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Abstract 

We give a comprehensible and quick proof of Euler’s (resp. Ferro and 
Tartaglia’s) formula for roots of algebraic equations of degree 4 (resp. 3). 
We use certain polynomial identities. 

1. Roots of Algebraic Equations of Degree 4 

Let A be a commutative ring, and let .,,, Auzyx ∈  One has 

xyzu
yxuz
zuxy
uzyx

 

4224222242222224 2228222 zzyyzxyxxuxyzzuyuxuu +−+−−++−−−=  

( ) ( )42242222422224 2228222 zzyyzuyuuyzuxxuzyx +−+−−++−−−+=  

( ) ( ) ( ) ( ).uzyxuzyxuzyxuzyx +−−−+−−−++++=  
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We use this. In Section 1, we give our method. We describe Euler’s original 
method in Remark 1. There have been no publications of our method. Let K be a 

field and let .,, Kcba ∈  Let us treat any polynomial [ ].24 xKcbxaxx ∈+++  If 

the system of equations 

( ),2 222 uzya ++−=  

,8yzub =  (1) 

422422224 222 zzyyzuyuuc +−+−−=  

( ) ( )2222222222 4 uyuzzyuzy ++−++=  

has a solution ( ) ( ) 3
000 ,,,, Kuzyuzy ′∈=  with some field extension K ′  of K, we 

have 

cbxaxx +++ 24  

( ) xuzyxuzyx 000
22

0
2
0

2
0

4 8222 +−−−+=  

( )4
0

2
0

2
0

4
0

2
0

2
0

2
0

2
0

4
0 222 zzyyzuyuu +−+−−+  

( ) ( ) ( ) ( ).000000000000 uzyxuzyxuzyxuzyx +−−−+−−−++++=  

Then all the roots of 024 =+++ cbxaxx  are given by 

.,,, 000000000000 uzyuzyuzyuzy −++−++−−−−  

Assume .2char. ≠K  The equations (1) are equivalent to 

,2
222 auzy −=++  

 ,4
1

16
1 2222222 cauyuzzy −=++  (2) 

.8
byzu =  

We will find a triple ( )000 ,, uzy  satisfying (2). Note .8

2
222 ⎟

⎠
⎞⎜

⎝
⎛= buzy  We consider 

 .084
1

16
1

2

2
223 =⎟

⎠
⎞⎜

⎝
⎛−⎟

⎠
⎞⎜

⎝
⎛ −++ bTcaTaT  (3) 

Let α, β, γ denote all the roots of (3). 
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Case 1 of .0≠b  

Let α  ( )βresp.  denote any square root of α ( ).resp. β  Put .
8 βα

=τ b  

Then .8

2
2 αβγ=⎟

⎠
⎞⎜

⎝
⎛=αβτ b  Therefore, γ=τ  or .γ−=τ  Hence we can take 

( ) .
8

,,,, 000 ⎟
⎠

⎞
⎜
⎝

⎛
βα

βα= buzy  And all the roots of 024 =+++ cbxaxx  are 

gotten. 

Case 2 of .0=b  

Let α  ( )βresp.  denote any square root of α ( ).resp. β  We may assume 

.0=γ  We see 0=yzu  is equivalent to .0222 =uzy  We can take ( )000 ,, uzy  

( ).0, , βα=  And all the roots of 024 =+++ cbxaxx  are gotten. 

Now we treat 0234 =++++ DCXBXAXX  where { } KDCBA ⊂,,,  and 

K is a field with .2char. ≠K  Put .4
AXx +=  As a polynomial, we have 34 AXX +  

cbxaxxDCXBX +++=+++ 242  with ,8
3 2 BAa +−=  CABAb +−= 2

1
8
1 3  

and .4
1

16
1

256
3 24 DACBAAc +−+−=  Let ( )000 ,, uzy  denote the triple defined 

above for .024 =+++ cbxaxx  We have proven 

Euler’s formula. All the roots of 0234 =++++ DCXBXAXX  are 

.4
1,4

1,4
1,4

1
000000000000 uzyAuzyAuzyAuzyA −++−+−+−++−−−−−−  

Remark 1. Euler’s original method of solving 024 =+++ cbxaxx  where 
{ } Kcba ⊂,,  and K is a field with 2char. ≠K  is as follows. Write .tsrx ++=  

Then one has 

cbxaxx +++ 24  

( ) ( ) ( )

( ) ( ) ( )tsrbrsttrstrsatsr

ctsrarttssrtsr

++++++⎟
⎠
⎞⎜

⎝
⎛ ++++

+++++++++=

8
2

4

4

222

2222222222222

 (4) 

.0=  
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As a sufficient condition satisfied by r, s, t for (4), one has 

( ) ( ) ( ) ,04 2222222222222 =+++++++++ ctsrarttssrtsr  

,2
222 atsr −=++  (5) 

.8
brst −=  

From the first equation of (5) one has 

.416

2
222222 carttssr −=++  

Hence ,2r  ,2s  2t  are all of the roots of 

.0644162

22
23 =−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−++ bWcaWaW  

This is the same equation as (3). If a, b, c are distinct letters which are algebraically 

independent over the prime field of K, then one has distinct four roots of 24 axx +  

.0=++ cbx  Let α, β, γ denote the roots of (3). Put ,β±=s  γ±=t  and 

.8st
br −=  They satisfy (5). Put 

{ } { } .,8 ⎭⎬
⎫

⎩⎨
⎧ γ±∈β±∈|++−= tstsst

bS  

The number of S is 4. Any element of S satisfies .024 =+++ cbxaxx  Hence all 

the roots of 024 =+++ cbxaxx  are equal to all the elements of S. 

Euler’s original method has difficulty in finding the polynomial identity 

( ) ( ) ( ) ctsrbtsratsr +++++++++ 24  

( ) ( ) ( ) ctsrarttssrtsr +++++++++= 2222222222222 4  

( ) ( ) ( )tsrbrsttrstrsatsr ++++++⎟
⎠
⎞⎜

⎝
⎛ ++++ 824 222  

in (4). Therefore our method is more comprehensible than Euler’s. 
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Algebraic equations of degree 4 were solved first by Ferrari. His method was 
introduced in Cardano’s ARS MAGNA. It is described in [1]. 

Remark 2. In [2] we have given another proof of Euler’s formula. In [2],  

putting ( ) ( ),22234 srXXqpXXDCXBXAXX ++++=++++  we have 

gotten ( ) ( ) ( ) 222324256 424233 pDBACBApBAApBAApp −++++−++−  

( ) .04 222 =−+−−+− CABCDApDBACA  Therefore, if ,0=A  we have 

( ) .042 22246 =−−++ CpDBBpp  From this we have given Euler’s formula. 

In [3], by the method of [2] we have shown that the discriminant of 34 AXX +  

DCXBX +++ 2  is equal to the discriminant of ( ) .42 2223 bXcaaXX −−++  

Here ,8
3 2 BAa +−=  CABAb +−= 2

1
8
1 3  and .4

1
16
1

256
3 24 DACBAAc +−+−=  

2. Roots of Algebraic Equations of Degree 3 

Let A be a commutative ring, and let .,, Azyx ∈  One has 

333 3 zyxyzx
xzy
yxz
zyx

++−=  

( ) ( ).222 zyyzxzxyxzyx ++−−−++=  

We use this. In Section 2 we give our method. We describe Ferro and 
Tartaglia’s method in Remark 3. There have been no publications of our method. Let 

K be a field with 3char. ≠K  and let ., Kqp ∈  Let us treat any polynomial pxx +3  

[ ].xKq∈+  Let ω denote a primitive cubic root K∈  of .1 K∈  ( ).012 =+ω+ω  We 

have ( )( ) ( )( )( ).22222 zyxzyxzyxzyyzxzxyxzyx ω+ω+ω+ω+++=++−−−++  

If the system of equations 

 
33

3

zyq

yzp

+=

−=
 (6) 
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has a solution ( ) ( ) 2
11,, Kzyzy ′∈=  with some field extension K ′  of ( ),ωK  we 

have 

( ) ( ) ( ).11
2

1
2

111
3 zyxzyxzyxqpxx ω+ω+ω+ω+++=++  

Hence all the solutions of the equation 03 =++ qpxx  are given by 

.,, 11
2

1
2

111 zyzyzy ω−ω−ω−ω−−−  

We will find a pair ( )11, zy  satisfying (6). By (6), .27 333 zyp −=  We consider 

.027

3
2 =−− pqtt  Let δ and ε denote all the roots of this. ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−=δε=ε+δ .27and

3pq  

Let 3 δ  ( )3resp. ε  denote any cubic root of δ ( ).resp. ε  Put .3
1 δ=y  There is a 

unique element 1z  of { }2333 ,, ωεωεε  such that .311
pzy −=  We have ( )., 11 zy  

Now we treat 023 =+++ RQXPXX  where { } KRQP ⊂,,  and K is a   

field with .3char. ≠K  Put .3
PXx +=  As a polynomial we have ++ 23 PXX  

qpxxRQX ++=+ 3  with ,3
1 2PQp −=  .3

1
27
2 3 RQPPq +−=  Let ( )11, zy  

denote the pair defined above for .03 =++ qpxx  We have proven 

S. Ferro and N. Tartaglia’s formula. Let .3char. ≠K  All the roots of 

023 =+++ RQXPXX  are 

1
2

111 3
1,3

1 zyPzyP ω−ω−−−−−  and  .3
1

11
2 zyP ω−ω−−  

Remark 3. We explain Ferro and Tartaglia’s method to solve 03 =++ qpxx  

where { } Kqp ⊂,  and K is a field with .3char. ≠K  Let p and q be algebraically 

independent over the prime field of K. Put .vux +=  Then 

( ) ( ) ( ) ( ) .03333 =+++++=++++ vupuvqvuqvupvu  
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As a sufficient condition satisfied by u and v for ,03 =++ qpxx  one has 

033 =++ qvu  and .3 puv −=  Therefore qvu −=+ 33  and .27

3
33 pvu −=  Let ϕ 

and ψ denote all the two roots of .027

3
2 =−+ pqtt  Let =ϕ=α 3  any cubic root 

of ϕ. Let K∈ω  denote any primitive cubic root of unity 1. Let β be a unique 

element of { }2333 ,, ωψωψψ  such that .3
p−=αβ  Therefore, as vu +  one has 

,β+α  2βω+αω  and .2 βω+αω  They are three. Hence they are all the roots of 

.03 =++ qpxx  This method was introduced in Cardano’s book ARS MAGNA. 

Since this method does not explain why one has to put ,vux +=  our method given 

in this section is more comprehensible than Ferro and Tartaglia’s. 

Remark 4. In [4], the formulas of roots of algebraic equations of degrees 4 and 
3 are treated systematically by Field Theory and Galois Theory. The treatment is not 
so easy as our methods in the present article, but theoretical. 

Remark 5. The usual method of solving 02 =++ baxx  where { } Kba ⊂,  

and K is a field with 2char. ≠K  is regarded as an application of =− 22 YX  

( ) ( )YXYX −+  since .42

222
2 baaXbaXX −−⎟

⎠
⎞⎜

⎝
⎛ +=++  
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