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Abstract 

The Baker-Forrester’s constant term conjecture is an extension of the 
q-Morris constant term identity [2]. In this conjecture, the cases from 

11 =N  to 61 =N  are proved [6, 10]. Here we consider that the case 

221 == NN  of the multi-component q-generalization of Baker-

Forrester’s constant term conjecture. The purpose of this paper is to 
express the constant term for the special cases ,00 =N  221 == NN  and 

3=− ba  (general k) by the product of q-gamma functions. 

1. Introduction and Preliminary 

1.1. Baker-Forrester’s conjecture 
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For complex Q, we denote by ( )xNQΔ  the product ( )∏ ≤<≤
−
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The q-Morris constant term identity [5, 7, 12] states that 

{ } ( ) ( ),;,,,,;...,,1 qkbaMkbaxxHCT NNqx =  

where { }xCT  denotes the constant term in the Laurent polynomial expansion as a 

function of { }Nxx ...,,1  and 
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In [2], Baker and Forrester have given a conjecture extending this identity to 
read as follows. 

Conjecture 1.1. For ,,, 0≥∈ Zkba  we have 
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where  

.10 NNN +=  

Conjecture 1.2. Let 
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 (1.2) 

where ∑ =
= p

q qNN 0 ,  and suppose ( ).1...,,11 −=+≤ pjNN pj  As a function 

of pN  the function pD  satisfies the recurrence 
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In the limit ,1→q  the formula in above conjecture is equivalent to the recurrence 

equation conjectured in [4]. 

In Conjecture 1.1, they proved this conjecture in the special cases ka =  and 

0== ba  by employing a theorem of Bressoud and Goulden [3]. Also the special 

case 21 =N  is proved by adapting the method of Zeilberger [12]. In [6], the cases 

3,21 =N  are proved by making use of the q-integration formula of Macdonald 

polynomial ( )tqxxP N ,;...,,1λ  [8]. Moreover, in [10], it is proved that the cases 

.6,5,41 =N  While the proof given in [2], is of strongly combinatorial nature, our 

proof was computational and straightforward with some tedious calculation. 
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Now, we consider Conjecture 1.2. 

1.2. The recurrence equation in Conjecture 1.2 

We gave a proof of Baker-Forrester’s constant term conjecture for the cases 
3,21 =N  [6]. In these cases, the recurrence equation in Conjecture 1.2 is satisfied. 

Proposition 1.3. The case 21 =N  satisfies the recurrence 
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qqq
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where .10 NNN +=  

In the limit ,1→q  the formula is equivalent to the recurrence equation 

conjectured in [4]. 

Proof. It is easy to see by the result in [6].  

1.3. The q-integration formula of Macdonald polynomials 

Let ( )Nλλ=λ ...,,1  be a partition. The integer ∑ λ=λ i i  is called the weight 

of .λ  The number of nonzero iλ  is called the length of .λ  For partitions λ  and μ 

with the same weight ,μ=λ  we define dominance (partial) ordering ≥  by 

ii μ++μ≥λ++λ⇔μ≥λ 11    for all .1≥i  

Given a partition ( )Nλλ=λ ...,,1  of length ,N≤  the monomial symmetric 

polynomial ( )Nxxmm ...,,1λλ =  is defined by 

( ) ∑ λλλ
λ = ,...,, 21

211
N

NN xxxxxm  

where the sum is over all distinct monomials obtainable from N
Nxxx λλλ 21

21  by 

permutations of the x’s. Let q and t be independent indeterminates. We have the 
following theorem and definition of Macdonald polynomials ([11, Chapter 6, (4.7)]): 
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Theorem 1.4. Let ( )tq,Q  be the field of rational functions in q and t. For each 

partition λ of length ,N≤  there exists a unique symmetric polynomial =λP  

( )tqxxP N ,;...,,1λ  with coefficients in ( )tq,Q  satisfying 

∑
λ≤μ

μλμλ = ,muP  

where ( )tqu ,Q∈λμ  and ;1=λλu  and 
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and ( )tqee ,λλ =  is 

( ) .:,
1
∑
=

−λ
λ =

N

i

iNtqtqe i  

Moreover, the Macdonald polynomial λP  is the joint eigenpolynomial for the 

q-difference operators 
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and the eigenvalue for r
ND  is the coefficient of rX  in the polynomial 

( )∏ =
λ−+

N
i

iN iqXt1 1  ([11, pp. 315-317]). 
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Next we recall the q-integration formula of Macdonald polynomials ([8, 
Proposition 5.2]). Let λ′  be the conjugate partition of a partition .λ  For each square 

( )jis ,=  in the diagram of ,λ  let 

( ) ( ) ,1, −=′−λ= jsajsa i  

( ) ( ) 1, −=′−λ′= islisl j  

and put 
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The q-integral of a function ( )Nxxf ...,,1  over [ ]N1,0  is defined by 
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For a Macdonald polynomial ( ),,;...,,1 tqxxP Nλ  we have 
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where 
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We shall use the following q-Selberg type integral evaluation; Proposition 4.1 in 
[2] that for a general Laurent polynomial ( ),...,,1 Nxxf  
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Let A  denote the antisymmetrizer 
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the integral evaluation is equivalent to 
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which can easily be verified and is also the simplest case of the following Kadell’s 
lemma ([7, (4.10), p. 976], [11, Chapter 3, (1.3)]): 
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Lemma 1.5. Let { }....,,1 NM ⊂  Then 
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elementary symmetric polynomial of degree r. 
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We express the symmetric homogeneous polynomial 
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ij
k

iiNqN xqxxqxxxx kA  

( ) ( ) .
2

1 1
1 ⎟

⎠
⎞−−×∏ ∏−

= ≤<≤−
+−N

i NjiN j
k

ij
k

ii xqxxqxx   

We put 

( ) ( )∑
=

λλ
=

4

1
2,2, .:

i
N ii PbF  (1.14) 

To calculate the coefficient ( ) ,ib
λ

 we shall make use of extending version of the 

following Kaneko’s lemma ([6, Lemma 2.2]) for the case :221 == NN  

Lemma 1.6. We assume kqt =  in the definition of ,r
ND  (1.3). Then 

( ( ) )
⎩
⎨
⎧

==

≥=
=−

.2,0

,3,...,,0
0...,,,,1

1

112
, 1 Nifr

NifNr
qqqFD Nkkk

NN
r
N  

Proof. We have 

( ( ) ) 0...,,,,1 12 =−Nkkk
I qqqA  

unless { }....,,2,1 NrNrNI +−+−=  Hence it suffices to show 

( )
{ }

∏ ∏
+−+−∈ =

−

⎪⎩

⎪
⎨
⎧

⎜
⎜

⎝

⎛
Δ

NrNrNi

N

i

N
iNqxq xxT ki

...,,2,1 1

1
,

0
1A  

( ) ( ) ,0
1

1

0

=
⎪⎭

⎪
⎬
⎫

⎟
⎟

⎠

⎞
−−× ∏

≤<≤+

+−

NjiN
j

k
ij

k
i xqxxqx  
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where ( ) ....,,1,1 Niqx ik
i == −  For any element ,NS∈σ  put 

( ) ( ) ( ) ,...,,2,1 21 NprNprNp r =σ+−=σ+−=σ  

( ) ( ) ( ) ....,,2,1 21 rNqqq rN −=σ=σ=σ −  

We may assume that Npp r ≤<<≤ 11  and .1 1 Nqq rN ≤<<≤ −  In fact, if 

this is not the case, then it is clear that there exists a pair ,1+> ii pp  ,11 −≤≤ ri  

or a pair ,1+> jj qq  .11 −−≤≤ rNj  In both cases the term corresponding to σ 

is zero because of the factor ( ).xNqk Δ  Since 31 ≥N  or 0=r  if ,21 =N  it holds 

that NppN rr ≤<≤+ −10 1  or .1 10 NqqN rNrN ≤<≤+ −−−  Hence the term 

corresponding to σ is zero because of the factor ( )∏ ≤<≤+
−−NjiN j

k
i xqx10

.   

We have the following extension of Kaneko’s lemma: 

Corollary 1.7. We assume kqt =  in the definition of ,r
ND  (1.3). Then for the 

cases 221 == NN  and ,2,1,0=r  we have 

( ( ) ) .0...,,,,1 12
2,2, =−Nkkk

N
r
N qqqFD  

2. The Case 221 == NN  of Conjecture 

2.1. Application of the q-integration formula of Macdonald polynomials 

To rewrite in terms of Macdonald polynomials, we set 

1. ( ) ( ) ( ) ( ) ,
4

1
14

1
02

12
3

3
21 ∑∏ = λλ

−

= −−−
− =⎟

⎠
⎞

⎜
⎝
⎛ ΔΔ

i

N

i NNNNiNqN iik Pwxxxxxxx A  

2. ( ) ( ) ( ) ( ) ,
4

1
24

1
20

12
3

3
21 ∑∏ = λλ

−

= −−−
− =⎟

⎠
⎞

⎜
⎝
⎛ ΔΔ

i

N

i NNNNiNqN iik Pwxxxxxxx A  

3. ( ) ( ) ( ) ( ) ,
4

1
34

1
02

1
3

23
21 ∑∏ = λλ

−

= −−−
− =⎟

⎠
⎞

⎜
⎝
⎛ ΔΔ

i

N

i NNNNiNqN iik Pwxxxxxxx A  

4. ( ) ( ) ( ) ( )∑∏ = λλ

−

= −−−
− =⎟

⎠
⎞

⎜
⎝
⎛ ΔΔ

4

1
44

1
20

1
3

23
21 ,

i

N

i NNNNiNqN iik Pwxxxxxxx A  (2.1) 
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where let 

( ) ( ),1,2,3 31 −=λ N   ( ) ( ),1,2,3 342 −=λ N    ( ) ( ),2 13 −=λ N    ( ) ( ).1,2 224 −=λ N  

For each integer ,0≥m  put 

( ) ∏
=

−
−=

m

i

i
m t

ttv
1

1
1  

and for a partition ( )Nλλ=λ ...,,1  of length ,N≤  define 

∏
≥

λ =
0

,
i

mivv  

where im  is the number of jλ  equal to i. 

Lemma 2.1. We have 

( ) ( ) ( ) ( ) ,, 1111
2231
λ

−
λλ

−
λ

== vQwvQw NN  

( ) ( ) ( ) ( ) ., 1111
1423
λ

−
λλ

−
λ

== vQwvQw NN  

Proof. We give only the proof of the formula of ( ) .
1

1λ
w  Proofs of other formulas 

are similar. We may put 

( ) ( ) ( )∑∏
=

λ

−

=
−−− Δ=⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
Δ

4

1

4

1

02
12

3
3

2 .
i

iN

N

i
NNNNiNq ik mcxxxxxxxA  

We have the coefficient of 2
1

4
2

1
32

2
1 −−

−+
NN

NNN xxxxx  in the right-hand side is .1c  

To calculate the antisymmetrizer ,A  we first note that the symmetric group 

,NS  has a right coset decomposition with respect to the symmetric group 1−NS  

which fix the letter ( )∪ ∪1
1 11 ,,: −
= −−=

N
i NNN SSNiSN  where ( )Ni,  denotes the 

transposition of i and N. Accordingly the antisymmetrizer NAA =  decomposes in 

the following way: 

( )∑
−

=
−− −=

1

1
11 ,,

N

i
NNN Ni AAA  

where 1−NA  is the antisymmetrizer with respect to .1...,,1 −N  For ,11 −≤≤ Ni  

let ( )i
N 1−A  denote the antisymmetrizer with respect to { }.1...,,1,,1...,,1 −+− NiNi  
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Clearly it suffices to consider the term 

( ) ( ) ( )N
k

NN
k

N
k

N xqxxqxxqxx −−− −121
0  

( ) ....,,,
4

1
2

12
3

3
2

12111 ⎟
⎠
⎞

⎜
⎝
⎛ Δ× ∏ −

= −−−−−−
N

i NNNiNNqN xxxxxxxkA  

Moreover, we have 

( ) ⎟
⎠
⎞

⎜
⎝
⎛ Δ ∏ −

= −−−−−−
4

1
2

12
3

3
2

12111 ...,,,
N

i NNNiNNqN xxxxxxxkA  

( ) ( ) ( )121211
2

1 −−−−− −−−= N
k

NN
k

N
k

N xqxxqxxqxx  

( ) ⎟
⎠
⎞

⎜
⎝
⎛ Δ× ∏ −

= −−−−−
4

1 2
3

3
2

22122 ...,,,
N

i NNiNNqN xxxxxxkA  

+  

( ) ( ) ( ) ( )ik
Ni

k
i

k
i

iN xqxxqxxqxx −−−− −
−−

121
211  

( ) ( ( ) )2
3

3
2

1
2

1
2

1
2
1111122 ...,,,...,, −−+−−−+−−− Δ× NNiNiNiiNq

i
N xxxxxxxxxxkA  

.+  

Here, for example, we have 

( ) ⎟
⎠
⎞

⎜
⎝
⎛ Δ ∏ −

= −−−−−
4

1 2
3

3
2

22122 ...,,,
N

i NNiNNqN xxxxxxkA  

( ) ( ) ( )2322212 −−−−− −−−= N
k

NN
k

N
k

N xqxxqxxqxx  

( ) ,...,,,
4

1
3

3
2

32133 ⎟
⎠
⎞

⎜
⎝
⎛ Δ× ∏ −

= −−−−
N

i NiNNqN xxxxxkA  

( ) ⎟
⎠
⎞

⎜
⎝
⎛ Δ ∏ −

= −−−−
4

1
3

3
2

32133 ...,,,
N

i NiNNqN xxxxxA k  

( )2
3

2
2

2
1 −= Nxxx  

[ ( ) ( ) ( )3432313 −−−−− −−−× N
k

NN
k

N
k

N xqxxqxxqxx  

( ( ))42144 ...,,, −−− Δ× NNqN xxxkA  

( ) ( ) ( ) ( ) ( )ik
Ni

k
ii

k
ii

k
i

iN xqxxqxxqxxqxx −−−−−++ −+−
−−

3111
31  

( ) ( ( )) ],...,,,...,, 311144 +Δ× −+−−− NiiNq
i

N xxxxkA  
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where 
( ) ( ( ))311144 ...,,,...,, −+−−− Δ NiiNq
i

N xxxxkA  

( )∏
−

=
−+−−Δ

−

−
=

4

1
31114 ...,,,...,,

1
1

N

i
NiiNk

ki
xxxx

q
q  

by Lemma 1.5. 

The coefficient in the right-hand side is easy to compute and the result is 
( )

( ) .1
3

1 λ
−= vqc Nk  Since we have ( ) ( ) +=

λλ 11 mP  (the other terms) by Theorem 1.4, 

we obtain 

( ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛ ΔΔ ∏ −

= −−−
− 4

1
02

12
3

3
21 N

i NNNNiNqN xxxxxxx kA  

( ) ( ) ( ) ( ) ( )∑
=

λλλλ
+==

4

1

11 .sother term the11
i

mwPw ii  

Therefore, we get 

( )
( )

( ) .11
3

1
1

λ
−

λ
== vqcw Nk   

Proposition 2.2. We have ( ) ( ) ( ) .1 11
23

λ
−

λ
+= vqQQb N  

Proof. Since the coefficients of the left-hand sides of 1-4 of (2.1) in 2,2,NF  are 

,,,,1 2qqq  respectively, it follows that ( ) ( ) ( ) .1 11
23

λ
−

λ
+= vqQQb N   

By Corollary 1.7, we have the following. 

Proposition 2.3. We have 

(1) ( ( ) ) ( ) ( ) ,0...,,,,1 4
1

12
2,2,

0 ∑ = λλ
− == i

Nkkk
NN ii PbqqqFD  

(2) ( ( ) ) ( ) ( ) ( ) ,0...,,,,1 4
1

112
2,2,

1 ∑ = λλλ
− == i

Nkkk
NN iii PebqqqFD  

(3) ( ( ) ) ( ) ( ) ( )∑ = λλλ
− ==

4
1

212
2,2,

2 ,0...,,,,1 i
Nkkk

NN iii PebqqqFD  

where ( )tqer ,λ  is the eigenvalue of λP  for .r
ND  
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We set ( ) ( )
11

4:
λλ

−= eeA ii  and ( ) ( ) .: 22
4λλ

−= eeB ii  

By Proposition 2.2 and solving the simultaneous system of equations in 
Proposition 2.3, we obtain 

( )
( )

( )
( ) ( )

( )

( )
( ) ,, 1

3

1
31

2

1
2

2332

1221

2332

2113
λ

λ

λ
λλ

λ

λ
λ −

−
=

−
−

= b
H
H

BABA
BABAbb

H
H

BABA
BABA

b  

( )
( )

( )
( ) ( ) ( )( ),11

4

1
4 iiibH

H
b ++−=

λ
λ

λ
λ

 

where 

( )iBABA
BABA

=
−
− :

2332
2113   and  ( ).:

2332
1221 iiBABA

BABA
=

−
−  

Replacing x with ( ) 21 −−− Nkx  in (1.11), we have 

( ( ) )
( )
( )

( ( ) )
( )
( )

∑∏ ∏ ∏ ∑
= =

−

=

−

= =λ
−−++

λ
−−−

=
4

1 1

1

1

3

1

4

1
2

21

,
j

N

i

N

i

N

i i
iiiiNkyx

ikx

KML
q

q

j
i

j
i  

where 
( )

( )

( )

( ) ,
1

1,
1

1
1

11

2

21

−−++

−−−

−−++

−−−

−
−=

−
−= iNkyx

ikx
iiNkyx

ikx
i

q
qM

q
qL  

( ) ( ( ) )
( ( ) ) ( )

,
11

11
121

13
1 −++−++

−−−

−−

−−= kyxNkyx

Nkxx

qq
qqK  

( ) ( ( ) )
( ( ) ) ( )

,
11

11
21

21
2 −+−++

−−−

−−

−−= yxNkyx

Nkxx

qq
qqK  

( ( ) ) ( ( ) )
( ) ( )

,
11
11

121

1312
3 −++−++

−−−−−−

−−

−−= kyxkyx

NkxNkx

qq
qqK  

( ( ) ) ( ( ) )
( ) ( )

,
11

11
122

1321
4 −++−+

−−−−−−

−−

−−= kyxyx

NkxNkx

qq
qqK  

( )( )kyNkxSNq ,,21 −−−  

kkkxq 12106 2 −−=  

( ) ( )( ) ( )( )
( ) ( )( )∏

=
−−++Γ+Γ

−+Γ−−−Γ+Γ
×

N

i qq

qqq
kiNyxk

kiNykixik

1
.21

211
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2.2. Expression by the product of q-gamma functions 

Making use of the q-integration formula of Macdonald polynomials (1.11), we 
obtain the following in the left-hand side of (1.13): 

( ) ( ) ( ) ( )∏ ∏ ∑ ∏ ∏
−

=

−

= =

−

=

−

=
λλλλ

=
1

1

3

1

4

1

1

1

3

1

,~
11

N

i

N

i i

N

i

N

i
iiiii RHbMLKHbML ii  (2.2) 

where R~  is some polynomial. We are unable to give a form of q-gamma functions’ 
product at this stage. However, if 00 =N  and ,3=− ba  then we get the result 

without loss of generality. Then the partitions of these cases are ( ) ( ),1,2,31 =λ  

( ) ( ),1,3 32 =λ  ( ) ( )33 2=λ  and ( ) ( ),1,2 224 =λ  and R~  is the following: 

( ) ( ) ( )
( ) ( ) ( )22

987620

21222342
543210

111
111~

qttqRRRRRR
tqqqtqRRRRRRR

aaNx

−+−

+−−
=

−−−−
 

( ) ( )
( ) ( )2

9876

2122342
5431

11
11

qttRRRR
tqqtqRRRR aaNx

−+

+−
=

−−−−
 

( )

( )[ ] ( )[ ] ( )[ ]
[ ] [ ] ( )[ ]

[ ] [ ] [ ]
( )[ ] [ ] [ ]

,

1221
1212

1222
12112

4223

qqq

qqq

qqq

qqq

xNk

akkyxNk
yxkyxkyx

akka
yNkNkNk

q

−+++−×
−++−++−+

−+−×
+−+−+−

= −+−  (2.3) 

where ,10 qtR −=  ,1 2
1 qtR −=  ,1 3

2
−−= NqtR  ,1 2

3
−−= NqtR  −= 14R  

,12 −Ntq  ,1 1
5

−−= NytqR  ,1 2
6

−+−= yxqR  ,1 1
7 tqR yx −+−=  −= 18R  

21tq yx −+  and .1 1
9

−+−= Nyx tqR  

Proposition 2.4. For the cases 4=N  ( )kgeneralNNN ,2,0 210 ===  and 

,3=− ba  we have 

( ) ( )( )( )
( ( ) )( ( ) )( ( ) )232221

2222
54

111
111~)2.2(

2

−−++−−++−−++

−−−−−
+−

−−−

−−−= NkyxNkyxNkyx

kxkxx
NNk

qqq
qqqRq  

( )
( ( ) )

( ( ) )
( )21

212

11

1

1
1

1
1

+

+

−−++

−

−

−

−

−× k

k

Nkyx

x

q
q

q
q  
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( )( )( )( ( ) )( ( ) )( ( ) )
( ) ( )( ( ) )( ( ) )1221123

111221

1111
111111
+−+−+

+−−−++

−−−−

−−−−−−× NkNkkk

NkNkNkkNkNkN

qqqq
qqqqqq  

( )Rq NNk ~542 +−=  

[ ] [ ] [ ]
( )[ ] ( )[ ] ( )[ ]qqq

qqq
NkyxNkyxNkyx

kxkxx
232221

2222
−−++−−++−−++

−−−−−
×  

[ ] ( )[ ]

( )[ ] [ ]2
2

111

121

qq

qq

kNkyx

kx

+−−++

+−
×  

[ ] [ ] [ ] ( )[ ] ( )[ ] ( )[ ]

[ ] [ ] ( )[ ] ( )[ ]
,

122112

111221
3

qqqq

qqqqqq

NkNkkk

NkNkNkkNkNkN

+−+−+

+−−−++
×  (2.4) 

where ,3−= ab  abx −=−= 3  and 22 −= ay  so 1+=+ ayx  and ba +  

.32 −= a  

Therefore, we have 

(LHS of (1.13)) ( )
( )

( )( )kyNkxS
qq
qN Nq

N
kk

Nk
,,21

;
1! −−−−=  

×  (formula of (2.4)). (2.5) 

This is the product of q-gamma functions. 
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