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Abstract

In this paper, Newton’s method for a class of entire functions with infinite
order is investigated. By using dynamical theory of functions
meromorphic outside a small set, we find that there are infinitely many
virtual immediate basins and supper-attracting immediate basins in the
Fatou set of Newton’s method. We also show each supper-attracting
immediate basin has finite area while each is unbounded.

1. Introduction

Newton’s method is a classical way to approximate roots of differentiable
functions f by an iterative procedure. We can investigate the procedure in view of
complex dynamical systems (see [3] for general references on this subject).

Newton’s method for a complex polynomial p is the iteration of a rational
p(z)
p'(2)

function, then the associated Newton map N (z) =z — f/f'(z) will generally be

function Ny =z - on the Riemann sphere. If f is a transcendental entire
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transcendental meromorphic, except in the special case f = pe? with polynomials p

and q which was studied by Haruta ([6]). Mayer and Schleicher ([8]) have shown
that immediate basins for Newton maps of entire functions are simply connected and
unbounded, extending a result of Przytycki ([9]) in the polynomial case. They have
also shown that Newton maps of transcendental functions may exhibit a type of
Fatou component called virtual immediate basin from which the iteration converges
to infinity, while it does not appear for Newton maps of polynomials.

Definition 1.1. Let & be an attracting fixed point of N¢(z). The basin of

attraction of & is a open set of all points z such that {N¥(z)} converges to & as

m — oo. The connected component containing & of the basin is called the immediate
basin of &.

Definition 1.2. An unbounded domain U < C is called virtual immediate
basin of N (z) if it is maximal (among domains in C) with respect to the following

properties:
(i) limy_, NF(z) = 0 forall z e U;
(ii) there is a connected and simply connected subdomain S; — U such that

N¢(Sg) = Sp and for all zeU there isan m e N such that NT'(z) e Sg. We

call the domain Sy an absorbing set of U.

In this paper, we investigate the Newton’s map N (z) for a class of entire

functions in the form f(z) = q(ez)ep(ez), where p(z) and q(z) are polynomial
with deg(p) >1, deg(q)>1 and q(0) = O.

To investigate the dynamics of the meromorphic function N¢(z), we need to
analyse the dynamics of function in following class M.

M = {f : there is a compact totally disconnected set E = E(f) such that f is
meromorphic in ES = C\E and C(f, E®, z5) = C forall z, e E. If E =@, we
make the further assumption that f is neither constant nor univalent in (@}, where

the cluster set C(f, E®, zg)={w:w = lim,_, f(z,) for some z, € E® with

Z, > 2}
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The class M was studied in [1, 2, 4, 5, 7]. In [1] and [2], where the basic
concepts such as Fatou and Julia sets and the basic properties of dynamics of
functions in M were established. It was proved in [1] that the class M is closed under

composition and if f, g e M, then E(f o g)=E(g)U g *(E(f)). For f e M,
we define O to be the identity function with Eq =@, f" = f o £, then

f"eM,neN, and E, = E(f") = Ur:) f~J(E) = {singularities of f~"}. Let
Ji(f) = U:fo E, and F(f)= C\J;(f). Then Fy(f) is the largest open set in
which all f" are defined and f(Fy(f)) < F(f). Asin[1], for f € M, we define
the Fatou set of f, denoted by F(f), to be the largest open set in which (i) all

composition f" are meromorphic and (ii) the family {f"} is a normal family; and
the Julia set of f, denoted by J(f), to be the complement of F(f). If the set J;(f)
is either empty or contains one point or two points, then f is conjugate to a rational

map or entire function or an analytic map of the punctured plane C*, respectively.
In these cases the condition (i) is trivial and the Fatou sets are determined by (ii). In
all other cases, by Montels theorem, F(f)= F(f) and J(f)=Jy(f). Itis clear

that for f € M, F(f) is open and completely invariant. Let U be a connected
component of F(f). Then f"(U) is contained in a component U, of F(f). If for
some pair of m # n, U, = U,, then U is called a wandering domain of f, otherwise
U is said to be preperiodic. If for some ne N, U, =U, namely f"(U)c U, then
U is said to be periodic. For a periodic component of F(f), we have the following

classification theorem:

Theorem A [1]. Let U be a periodic component of the Fatou set of period p.
Then precisely one of the following is true:

(i) U is a (super) attracting domain of a (super) attracting periodic point a of f

of period p such that " |, — a as n — +w and a € U.

(ii) U is a parabolic domain of a rational neutral periodic point a of f of period

psuchthat ™|, —a as n — +w and a e dU.
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(iii) U is a Siegel disk of period p such that there exists an analytic
homeomorphism ¢ : U — A, where A = {z :|z| <1}, satisfying ¢( f Plo7(2))) =
e?™z for some irrational number o and (p_l(O) e U is an irrational neutral
periodic point of f of period p.

(iv) U is a Herman ring of period p such that there exists an analytic
homeomorphism ¢ : U — A, where A={z:1<|z|<r}, satisfying o(f P(¢2(2))) =

e2™4 7 for some irrational number o.

(v) U is a Baker domain of period p such that f™ |, - ae J(f) as

n — +oo but fP isnot meromorphicata.If p =1, then a € E(f).

With similar discussion as that of Subsection 6.5 in [3], or refer to Subsection
3.1.6 in [10], we have the following Theorems B and C:

Theorem B. Suppose that the map f € M has a Taylor expansion f(z) =

z-zP 4 0(22‘”1) at the origin. Then for sufficiently small t, f has p petals lying
in distinct parabolic domains at the origin, such that:

(i) f maps each petal IT (t) into itself, and f : T, (t) = I} (t) is conjugate
to T(z)=z+1

(i) £"(z) ~ 0 uniformly on each petal as n s oo;
n ZkTC - .
(iii) arg(f"(2)) > o locally uniformly on ITy, as n > oo;

(iv) | f(z)] <|z| on a neighborhood of the axis of each petal, where

I (t) = {reie :rP < t(1+ cos(pd)); ‘Z—ET[— 0

< %} (k=0,1, .. p-1).

Theorem C. Suppose that the map f € M has a Taylor expansion f(z) =
z+azP* + 0(zP*?) at the origin with a = 0. Then f(z) is conjugate near 0 to a

function F(z)=z-2zP"+0(z2P*1), via a polynomial ¢(z) = Az + pz? + -+ +yz”',

arg(a)
where A =|a| Pe n
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Theorem D [10, Theorem 3.1.17]. Let f, g € M, and exp(f(z)) = g(e?). If
o e E(f) or f(w) = o, then exp(J(f)) = J(g)\{0} and exp(F(f)) = F(g)\{0}.

Let f(2)=q(e?)e”™) R(Z):_z(Q'(z)E(;()Z)P'(z))’ 9(2) = 2. Then

N¢(z) = z + R(e?), Nt _ g(e?). According to the nature of logarithmic
function and eNf(Z) = g(e*), Theorem 3.1.17 in [10] implies that the dynamics of
N¢ in horizontal strip regions {z:(2m -1)rn < Imz < (2m +1)=} are same for
different m € Z. So, we just need to consider dynamics of N; in the horizontal
strip region

E={z:-n<Imz <7}

and obtain the following results:

Theorem 1. In E, there are m simple connected supper-attracting immediate
basins, and n invariant Baker domains. Moreover, each Baker domain is virtual
immediate basin.

Theorem 2. Each supper-attracting immediate basin of N (z) has finite area.

2. Immediate Basins and Virtual Immediate Basins

To prove Theorem 1, we need the following Lemma 2.1:
Lemma 2.1. In Fatou set of g(z), there are n invariant parabolic domains

vk (k=0,1, .., n—1) such that g"(z) > o« for z e VX as n> oo; and for any

root a of q(z) there is an invariant supper-attracting component V, containing a.

Proof. It is easy to see that the essential singularities of g(z) are poles of
R(z), i.e., g(z) e M. Note that deg(p)=n=>1 R(z) >0 as z — o, g(z) has
only one pole at infinity. Obviously any zero point a of g(z) is fixed point of g(z)
and g’'(a) = 0. So by Theorem A, there is an invariant supper-attracting component

V, which contains a in Fatou set F(g) of g(z).
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With no loss of generality, let

p(z) = a,z" +ap_g2"t+ -+ 7+ ag
and

q(z) = byz™ + by 2™ + - + byz + by,
Then

m m-1
N (2) = bW by W 4+ bW+ by o(e?)+ 2
napbW" ™ + - + (agog + by)w

and

bz +bp_12™ Ly z+bg
napby, "™+ +(agbg +by ) z

9(z) =z

2" (b +by_q2+-+-+by 2™ bz ™)

Let G(Z) = i and h(z) = ze nanbm+"'+(albo+bl)z”+m‘1
zZ

. Then co0g(z)=
h o o(z).

Because h(z) has a Taylor expansion h(z) =z + % 2"+ 0(z"?) at the
n

origin, by Theorem A there are n invariant parabolic domains BX (k=01 ..,
n—1), inwhich h"(z) > 0 as n — o. So, there are n invariant parabolic domains

vk = G(Bk) (k=0,1, ..., n=1), inwhich g"(z) > o as n — oo, O

Nf(Z

Proof of Theorem 1. Since e ) _ g(e?) and o € E(N¢ ), based on Lemma

2.1 and Theorem D, there is a supper-attracting immediate basin U, = In(V,) in

Fatou set F(N;) of N;(z), and the corresponding supper-attracting fixed point is

a. According to Theorem 2.7 in [8], U, are simply connected.

On the other hand, h(z) has a Taylor expansion h(z) = z +% 2" L 0(z"?)
n

at the origin, Theorem C implies that h(z) is conjugate to a function H(z) =z
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- 2" 4 0(z2"*1) via a certain polynomial w(z) = Az + Bz2 + -+ yz™, where

1 _arg(an).
L=(nlay|)"ne " . Using Theorem B, for sufficiently small positive numbers

ty, Sp, each parabolic domains in Fatou set F(H) has an absorbing sets

1 }
<=mp,
n

n} and 1¥ ={rei9:0< r <sp,

Iy (tg) = {reie 1" < to(1 + cosne); ‘Z_r:(n_ 0

2k +1

at the origin, LX = {reie :0<r<sy 0=

0= %n} is the corresponding repelling and absorbing axis, respectively, where

k =0,1 .., n—1 and same hereinafter. Note the conjugate among H(z), h(z) and
g(z), each parabolic domains VK in Fatou set F(g) has an absorbing sets
ooy 2(II (ty)) with absorbing axis o o y~2(1¥).

Note the semiconjugate between g(z) and N¢(z), Theorem D implies N (z)
has a component UX = In(vX) such that N7 (z) > o for z e UX as n > . So,

each UO'; is not wandering domain but Baker domain with absorbing sets

Ino ooy (T (ty)), then each UX is virtual immediate basin. O

In order to prove Theorem 2, we need the following Lemma 2.2:

Lemma 2.2. In E, complement of the union of all virtual immediate basins of
N ¢ (z) has finite area.

Proof. From the proof of Theorem 1, for sufficiently small positive numbers tg,
each virtual immediate basin UX of N¢(z) has an absorbing set INoooy™
(M (tp)). Note that complement of the union of all virtual immediate basins of
Nt (z) is subset of the complement of union of absorbing sets. To complete this
proof, we need only to show that the complement of union of absorbing sets has
finite area in E.

Now, we analyse those absorbing sets in parabolic domains in F(g).
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3 1
Let0<t<t0,mn<90 <Fn, and
= {reie 1" = t(1+ cosne), %meo <0 <2Tkn+%n},

V5 :{reie " :t(1+cosn6),¥—eo >0 >2—ﬁn—%}.

Choosing the branch of w1 which is in the form w_l(z)=%2+a122

+ a223 +---, then Flk = \y‘l(y'f) and F§ = \y‘l(yE) are two simple curves in the

parabolic domain in Fatou set F(h).

N¢(z

Since e ) - g(e?) and oog(z) = hoo(2), 1:1" =Inoco w‘l(y'l‘) and

TX =Inoc oy (y) are simple curves in Baker domains in Fatou set F(N ¢ ).

Let y(z) = rveievz. Then

- Yn
¥ x(e)+iv(e):x(e) Iniry(t -+t cosn@)™). 2k 2k +1

—mn+0y <0<
Y(0)=-06-6,, n

bis ’

- Yn
B X(6)+iY(6):X(e) In(r, (t +tcosnB)”’"), ok 1

Y(0)=-0-0,,

TC<9<2—r|](TC—90 !

where 1, = %+(xlz+a222 +‘ and 0, =arg(%+alz+a222 +j are
. . 1 1
continuous functions. Furthermore, r,(z) — Nl ev(z)—>argx, as z— 0.

Hence, the curve l:lk is monotonously decreasing, under which there is an

asymptote Y = — 2K +1n—arg% as 0 —» 2k +1 n, the curve 1:5 is monotonously
. . . . 2k -1 1
increasing, above which there is an asymptote Y =- n—argx as
60— 2k -1 TT.

n
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Now, we analyse those absorbing set In o & o y (T (t)) in Baker domain uk
of F(Nf).
2k +1

The repelling axis L* = {reie :0<r<sy, 0= n} of g(z) produces

repelling axis
X(r)=—In(r,r),
INoc oy 2 (LX) =X (r)+iY(r): k41 L O<r<s
N=-T-g a9y,

of N¢(z) atinfinity.
It is easy to see that the asymptote of 1:1" or 1:5 is the horizontal line in which
Inoo oy (LX) lies.

Next we show the area of unbounded wedge sharp region Wlk between 1:1" and

2k +1
n-1

the corresponding asymptote Y =— n—arg% is finite. For positive numbers

8; and 3,, we construct another unbounded wedge sharp region VVlk, which is

between curve
X(0) = —In[l%l| (t(1+ cos ne))l/”j,

Y(0)= —6—(arg%—62(2kn+ln—6jj,

T = InoooW(rk) = { X (0)+iY(0):

%n+60<6<2k+1n
n n

n—arg%, where W(z)zzl%

and the corresponding asymptote Y = —an+1

.( 1 (2k+1
i argx—az
e

n—ej)
n . It is easy to see that for some appropriate small positive

numbers &; and §,, if z = re'® e yX, the Euclidian distance of point In o & o y(z)
2k +1

to line Y = — n—arg% is greater than that of point In(c oy (z)) to the

same line, i.e., Flk lies above l:lk. While the area of unbounded wedge sharp region

VVlk is the following integration:
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2k+11't
J " (Y(e) - (— an+ ! —arg %D dX (0)

—n+6
n o

2l (8 + 1)(2"nJr L. e)sin no

a 2_r|§7’~'+90 1+ cosnod

de

B j%eo (8o +1)0sinnd
“Jo 1-cosnd

de

3, +1J~ﬂ'—”9o 9sin 0

n2 Jo (1-cos0)

_ 282 +)(x-69)

n2

where

X(0) = —In(lsTll (t(1 + cos ne))l/”j and Y(0) = -0 — (arg % - 62(2kn+ Lo GD

It is clear that the difference between areas of Wlk and Wlk is finite, so Wlk has

finite area. The symmetry implies that the area of unbounded wedge sharp region
2k +1

W2k between 1:5 and the corresponding asymptote Y = — T — arg% takes

the same value as the area of Wlk.

Denote the union of these wedge sharp regions by W and UE;tln oG

oy (I, (t)) by IT. Note that In o ¢ oy (I, (t)) are also absorbing sets of those

Baker domains, respectively, and that those asymptotes exist alternately with
alternation angle as % Z\(W UII) is a bounded domain, and the area of

E\IT =W U (E\W U ) is finite. So, the complement of the union of all virtual

immediate basins of N (z), asubset of Z\I1, is with finite area. O

Proof of Theorem 2. Theorem 2 follows from Lemma 2.2 directly. a
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