NKKN ggg θ⊆θθ  

(ii) ( ( )) ( ).11 MSMS gg −− θ⊆θ  

Proof. (i) Let gMNa ∩∈  and hMKb ∩∈  for ., Ghg ∈  It is enough to 

prove that ( ) ( ) ( ).::: NKRabKRbNRa ⊆  Assume that ( )NRayxn
i ii :1∑ =

∈  

( ),: KRb  where ( )NRaxi :∈  and ( )KRbyi :∈  for ....,,2,1 ni =  Hence 

RaNxi ⊆  and RbKyi ⊆  for ....,,2,1 ni =  Thus RabNKyx ii ⊆  and then 

( ).: NKRabyx ii ∈  So, ( )∑ =
∈n

i ii NKRabyx1 .:  

(ii) 

( ( )) ( )
( ) 








=θ ∑ ∈

−−
Mhx

g MRxSMS :11  

( )
( )

( ) ( )
( )

.:1: 111 ∑∑ ∈
−−

∈
− θ⊆⊆=

MhxMhx
MSMSxMRxS  ~ 

Theorem 3.2. Let R be a G-graded ring, N be a proper graded submodule of a 
graded multiplication R-module M and ( ).: MNI =  Then ( ) =Nradgr-  ( ) .MIGr  

Proof. Without loss of generality M is a faithful graded R-module. Let Λ  be the 
collection of all graded prime ideals P of R such that .PI ⊆  If ( ),IGrJ =  then 

PJ P Λ∈= ∩  and hence, by [9, Theorem 2.11], ( ).PMJM P Λ∈= ∩  Let .Λ∈P  If 

,PMM =  then ( ) .- PMNradgr ⊆  If ,PMM ≠  then PMIMN ⊆=  implies 

that ( ) PMNradgr ⊆-  by [9, Theorem 3.6]. It follows that ( ) .- JMNradgr ⊆  

Conversely, suppose that K is a graded submodule of M containing N. By 
[9, Theorem 3.6], there exists a graded prime ideal Q of R such that QI ⊆  and 

.QMK =  Since MQMKNIM ≠=⊆=  it follows that ,QI ⊆  by [9, 

Proposition 3.3], and hence .QJ ⊆  Thus .KJM ⊆  It follows that ⊆JM  

( ).- Nradgr  Therefore, ( ) .- JMNradgr =  ~ 

Proposition 3.3. Let N be a graded submodule of a faithful graded 
multiplication module over a graded PID. Then N is graded multiplication module. 
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Proof. There exists a graded ideal I of R such that ,IMN =  so I is graded 
principal ideal of R, and hence it is graded ideal by [12, Theorem 2.3]. Now the 
assertion follows from [9, Corollary 2.9]. ~ 

Lemma 3.4. Let N, K be graded submodules of a graded multiplication 
R-module M. Then: 

  (i) If ,KN ⊆  then ( ) ( ) NNKNK nn +=  for each positive integer n. 

 (ii) If ,KN ⊆  then ( ) ( )( ) .-- NKradgrNKradgr =  

(iii) If M is finitely generated and N is a graded prime submodule of M, then 

( ) NNradgr n =-  for each positive integer n. 

Proof. (i) Since a quotient of any graded multiplication R-module is graded 
multiplication by [9, Proposition 2.10], it follows from [1, Lemma 2.6], that 

( ) ( )( ) ( ) NMMKNMNKNK nnn :: ==  

(( ) ) ( ) .: NNKNNMMK nn +=+=  

(ii) We have 

( ) ( )( ) ( )NMNMNKradgrNKradgr ⋅= :--  

( )( ) ( )NMMKradgr ⋅= :-  

( ) NNradKgr += -  

( )( ) ,- NKradgr=  

 by Theorem 3.2. 

(iii) Since N is graded prime it follows that ( ) PMN =:  is a graded prime of 

R. By Theorem 3.2 and [1, Lemma 2.6], we have 

( ) ( ( )) ( )( ) MMNradgrMMNradgrNradgr nnn :-:-- ==  

( ) .- NPMMPradgr n ===  ~ 

Proposition 3.5. Let N be a graded primary submodule of a graded finitely 
generated multiplication module over a G-graded ring R. Then whenever 

( )Mhba ∈,  with ( ) ( ) NRbRa ⊆  but ,NRa ⊆/  then ( ).- NradgrRb ⊆  
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Proof. Assume that N is graded primary and let ( ) ( ) NRbRa ⊆  with .NRa ⊆/  

There exist graded ideals I, J and A of R such that ,IMRa =  JMRb =  and 
,AMN =  respectively (see [9, Proposition 2.3]). Since ,NIMRa ⊆/=  there exist 

Ir ∈  and NMm −∈  such that .Nrm ∉  We can write ∑ =
=

m
i hirr 1  with 

ihr≠0  and ∑ =
=

n
i gimm 1  with .0 igm≠  Therefore, there are mj ≤≤1  and 

nt ≤≤1  such that .Nmr tj gh ∉  If ,1∑ =
∈=

t
i g Jss i  then for each ;1 ti ≤≤  

( ) ,NIJMmrssmr tjiitj ghgggh ⊆∈=  so ( )AGrs ig ∈  for any ,1 ti ≤≤  and 

hence ( ).AGrJ ⊆  Thus, ( ) ( )NradgrMAGrJMRb -=⊆=  by Theorem 3.2, as 

needed. ~ 

Lemma 3.6. Let N, K be graded submodules of a graded multiplication 
R-module M with K is graded finitely generated and ( ).- NradgrK ⊆  Then 

NK t ⊆  for some t. 

Proof. Let ng RagRaK ++= 1  for ( ).1 niMKa ii gg ≤≤∈ ∩  So, there 

exist graded ideals nII ...,,1  such that ( ).1 niMIRa igi ≤≤=  There exist positive 

integers nmm ...,,1  such that NMIa ii
i

m
i

m
g ⊆=  by [1, Theorem 3.13] ( ).1 ni ≤≤  

Let { }....,,Max 1 nmmt =  It follows that ( ) ( ) MIIMIMIK t
n

t
n

t ++=++= 11  

.N⊆  ~ 

Theorem 3.7. Let M be a graded finitely generated faithful graded 
multiplication over a graded ring R. Then R is graded integral domain if and only if, 
whenever ,0=⋅KN  then either 0=N  or 0=K  for all graded submodules N and 
K of M. 

Proof. Assume that R is a graded integral domain and let N and K be graded 
submodules of M. There exist graded ideals I and J of R such that =⋅ KN  
( ) ( ) ,0== IJMJMIM  so 0=IJ  since M is faithful, and hence 0=I  or .0=J  

Thus, either 0== IMN  or .0== JMK  Conversely, suppose that 0=ab  with 
0≠a  for some ( )., Rhba ∈  Then ( )MRaA =  and ( )MRbB =  are graded 

submodules of M with .0=AB  By hypothesis, ,0=B  and hence ,0=b  as 
required. ~ 
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4. The Graded Radical of a Graded Submodule 

Lemma 4.1. Let R be a G-graded ring. If every proper graded ideal of R is 
graded primary, then R is a graded local ring. 

Proof. First, we show that if P and I are graded ideals of R, then either PI ⊆  

or .IP ⊆  Assume that PI ⊆/  and choose ( ) .PRhIa −∈ ∩  Let .Pb ∈  So, 

∑= ,igbb  where ( ).0 Rhb ig ∈≠  Then PIab ig ∈  for each ni ≤≤1  and PI is 

graded primary ideal, so, we have PIb ig ∈  or PIam ∈  for some m. But if 

,PPIam ⊆∈  then ,Pa ∈  a contradiction. Thus we must have PIb ig ∈  for each 

.1 ni ≤≤  Hence ,PIb ∈  and so .PIP ⊆  Therefore, .IPIP ⊆=  Now let M be 
any graded maximal ideal of R. Then M is comparable to any proper graded ideal. If 
M ′  is any graded maximal, then M and M ′  are comparable, so, ,MM ′=  as 
needed. ~ 

Theorem 4.2. Let R be a graded ring and 0≠M  be a graded R-module. If 
every proper graded submodule of M is a graded primary submodule of M and 

( ),MTM ≠  where ( ) ( ){ },00: RhrsomeforrmMmMT ∈≠=∈=  then R is 

graded local. 

Proof. Let ( ) ( ),MTMhm −∈  so, ( ) ,0:0 =m  and hence RRm ≅  as R-modules. 

Clearly, every proper graded submodule of graded R-module RRm ≅  is graded 
primary, hence R is graded local by Lemma 4.1. ~ 

Proposition 4.3. Let 0≠M  be a graded multiplication module over a graded 
ring R. If every proper graded submodule of M is a graded primary submodule of M, 
then M is graded cyclic. 

Proof. This follows from Theorem 4.2 and [9, Theorem 2.15]. ~ 

Proposition 4.4. Let M be a graded multiplication R-module. Then if N is a 
graded primary submodule of M, then ( )Nradgr-  is graded prime submodule of M. 

Proof. Assume that N is a graded primary submodule of M. Then ( )MNI :=  

is a graded primary ideal of R by [8, Proposition 2.7]. Since ( )IGr  is a graded prime 

ideal of R, it follows from Theorem 3.2 that ( ) ( )MIGrNradgr =-  is graded prime, 

as required. ~ 
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Theorem 4.5. Let R be a graded domain with ( ) 1dim =GG  and M be a graded 

P-secondary R-module. Then for any graded submodule N of M, ( )Nradgr-  is a 

graded prime submodule. 

Proof. Consider the ideal ( )MK :  for any graded prime submodule K 

containing N. These graded ideals are graded prime and KN ⊆  implies that 

( ) ( )MKMN :: ⊆  which in turn implies that ( ) ( ) =⊆= MKGrMNGrP ::  

( )MK :  for all such K (note that NM  is graded P-secondary by [8, Theorem 

2.7]). For one of these graded prime submodules K, we obtain the chain of graded 
ideals ( ) ( ).::-0 MKMNradgr ⊆⊊  Then ( ) ( ) PMKMKradgr == ::-  for any 

graded prime submodule K containing N since ( ) .1dim =RnG  Moreover, 

( )( ) ( ( )) ( ) .:::- PMKMKMNradgr KNKN === ⊆⊆ ∩∩  Let ( )Nradgrra -∈  

for some ( )Rhr ∈  and ( ) ( )( ).- NradgrMha −∈  Then there exists a graded prime 

submodule N of M such that ,Ka ∈  so ,Pr ∈  as needed. ~ 

Corollary 4.6. Let R be a graded domain with ( ) 1dim =RG  and M be a 

graded torsion R-module such that 0 is a graded prime submodule. Then for any 
graded submodule N of M, ( )Nradgr-  is a graded prime submodule. 

Proof. By Theorem 4.5, it is enough to show that M is a graded secondary 
module. As M is graded torsion, ( ) 0:0 ≠= PM  and since 0 is graded prime, P is 

a graded prime ideal of R. Let ( ).Rha ∈  If ,Pa ∈  then .0=aM  If ,Pa ∉  then 

we have ,MaM =  as required. ~ 
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