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Abstract 

In this paper, Newton’s method for a class of entire functions with infinite 
order is investigated. By using dynamical theory of functions 
meromorphic outside a small set, we find that there are infinitely many 
virtual immediate basins and supper-attracting immediate basins in the 
Fatou set of Newton’s method. We also show each supper-attracting 
immediate basin has finite area while each is unbounded. 

1. Introduction 

Newton’s method is a classical way to approximate roots of differentiable 
functions f by an iterative procedure. We can investigate the procedure in view of 
complex dynamical systems (see [3] for general references on this subject). 

Newton’s method for a complex polynomial p is the iteration of a rational 

function ( )
( )zp
zpzN p ′−=  on the Riemann sphere. If f is a transcendental entire 

function, then the associated Newton map ( ) ( )zffzzN f ′−=  will generally be 
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transcendental meromorphic, except in the special case qpef =  with polynomials p 

and q which was studied by Haruta ([6]). Mayer and Schleicher ([8]) have shown 
that immediate basins for Newton maps of entire functions are simply connected and 
unbounded, extending a result of Przytycki ([9]) in the polynomial case. They have 
also shown that Newton maps of transcendental functions may exhibit a type of 
Fatou component called virtual immediate basin from which the iteration converges 
to infinity, while it does not appear for Newton maps of polynomials. 

Definition 1.1. Let ξ be an attracting fixed point of ( ).zN f  The basin of 

attraction of ξ is a open set of all points z such that { ( )}zN m
f  converges to ξ as 

.∞→m  The connected component containing ξ of the basin is called the immediate 
basin of ξ. 

Definition 1.2. An unbounded domain C⊂U  is called virtual immediate 
basin of ( )zN f  if it is maximal (among domains in )C  with respect to the following 

properties: 

 (i) ( ) ∞=∞→ zN n
fnlim  for all ;Uz ∈  

(ii) there is a connected and simply connected subdomain US ⊂0  such that 

( ) 00 SSN f ⊂  and for all Uz ∈  there is an Nm ∈  such that ( ) .0SzN m
f ∈  We 

call the domain 0S  an absorbing set of U. 

In this paper, we investigate the Newton’s map ( )zN f  for a class of entire 

functions in the form ( ) ( ) ( ) ,
zepz eeqzf =  where ( )zp  and ( )zq  are polynomial 

with ( ) ,1deg ≥p  ( ) 1deg ≥q  and ( ) .00 ≠q  

To investigate the dynamics of the meromorphic function ( ),zN f  we need to 

analyse the dynamics of function in following class M. 

{ :fM =  there is a compact totally disconnected set ( )fEE =  such that f is 

meromorphic in EEc \Ĉ=  and ( ) Ĉ,, 0 =zEfC c  for all .0 Ez ∈  If ,∅=E  we 

make the further assumption that f is neither constant nor univalent in },Ĉ  where 

the  cluster set ( ) ( ){ nn
c zfwwzEfC ∞→== lim:,, 0  for some c

n Ez ∈  with 

}.0zzn →  
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The class M was studied in [1, 2, 4, 5, 7]. In [1] and [2], where the basic 
concepts such as Fatou and Julia sets and the basic properties of dynamics of 
functions in M were established. It was proved in [1] that the class M is closed under 

composition and if ,, Mgf ∈  then ( ) ( ) ( )( ).1 fEggEgfE −= ∪  For ,Mf ∈  

we define 0f  to be the identity function with ,, 1
0

−=∅= nn fffE  then 

,, NnMf n ∈∈  and ( ) ( ) { }.ofiessingularit1
0∪ −

=
−− ===

n
j

njn
n fEffEE  Let 

( ) ∪ ∞+
=

=
01 n nEfJ  and ( ) ( ).\ˆ

1 fJfF C=  Then ( )fF1  is the largest open set in 

which all nf  are defined and ( )( ) ( ).11 fFfFf ⊂  As in [1], for ,Mf ∈  we define 

the Fatou set of f, denoted by ( ),fF  to be the largest open set in which (i) all 

composition nf  are meromorphic and (ii) the family { }nf  is a normal family; and 

the Julia set of f, denoted by ( ),fJ  to be the complement of ( ).fF  If the set ( )fJ1  

is either empty or contains one point or two points, then f is conjugate to a rational 

map or entire function or an analytic map of the punctured plane ,∗C  respectively. 

In these cases the condition (i) is trivial and the Fatou sets are determined by (ii). In 
all other cases, by Montels theorem, ( ) ( )fFfF 1=  and ( ) ( ).1 fJfJ =  It is clear 

that for ( )fFMf ,∈  is open and completely invariant. Let U be a connected 

component of ( ).fF  Then ( )Uf n  is contained in a component nU  of ( ).fF  If for 

some pair of ,, nm UUnm ≠≠  then U is called a wandering domain of f, otherwise 

U is said to be preperiodic. If for some ,, UUNn n =∈  namely ( ) ,UUf n ⊂  then 

U is said to be periodic. For a periodic component of ( ),fF  we have the following 

classification theorem: 

Theorem A [1]. Let U be a periodic component of the Fatou set of period p. 
Then precisely one of the following is true: 

 (i) U is a (super) attracting domain of a (super) attracting periodic point a of f 

of period p such that af U
np →|  as ∞+→n  and .Ua ∈  

 (ii) U is a parabolic domain of a rational neutral periodic point a of f of period 

p such that af U
np →|  as ∞+→n  and .Ua ∂∈  
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 (iii) U is a Siegel disk of period p such that there exists an analytic 

homeomorphism ,: Δ→ϕ U  where { },1: <=Δ zz  satisfying ( ( ( ))) =ϕϕ − zf p 1  

ze iπα2  for some irrational number α and ( ) U∈ϕ− 01  is an irrational neutral 

periodic point of f of period p. 

 (iv) U is a Herman ring of period p such that there exists an analytic 

homeomorphism ,: AU →ϕ  where { },1: rzzA <<=  satisfying ( ( ( ))) =ϕϕ − zf p 1  

ze iπα2  for some irrational number α. 

 (v) U is a Baker domain of period p such that ( )fJaf U
np ∈→|  as 

∞+→n  but pf  is not meromorphic at a. If ,1=p  then ( ).fEa ∈  

With similar discussion as that of Subsection 6.5 in [3], or refer to Subsection 
3.1.6 in [10], we have the following Theorems B and C: 

Theorem B. Suppose that the map Mf ∈  has a Taylor expansion ( ) =zf  

( )121 ++ +− pp zOzz  at the origin. Then for sufficiently small t, f has p petals lying 

in distinct parabolic domains at the origin, such that: 

  (i) f maps each petal ( )tkΠ  into itself, and ( ) ( )ttf kk ΠΠ:  is conjugate 

to ( ) ;1+= zzT  

 (ii) ( ) 0zf n  uniformly on each petal as ;∞n  

(iii) ( ( )) p
kzf n π2arg  locally uniformly on kΠ  as ;∞n  

 (iv) ( ) zzf <  on a neighborhood of the axis of each petal, where 

( ) ( )( ) ( ).1...,,1,0,2;cos1: −=
⎭
⎬
⎫

⎩
⎨
⎧ π<θ−πθ+<=Π θ pk

pp
kptrret pi

k  

Theorem C. Suppose that the map Mf ∈  has a Taylor expansion ( ) =zf  

( )21 ++ ++ pp zOazz  at the origin with .0≠a  Then ( )zf  is conjugate near 0 to a 

function ( ) ( ),121 ++ +−= pp zOzzzF  via a polynomial ( ) ,!2 pzzzz γ++β+λ=ϕ  

where 
( )

.
arg in

a
p ea −=λ  
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Theorem D [10, Theorem 3.1.17]. Let ,, Mgf ∈  and ( )( ) ( ).exp zegzf =  If 

( )fE∈∞  or ( ) ,∞≠∞f  then ( )( ) ( ) { }0\exp gJfJ =  and ( )( ) ( ) { }.0\exp gFfF =  

Let ( ) ( ) ( ) ,
zepz eeqzf =  ( ) ( )

( ) ( ) ( )( ) ,zpzqzqz
zqzR ′+′−=  ( ) ( ).zRzezg =  Then 

( ) ( ),z
f eRzzN +=  ( ) ( ).zzN ege f =  According to the nature of logarithmic 

function and ( ) ( ),zzN ege f =  Theorem 3.1.17 in [10] implies that the dynamics of 

fN  in horizontal strip regions ( ) ( ){ }π+<<π− 1212: mzImmz  are same for 

different .Z∈m  So, we just need to consider dynamics of fN  in the horizontal 

strip region 

{ }π<<π−=Ξ zImz :  

and obtain the following results: 

Theorem 1. In Ξ, there are m simple connected supper-attracting immediate 
basins, and n invariant Baker domains. Moreover, each Baker domain is virtual 
immediate basin. 

Theorem 2. Each supper-attracting immediate basin of ( )zN f  has finite area. 

2. Immediate Basins and Virtual Immediate Basins 

To prove Theorem 1, we need the following Lemma 2.1: 

Lemma 2.1. In Fatou set of ( ),zg  there are n invariant parabolic domains 

( )1...,,1,0 −=∞ nkV k  such that ( ) ∞zg n  for kVz ∞∈  as ;∞n  and for any 

root a of ( )zq  there is an invariant supper-attracting component aV  containing a. 

Proof. It is easy to see that the essential singularities of ( )zg  are poles of 

( ),zR  i.e., ( ) .Mzg ∈  Note that ( ) ( ) 0,1deg →≥= zRnp  as ( )zgz ,∞→  has 

only one pole at infinity. Obviously any zero point a of ( )zq  is fixed point of ( )zg  

and ( ) .0=′ ag  So by Theorem A, there is an invariant supper-attracting component 

aV  which contains a in Fatou set ( )gF  of ( ).zg  
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With no loss of generality, let 

( ) 01
1

1 azazazazp n
n

n
n ++++= −

−  

and 

( ) .01
1

1 bzbzbzbzq m
m

m
m ++++= −

−  

Then 

( )
( )

( ) ze
wbbawbna
bwbwbwbzN z

mn
mn

m
m

m
m

f +
+++

++++
−= +

−
−

101

01
1

1  

and 

( ) ( ) .101

01
1

1
zbbazbna

bzbzbzb
mn

mn

m
m

m
m

zezg +++

++++
−

+

−
−

=  

Let ( )
z

z 1=σ  and ( )

( )
( ) .

1
101

0
1

11
−+

−
−

+++

++++

=
mn

mn

mm
mm

n

zbbabna
zbzbzbbz

zezh  Then ( ) =σ zg  

( ).zh σ  

Because ( )zh  has a Taylor expansion ( ) ( )211 ++ ++= nn

n
zOz

na
zzh  at the 

origin, by Theorem A there are n invariant parabolic domains ( ...,,1,0=kBk  

),1−n  in which ( ) 0→zhn  as .∞→n  So, there are n invariant parabolic domains 

( ) ( ),1...,,1,0 −=σ=∞ nkBV kk  in which ( ) ∞→zg n  as .∞→n   

Proof of Theorem 1. Since 
( ) ( )zzN ege f =  and ( ),fNE∈∞  based on Lemma 

2.1 and Theorem D, there is a supper-attracting immediate basin ( )aa VlnU =  in 

Fatou set ( )fNF  of ( ),zN f  and the corresponding supper-attracting fixed point is 

a. According to Theorem 2.7 in [8], aU  are simply connected. 

On the other hand, ( )zh  has a Taylor expansion ( ) ( )211 ++ ++= nn

n
zOz

na
zzh  

at the origin, Theorem C implies that ( )zh  is conjugate to a function ( ) zzH =  
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( )121 ++ +− nn zOz  via a certain polynomial ( ) ,!2 nzzzz γ++β+λ=ψ  where 

( )
( )

.
arg1 i

n
a

nn

n
ean
−−=λ  Using Theorem B, for sufficiently small positive numbers 

,, 00 st  each parabolic domains in Fatou set ( )HF  has an absorbing sets 

( ) ( ) ,12;cos1: 00 ⎭⎬
⎫

⎩⎨
⎧ π<θ−πθ+<=Π θ

nn
kntrret ni

k  

at the origin, 
⎭⎬
⎫

⎩⎨
⎧ π+=θ<<= θ

n
ksrreL ik 12,0: 0  and 

⎩⎨
⎧ <<= θ ,0: 0srrel ik  

⎭⎬
⎫π=θ n

k2  is the corresponding repelling and absorbing axis, respectively, where 

1...,,1,0 −= nk  and same hereinafter. Note the conjugate among ( ) ( )zhzH ,  and 

( ),zg  each parabolic domains kV∞  in Fatou set ( )gF  has an absorbing sets 

( )( )0
1 tkΠψσ −  with absorbing axis ( ).1 kl−ψσ  

Note the semiconjugate between ( )zg  and ( ),zN f  Theorem D implies ( )zN f  

has a component ( )kk VU ∞∞ = ln  such that ( ) ∞zN n
f  for kUz ∞∈  as .∞n  So, 

each kU∞  is not wandering domain but Baker domain with absorbing sets 

( )( ) ,ln 0
1 tkΠψσ −  then each kU∞  is virtual immediate basin.  

In order to prove Theorem 2, we need the following Lemma 2.2: 

Lemma 2.2. In Ξ, complement of the union of all virtual immediate basins of 
( )zN f  has finite area. 

Proof. From the proof of Theorem 1, for sufficiently small positive numbers ,0t  

each virtual immediate basin kU∞  of ( )zN f  has an absorbing set 1ln −ψσ  

( )( ).0tkΠ  Note that complement of the union of all virtual immediate basins of 

( )zN f  is subset of the complement of union of absorbing sets. To complete this 

proof, we need only to show that the complement of union of absorbing sets has 
finite area in Ξ. 

Now, we analyse those absorbing sets in parabolic domains in ( ).gF  
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Let ,1
4
3,0 00 π<θ<π<<

nn
tt  and 

( ) ,122,cos1: 01 ⎭⎬
⎫

⎩⎨
⎧ π+π<θ<θ+πθ+==γ θ

nn
k

n
kntrre nik  

( ) .22,cos1: 02 ⎭⎬
⎫

⎩⎨
⎧ π−π>θ>θ−πθ+==γ θ

nn
k

n
kntrre nik  

Choosing the branch of 1−ψ  which is in the form ( ) 2
1

1 1 zzz α+
λ

=ψ−  

,3
2 +α+ z  then ( )kk

1
1

1 γψ=Γ −  and ( )kk
2

1
2 γψ=Γ −  are two simple curves in the 

parabolic domain in Fatou set ( ).hF  

Since ( ) ( )zzN ege f =  and ( ) ( ),zhzg σ=σ  ( )kk
1

1
1 ln~

γψσ=Γ −  and 

( )kk
2

1
2 ln~

γψσ=Γ −  are simple curves in Baker domains in Fatou set ( ).fNF  

Let ( ) .1 zerz vi
v

θ− =ψ  Then 

( ) ( )
( ) ( ( ) )

( )
,

,
122

,cosln
:~

0

1

1
⎪⎭

⎪
⎬

⎫

⎪⎩

⎪
⎨

⎧

θ−θ−=θ
π+<θ<θ+π

θ+−=θ
θ+θ=Γ

v

n
vk

Y n
k

n
k

nttrX
iYX  

( ) ( )
( ) ( ( ) )

( )
,

,

212
,cosln

:~
0

1

2
⎪⎭

⎪
⎬

⎫

⎪⎩

⎪
⎨

⎧

θ−θ−=θ
θ−π<θ<π−

θ+−=θ
θ+θ=Γ

v

n
vk

Y n
k

n
k

nttrX
iYX  

where +α+α+
λ

= 2
21

1 zzrv  and ⎟
⎠
⎞⎜

⎝
⎛ +α+α+
λ

=θ 2
21

1arg zzv  are 

continuous functions. Furthermore, ( ) ,1
λ

→zrv  ( ) ,1arg
λ

→θ zv  as .0→z  

Hence, the curve k
1

~
Γ  is monotonously decreasing, under which there is an 

asymptote 
λ

−π+−= 1arg12
n

kY  as ,12 π+→θ n
k  the curve k

2
~
Γ  is monotonously 

increasing, above which there is an asymptote 
λ

−π−−= 1arg12
n

kY  as 

.12 π−→θ n
k  
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Now, we analyse those absorbing set ( )( )tkΠψσ −1ln  in Baker domain kU∞  

of ( ).fNF  

The repelling axis 
⎭⎬
⎫

⎩⎨
⎧ π+=θ<<= θ

n
ksrreL ik 12,0: 0  of ( )zg  produces 

repelling axis 

( ) ( ) ( )
( ) ( )

( ) ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

<<

λ
−π

−
+−=

−=
+=ψσ −

0
1 0

,1arg1
12

,ln
:ln sr

n
krY

rrrX
riYrXL

v
k  

of ( )zN f  at infinity. 

It is easy to see that the asymptote of k
1

~
Γ  or k

2
~
Γ  is the horizontal line in which 

( )kL1ln −ψσ  lies. 

Next we show the area of unbounded wedge sharp region kW1  between k
1

~
Γ  and 

the corresponding asymptote 
λ

−π
−
+−= 1arg1

12
n
kY  is finite. For positive numbers 

1δ  and ,2δ  we construct another unbounded wedge sharp region ,~
1
kW  which is 

between curve 

( ) ( ) ( )
( ) ( )( )

( )⎪
⎩

⎪
⎨

⎧

⎟
⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛ θ−π+δ−

λ
−θ−=θ

⎟
⎠
⎞

⎜
⎝
⎛ θ+
λ
δ

−=θ
θ+θ=γψσ=Γ

,121arg

,cos1ln
:ln

2

11

11

n
kY

ntX
iYX

n
kk  

⎪
⎭

⎪
⎬

⎫

π+<θ<θ+π
n

k
n
k 122

0  

and the corresponding asymptote ,1arg12
λ

−π+−= n
kY  where ( )

λ
δ

=ψ 1zz  

.
121arg 2 ⎟

⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛ θ−π+δ−

λ n
ki

e  It is easy to see that for some appropriate small positive 

numbers 1δ  and ,2δ  if ,1
kirez γ∈= θ  the Euclidian distance of point ( )zψσln  

to line 
λ

−π+−= 1arg12
n

kY  is greater than that of point ( ( ))z1ln −ψσ  to the 

same line, i.e., k
1Γ  lies above .~

1
kΓ  While the area of unbounded wedge sharp region 

kW1
~  is the following integration: 
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( ) ( )∫
π+

θ+π
θ⎟

⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛

λ
−π+−−θn

k

n
k dXn

kY
12

2
0

1arg12  

( )

∫
π+

θ+π
θ

θ+

θ⎟
⎠
⎞⎜

⎝
⎛ θ−π++δ

= n
k

n
k dn

nn
k12

2

2

0 cos1

sin121
 

( )∫
θ−π

θ
θ−

θθ+δ
=

0

0
2

cos1
sin1n dn

n  

( )∫
θ−π

θ
θ−
θθ+δ

=
0

02
2

cos1
sin1 n

d
n

 

( ) ( )
,

12
2

02

n
θ−π+δ

<  

where 

( ) ( )( ) ⎟
⎠
⎞

⎜
⎝
⎛ θ+
λ
δ

−=θ nntX 11 cos1ln  and ( ) .121arg 2 ⎟
⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛ θ−π+δ−

λ
−θ−=θ

n
kY  

It is clear that the difference between areas of kW1
~  and kW1  is finite, so kW1  has 

finite area. The symmetry implies that the area of unbounded wedge sharp region 

kW2  between k
2

~
Γ  and the corresponding asymptote 

λ
−π+−= 1arg12

n
kY  takes 

the same value as the area of .1
kW  

Denote the union of these wedge sharp regions by W and ∪ 1
0

ln−
=

σ
n
k

 

( )( )tkΠψ−1  by ∏. Note that ( )( )tkΠψσ −1ln  are also absorbing sets of those 

Baker domains, respectively, and that those asymptotes exist alternately with 

alternation angle as ( )ΠΞ
−
π ∪W

n
\,

1
2  is a bounded domain, and the area of 

( )ΠΞ=ΠΞ ∪∪ WW \\  is finite. So, the complement of the union of all virtual 

immediate basins of ( ),zN f  a subset of ,\ΠΞ  is with finite area.  

Proof of Theorem 2. Theorem 2 follows from Lemma 2.2 directly.   
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