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Abstract

The Baker-Forrester’s constant term conjecture is an extension of the
g-Morris constant term identity [2]. In this conjecture, the cases from
N1 =1 to Ny =6 are proved [6, 10]. Here we consider that the case

N1 = No =2 of the multi-component -generalization of Baker-

Forrester’s constant term conjecture. The purpose of this paper is to
express the constant term for the special cases Ng = 0, N; = N, = 2 and

a — b = 3 (general k) by the product of g-gamma functions.

1. Introduction and Preliminary

1.1. Baker-Forrester’s conjecture
Fix g with 0 <q <1 and set (x), = (x; q), = H?O:O(l— xq') and (x), =
(X Q)3 = (X)o/(xq%),,. Define

o (CHEDS 1—at* and
Tq(x): —(qx;q)w( 9y and [x]

_1-g* _T
q 1-q -
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For complex Q, we denote by oAy (x) the product ngkjsN (x; —Qx;j) and by

Ay (x) the product HKMSN (X = xj).

Suppose &, b, k € Zsq and let
N X .
Hq (X1, - Xns &, b, k) = H(x, )a(xi,) H (qX—Jj ()):—') .

I=1 b 1<i<j<N PR\ Jk

The g-Morris constant term identity [5, 7, 12] states that

CTixyHg(xq, - XN @, b, k) =My (a, b, k; q),

where CTa denotes the constant term in the Laurent polynomial expansion as a

function of {xq, ..., x5 } and

Nl y(@+b+1+k)TL+k(I+1))

My (a, b, k; q) = g Ty(@a+1+kHIy(b+1+kNTq@+k)’

In [2], Baker and Forrester have given a conjecture extending this identity to
read as follows.

Conjecture 1.1. For a, b, k € Z>q, we have

k Xi k+1 Xj ,
CT{X} H (1— q X_Ij(l_q i X—inq(Xl, oy XN & b, k)

Ng+1<i< j<N J
=My, (a b, k; q)

il__[l[(1+ K)(j +1)]qu((k +1) j+a+b+kNg +1)Tg((k +1)(j+1)+kNg)

Tk +2)Ty((k+1) j+a+kNg +1)T((k +1) j+b+kNg+1)

(1.1)

where
N = Ng + Nj.

Conjecture 1.2. Let
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Dp(Ng, ... Npi No, a, b, k; )
X Xj
RSO ) RS (RLE
Ng-+1<i< j<Ng+Ny J '

ok X,k X
i H (1 | ij(l | Xij

No+Np+1<i< j<Ng+Nz+No

k X k+1 Xj .
X oo X H (1—(] X—Ij(l—q + X_inq(Xl,..., XN &, b, k),

p-1 NP )
g0 Ng+1=i<i<X o oNp
(1.2)

where N = Zc?:o Ng, and suppose N < N, +1(j=1 .., p-1). Asa function

of Np the function Dp satisfies the recurrence

Dp(Ng, ..y Ny, Np +1 Ng, &, b, k; q)
Dp(Ng, ... Np_g, Np; Ng, a, b, k; q)

= [k +1)(Np + D),

p-1 p-1
Fq((k +1)Np +a+b+kzj=1Nj +1)l“q((k +1)(Np +1)+ ijlej)

p-1 '
Tk +2)T((k+1) N +a+kNg +1)Fq((k +1)N, +b+kzj=0Nj +1j

X

In the limit g — 1, the formula in above conjecture is equivalent to the recurrence
equation conjectured in [4].
In Conjecture 1.1, they proved this conjecture in the special cases a = k and

a =b =0 by employing a theorem of Bressoud and Goulden [3]. Also the special
case N; =2 is proved by adapting the method of Zeilberger [12]. In [6], the cases

N; = 2, 3 are proved by making use of the g-integration formula of Macdonald
polynomial P, (xq, ..., Xy; 0, t) [8]. Moreover, in [10], it is proved that the cases
N; =4, 5, 6. While the proof given in [2], is of strongly combinatorial nature, our

proof was computational and straightforward with some tedious calculation.
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Now, we consider Conjecture 1.2.
1.2. The recurrence equation in Conjecture 1.2

We gave a proof of Baker-Forrester’s constant term conjecture for the cases
N; = 2, 3 [6]. In these cases, the recurrence equation in Conjecture 1.2 is satisfied.

Proposition 1.3. The case N; = 2 satisfies the recurrence

Dl(Nl +1= 3, No)
D1(N;1 = 2; Np)

[(k +1)(N; +1)]qu((k +1Np +a+b+1)T((k +1)(Ny +1))
" Tk + 2)T((k + Ny +a+ kNo + )T ((k + )Ny + b+ kNg +1)"

where N = Ng + Nj.

In the limit q —1, the formula is equivalent to the recurrence equation

conjectured in [4].
Proof. It is easy to see by the result in [6]. O
1.3. The g-integration formula of Macdonald polynomials

Let & = (Aq, ..., Ay ) be a partition. The integer |A| = Zi A is called the weight

of A. The number of nonzero A; is called the length of A. For partitions A and p

with the same weight |1 | = | p|, we define dominance (partial) ordering > by
A2p S A+ +Ahj 2w +--+p forall i >1
Given a partition A =(Aq, .., Ay) of length < N, the monomial symmetric
polynomial m; = m;, (X, ..., Xy ) is defined by
My (X, . XN) = Zx{‘lxgz --~X),\”,N ,
A

where the sum is over all distinct monomials obtainable from xlklxg2 X\ by

permutations of the x’s. Let g and t be independent indeterminates. We have the
following theorem and definition of Macdonald polynomials ([11, Chapter 6, (4.7)]):
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Theorem 1.4. Let Q(q, t) be the field of rational functions in q and t. For each
partition A of length < N, there exists a unique symmetric polynomial P, =

P, (X, -, Xn; @, t) with coefficients in Q(q, t) satisfying

P)L = Z Uxumu,

pu<a

where uy,, € Q(q, t) and uy,; =1 and

DN P = &P,
where D,l\, is defined by
N N
txXi — X
1 _ L i~
D _ZA'Tqui’ A= H Xj — X’
i=1 i=Lj=i v

Tg,x FOX0 ey Xiy oy X)) = OG- 0%y ey XN)

and e, =e,(q, t) is
N .
e, (g, t) = quitN".
i=1

Moreover, the Macdonald polynomial P, is the joint eigenpolynomial for the

g-difference operators

DN = > AO] JTa (=01 N), (1.3)
1c{1,2,...,N} |1 |=r iel
where
r(r-1) tx — X
A(x, t)=t 2 L)
ieEI;EI i - XJ

and the eigenvalue for Dy is the coefficient of X' in the polynomial

[T, @+ xeN-Tq*) (11, pp. 315-317)).
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Next we recall the g-integration formula of Macdonald polynomials ([8,
Proposition 5.2]). Let A" be the conjugate partition of a partition A. For each square
s = (i, j) inthe diagram of A, let

a(s)=%i—j alls)=j-1

I(s) =1 =i, 1(s)=i-1

and put
m(a )= [ [a-a® O and @ =T -q*®a). @4
Ser Ser
It holds [11] that
2 Ny (Y
P@tte,. ., t7 )= . 15
7»( ) hx(q, t) ( )
. (Y
We write H, (1) = ————.
wite M 0=, .9

The g-integral of a function f(xy, ..., Xy ) over [0, 1]V is defined by

J‘[Oyl]N f(Xln vy XN)dqxl”'quN = (1— q)N Z .I:(qu_' . qSN )qu_ ”'qSN.

Sj EZZO

For a Macdonald polynomial P, (X, ..., Xy; @, t), we have

N
4 (ax5) k[ 1k Xj
[T I e T ), da e da
[0,V 1;! (@”xj),, 1si1<_j[gN Xk

) kx(“z'}zkz(';)(qu)(kq,qk)
a . (9,9%)

Xlﬁ[rq(ik +1)T(x + (N = i)k +A))T(y + (N —i)k)

L Tk +DTy(x +y + (2N =i = 1)Kk +2;)

(qu )&q,qk) N (qx+(N—i)k)}Li

(1.6)
h.(a,a%) 11 (g

=aSn(x% ¥ k) Xy ENTDky
A
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where

N
4 (o) 2k( 1-k Xj
S x,y;k::j IIx’-‘1 ) o II X2 gt L dgxg - dgx
q N ( ) oM 1 i (qu-) i X: ok a7l q”N

i) 1<i<j<N !

- [ J*z"[ jH g(ik + 9T (x + (N ~DK)Ty(y + (N — k)
Lk +DTy(x + y + (2N —i - 1)k)

We shall use the following g-Selberg type integral evaluation; Proposition 4.1 in
[2] that for a general Laurent polynomial f (X, ..., XN ),

Ig(x+y) 1 (x5 9),,
(F ()T (Y)j Jol]N H j 1(qyxj— F O, o XN ) dgXg - dgXn

((‘2—35“?) CT{XH(Xj q>a[ : j Fa P, g O Px) @)

provided x =-b, y=a+b-1and

) k Xi k+1 Xj
fNg, Ny, N (X) = H (1—(1 X—'_j(l—q B X—Jj
Ng+1<i< j<Ng+N; J !
ok Xi )4 k1 Xj
" H (1 | ij(l | Xiij’
Ng+Np+1<i<j<N

fy (X) = H (%:QJI((CI—I QJ

1<i<jsNn N

Let A denote the antisymmetrizer

AR o X) = D 8(0) T (X s Xogy) )

GESN

where Sy is the symmetric group of degree N and &(c) is the sign of the

permutation . Since we have

kN(N-1) k( -1) N(N -1)

fn=(1) 2z q FN-D) ( -1 j . (18)
N = (D2 Hx IT * q2k

I<i<j<N
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the integral evaluation is equivalent to

N
x—k(N-1)-Ng~Np+1_(AXj) 2k[ L1-k Xj
I[O,I]N H XJ ' ? H XI q Xi 2K

j=1 (@7%))s 1<i<jon
No
x H X H (X — %) (% - a*"x))
i=1 No+1<i< j<Ng+Ng
No+Njp

Ny-1 & k+1
x I | X2 H (X —a7"x)) (6 —a % )dgxg -+ dgXn
i=1 Ng+N1+1<i<j<N

T ()T (y))“ (@a (@) \" .
=By | 14 ( a bj 1.2) of conjecture), 1.9
N( T+ ) Dt ((1.2) J ) (1.9)
where
KN(N-1)  Ny(N;-1)  Np(Np-1) _K(K=D)N(N-1) KNi(Nj-1) KNp(Np-1)
By = (—l) 2 ; 2 ' 2 q 4 2 2

The symmetrized form of this evaluation is

J’ ﬁ X—K(N=1)-Ny=Np+1 (A} ) H 2k—1( 1-k XJJ
X —_— Xi q =
CRAE (@%))p 1415 j2n | X ok

No
XA{qkAN(X)HXiNl_l H (% = a7 %)) (% - a*x;)
i-1

Ng+1<i< j<Ng+Ng

N0+Nl

N1 K k+1
x | I Xj 2 I | (X =g %) (% —a"7x;j) [dgXq - dgXn
i=1 Ng+N7+I<i<j<N

rq(x>rq<y>j“(<q>a<q>b

N
Tq(x+Y) @t ) ((1.2) of conjecture). (1.10)

=N!BN(

Note that
@; 9y

g

Al by () =

which can easily be verified and is also the simplest case of the following Kadell’s
lemma ([7, (4.10), p. 976], [11, Chapter 3, (1.3)]):
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Lemmal5.Let M < {1, ..., N}. Then

Q;Q Q; Q)
A{HXJ‘QA“‘X)J o )2_(Q)N)“ e (9N ()

jeM
where e(M)=|{(i, j)l1<i<j<N,igM, jeM}| and e, (x) denotes the

elementary symmetric polynomial of degree r.
Hence symmetrizing the integrand of the left-hand side of (1.6) gives

[XE qq)H“(q‘) An (0

X.
X H xfk‘l[ql‘k—fj dgXq -+ dgXn
2k-1

1<i<j<N
I(l q ) . (qu )(q .q ) N (qX+(N—i)k)ki

=N! aSn (X y; k) — . (111)
(@*; a*)y by (q.0%) g (qFHYHENIK,

We express the symmetric homogeneous polynomial

PN, Ny, Ny (K2 - XN

" =) No N;-1 N 't
=an () Aq"AN(X)Hi=1X' HNO+Ki<j§NO+N1(XI G X)) 06 = a7xj)

N0+N1
No-1 -
x | IXi 2 | I (xi = a7 %)) (% - q“x;) (1.12)
i=1 No+Np+1<i<j<N

in terms of Macdonald polynomials P, (X, ..., XN G, qk).

We consider that the cases N; = N, =2 and NO =N-4. Let AW

3,2N3 1), 2@ = (3,24 13), 23 = 2¥1) and ¥ = (2N2, 12). We have

N
x—k(N-1)-3 (0Xj)oy ) 2k-1 -k Xj
JO 1]N H Xj H XI q Xi B
j=1 2k-1

(qyxj)w 1<i<j<N

i=1  Ng+I<i<j<Ng+2

No
xA{qk AN(X)HXi H (X; _qikxj)(xi _qk+1xj)
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x Hxi H (6 — a5 ;) (% — " *x)) [dgxg - dgxn
i=1  Ng+3<i<j<N

N N
= NIBy (FIE:XT S;)J [(83‘:2[’ ] ((1.2) of conjecture), (1.13)

FN,2,2(X0 0 XN)
_ 1 N-4 -k k+1
SESTCIR [PTES) I N | MR e IR ey

N2 . Ky V(x k+1,,
Xl_[i=1 XIHN—1§i<j£N(X'_q Xj)(% - XJ))'

We put
4
FN,2,2 = Zbka)Pk(i)- (1.14)
i1

To calculate the coefficient bx(i)’ we shall make use of extending version of the
following Kaneko’s lemma ([6, Lemma 2.2]) for the case N; = N, = 2:
Lemma 1.6. We assume t = qk in the definition of Dy, (1.3). Then

r=0,.. N, if N123,
r =0, if N1=2.

DN FN,Nl(lv a*, g%, ... qk(N’l)) =0 {
Proof. We have
L L
unless 1 = {N —r+1 N —r+2 .., N}. Hence it suffices to show

No
i=1

ie{N-r+1, N-r+2,..,N}

Il
o

< I1 (xi—q-kx,-xxi—qk“x,-)}

Ng+1<i<j<N
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where x; = qk(i‘l), i =1 .., N. Forany element c € Sy, put
o(p))=N-r+Lo(p))=N-r+2,..,0(p/)=N

o(tg) =1 o(dy) = 2, ... 6(@y_r) = N - T.

We may assume that 1< py <---<p, <N and 1< g <--- <qn_r < N. In fact, if
this is not the case, then it is clear that there exists a pair p; > pj;q, 1<i<r-1

orapair gj > qj.1, 1< j<N-r—1 Inboth cases the term corresponding to ¢

is zero because of the factor o An(x). Since Ny =3 or r =0 if Ny =2, it holds

that Ng +1< p,_y < pr <N or Ng+1<qyn_r_1 <0dn_r < N. Hence the term

corresponding to o is zero because of the factor HN a

o+1I<i<j<N (Xi -a Xj)'
We have the following extension of Kaneko’s lemma:

Corollary 1.7. We assume t = qk in the definition of Dfj, (1.3). Then for the

cases N; =N, =2 and r =0, 1, 2, we have
D{iF 2.2 a¥, a%, .., N Y) =0
2. The Case N; = N, = 2 of Conjecture

2.1. Application of the g-integration formula of Macdonald polynomials

To rewrite in terms of Macdonald polynomials, we set

1L AN(X)T A( kAN(X)H XPXRI_3XN_2XR _1XN - x(') P.(i)

1
2. AN(X) A qkAN(X)l_[ XEXN -3XN-2XN-1XK - x(') Py

2.1)

V-X
( X

3. AN(X)_lA(qk AN(X)H XXy 3xN X2 X j . x(') P
( H)-X

A
4. AN(X) A o AN(X)H XEXN_3XN -2 XN —1XR - x(') Py
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where let
W = 3,288 1), a@ =3 2N 18, @ — N, W - 2N212),

For each integer m > 0, put
-t
wo =] 3
i=1
and for a partition A = (Aq, ..., Ay ) of length < N, define

V;LZI |Vmi,

i>0
where m; is the number of % ; equal to i.

Lemma 2.1. We have
N-3 2 N-2
Wy = Q" N, wy =Q" v,

3 N-2 4 N-
Wi = Q" v Wiy = QM .

Proof. We give only the proof of the formula of Wi(l)' Proofs of other formulas

are similar. We may put

N-4 4
2,3 2 0
Al Ay OO TR -axn—2R-o® | = An 00D cimygo.
i=1 i=1
We have the coefficient of xlNJ’ZXEl x3N L. xf\‘,_zx,%,_l in the right-hand side is c;.

To calculate the antisymmetrizer A, we first note that the symmetric group
Sy, has a right coset decomposition with respect to the symmetric group Sy_;

which fix the letter N : Sy = UiN:Il(i, N)SN,1U Sn_1. Where (i, N) denotes the

transposition of i and N. Accordingly the antisymmetrizer A = A decomposes in

the following way:
N-1

Ay = AN - Z(i, N)AN_1,
i=1
where Ay _; is the antisymmetrizer with respectto 1, ..., N —1. For 1<i < N -1,

let A(,\il)fl denote the antisymmetrizer with respectto {1,...,i—1, N,i+1,.., N -1}.
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Clearly it suffices to consider the term

X (1 = 0%xy ) (X2 = 4Fx )+ (X1 — 9Fx)

x A An_1(Xq, X XN-1) N_4x-2x3 XN _oXR
N-1| gk AN-1UX1s X2 o XN Je 0 X XN-8XN-2XN-1 -

Moreover, we have
N-4
2.3 2
-AN—l(qk AN (X1, X, e, XN—1)| Ii=1 X XN—3XN—2XN—1)
2 k k k
= XN-1(X = A" XN_1) (X2 = " Xy_1) - (Xn—2 — 4" XN-1)

x AN—z(qk AN_2(X1s X, oo XN—z)l_[::4 Xizxﬁ—st—z)

o

DN = %) (0 = 05x) -+ (-1 = 4%)

X-A([\ij)_z(qkAN—Z(xl’ sy Xis Xjgds oo XN—l)X12 "‘Xi2—1XI%I—1Xi2+l”'Xﬁ—3XN—2)

+...

Here, for example, we have
N-4
2,3
ANZ(qk An—2(Xg, Xp, e XN—2)| Ii=l Xi XN3XN2j
_ k k Kk
= XN—2(X = A" XN_2) (X2 — @ XN—2) - (Xn—3 = A" XN-2)

N4 5 o
x AN_3 qkAN—S(le X2, wony XN—3)| Ii=1 Xi XN-3 |

N-—4
2.3
AN—B(qkAN—3(X1' X2, won XN—3)| Ii=1 X XN—3)

= (x{x3 - Xy _3)
x [xn—3(4 — 9 xn_3) (X2 — @¥xN_g)- (XN_s — B**Xn_3)
x -AN—4(qkAN—4(le X2, o XN_4))
ot (DN O = 05%) - (g = 05%) (Xiag — %) (ks — 5 %)

Aﬂ),4(qkAN_4(X1, ooy Xic1s Xi41s -0 XN=3)) o],
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where
)74(qkAN—4(X1: v Xiz1s Xigds o0 XN-3))
N-4 ki
1_
= qk AN-4(Xs ooy Xisgy Xis1s o XN-3)
2 1-q
=1
by Lemma 1.5.

The coefficient in the right-hand side is easy to compute and the result is
¢ = qk(N‘?’)vk(l). Since we have P,q) = m,q) + (the other terms) by Theorem 1.4,

we obtain

AN (X)” lA( kAN(X)H XP Xy _3XN_2XR 1XR1)

4
= Zwi() Wl JM. @) + (the other terms).

i=1
Therefore, we get
k(N-3
W;I;(l) = o =gV ). U
Proposition 2.2. We have b, 1) = QN3+ qQ)ka(l).
Proof. Since the coefficients of the left-hand sides of 1-4 of (2.1) in Fy 5 , are

1, q, g, q°, respectively, it follows that bx(l) = QN’3(1+ qQ)zvk(l). O

By Corollary 1.7, we have the following.

Proposition 2.3. We have

(1) DRFn 2,20 a%, g%, .. gk V) = Z, PP =
k 2
(2) D]N FN,2,2(11 a.,q9 ., . k(N 1)) - ZI =1 k')ei(i)Pk(i) =0,
2 k 2k 2
(3) DfiFn,2,2( a¥, g%, .., g"N V) = Z, B0 0Pm =0,

where ej (g, t) is the eigenvalue of P, for Dy.
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Cmel gl a2 a2
We set A = €~ & and B; = ex(‘) ex(“)'

By Proposition 2.2 and solving the simultaneous system of equations in
Proposition 2.3, we obtain

b — 8B~ ABy Hw b b = P1By — AoBy Ho
K2 T ABy — AgB, Ho o) AV a®) TAB — AgB, Ho g AV
B3 — AgBy H,(2) B3 — AgBy H, (3

H @
b.a) = ——2b L+ (i) + (i),
= TH o L@ L+ (1) + (i)

where
A3Bl - A]_Bz (i Ale — AzB] (i
BgBs — AgB, | (i) and BBy — AcB, | (ii).

Replacing x with x — k(N —1) — 2 in (1.11), we have

I
—— = L M; Ki,
=1 i=1 (g Y kN Z)A(({)) i1 -l i1
where
o x=k(i-1)-2 A x=k(i-1)-1
L| = 1 q - y i = 1 q f '
1- qx+y+k(N—|)—2 1- CIx+y+k(N—|)—1

K, - (1_ qX)(l_ qX—k(N—3)—l) |
(1- qx+y+k(N—1))(1_ qx+y+2k—1)

K2 _ (1_qX)(1_qX7k(Nfl)72) |
(1_ qX+y+k(Nfl))(l_ qx+y—2)

(1 _ qX—k(N—Z)—l)(l _ qX—k(N—3)—1)
1- qx+y+k—1)(1 _ qx+y+2k—l)

Ks =

_ (1_ qxfk(Nfl)72)(1_ qxfk(N73)fl)
(1 _ qx+y—2)(1_ qX+y+2kfl)
aSN(X=K(N -1)-2,y, k)

Kq

6kx—10k2 12k
=q

N Ty (ik + DTy (x = (i — Dk — 2)T(y + (N —i)k)
XH Tq(k + DTq(x + y + (N )k - 2)

i=1
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2.2. Expression by the product of g-gamma functions

Making use of the g-integration formula of Macdonald polynomials (1.11), we
obtain the following in the left-hand side of (1.13):

N-1 N-3 4 N-1 N-3 _
TTul ™D boHoki =T Tu] [MiboH,0R. (2.2)
i=1 i=1 i=1 i=1 i=1

where R is some polynomial. We are unable to give a form of g-gamma functions’
product at this stage. However, if Ng =0 and a—b =3, then we get the result

without loss of generality. Then the partitions of these cases are Y (3,2,1),
A2 = (3,13, 2O = (2%) and A4 = (22,12), and R is the following:

_ RoRiR2RaR4Rs0”* 132N (1— q)*@ - ¢* *) 0+ ¢* 1?)
RoR2RsR7RgRy(1 — 0)*(1+1)(1 - qt?)

_ RiRsRaRs0”* 132N (1- g ?) (@ + g* %)
ReR7RgRy(L+t) (L - qt?)

[k(N —2) +1]4[k(N =1) + 2] [k(N = 1) + y]
x [a - 2]y [k]q[2(2k +a - D),
x+y-2]lk+x+y-1[2k+x+y-1]
x [k(N 1) + x + y] [2k]; [2k +a -1],

_ qk(3—2N)+2x—4 (2.3)

where Ry =1-gqt, Ry =1-qt?, Ry, =1-qtN3 Ry=1-qtN"2 R, =1-
g2Vt Rg=1-g"tNY Rg=1-9*V2, Ry =1-9¢*Vh Rg=1-
q**Y%? and Ry =1—q**VtN L,

Proposition 2.4. For the cases N =4 (Ngy =0, Ny = N, = 2, general k) and

a—b =3, wehave

1-q*2)a-g**2a-g**?)
(1_ qx+y+k(N—1)—2)(1_ qx+y+k(N—2)—2)(1_ qx+y+k(N—3)—2)

2.2) = qk(N2—4N+s)§

y (1 _ qX—l) (1 _ q2(k+1))2
(1 _ qx+y+k(N—l)—1) (1_ qk+1)2
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. (1_qu )(1_qu+1)(1_qu+2)(1_qk(N—2))(1_ qk(N—l))(l_qk(N—1)+l)
(1_ qk)3(1_ q2k+l)(l_ qk(Nfl)JrZ)(l_ qk(N72)+l)

_ qk(N2—4N+5)§

[x = 2]y [x =k = 2] [x - 2k - 2],
[x+y+k(N —1)—2]q[x+ y + k(N —2)—2]q[x+ y + k(N —3)—2]q

X

[x 1] [2(k + DT
[x+y+k(N-1)-1],[k +1]§

X

[N [KN + 1[N + 2Jg k(N ~ 2)Jg k(N - Dy [k(N ~1) +1],
[KTa[2Kk + 1]y [k(N —1) + 2], [k(N - 2)+1],

, (2.4)

where b=a-3, x=-b=3-a and y=2a-2 so x+y=a+1and a+b
=2a-3.

Therefore, we have

kN
(LHS of (1.13)) = N!(lk__Lk) ¢Sn(x—k(N -1)-2, y, k)
(@%a%)y

x (formula of (2.4)). (2.5)

This is the product of g-gamma functions.
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