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Abstract 

Let P be a subset of a Banach space E, where P is normal and regular cone 
on E. We prove several fixed point theorems on cone metric spaces and 
these theorems generalize the recent results of various authors. 

1. Introduction and Preliminaries 

In recent years, several authors (see [1-4]) have studied the strong convergence 
to a fixed point with contractive constant in cone metric spaces. Rezapour and 
Hamlbarani [4] have proved certain fixed point theorems by using self mapping in 
the setting of contractive constant in cone metric spaces. We first recall definitions 
and known results that are needed in the sequel. 
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Let E be a Banach space, and a subset P of E is said to be a cone if it satisfies 
the following conditions: 

 (i) ∅≠P  and P is closed; 

 (ii) Pbyax ∈+  for all ,, Pyx ∈  and a and b are non-negative real numbers; 

(iii) ( ) .∅=−PP ∩  

The partial ordering ≤ with respect to the cone P by yx ≤  if and only if .Pxy ∈−  

If ∈− xy  interior of P, then it is denoted by .yx   The cone P is said to be a 

normal if a number 0>K  such that for all ,, Eyx ∈  yx ≤≤0  implies .yKx ≤  

The cone P is called regular if every increasing sequence which is bounded above is 
convergent and every decreasing sequence which is bounded below is convergent. 

Definition 1.1. Let X be a non-empty set, and suppose the mapping XXd ×:  
E→  is said to be a cone metric space if it satisfies 

 (i) ( )yxd ,0 ≤  for all Xyx ∈,  and ( ) 0, =yxd  if and only if .yx =  

 (ii) ( ) ( )xydyxd ,, =  for all ., Xyx ∈  

(iii) ( ) ( ) ( )yzdzxdyxd ,,, +=  for all .,, Xzyx ∈  

Example 1.2. Let ,2RE =  ( ){ },0,:, ≥∈= yxEyxP  RX =  and EXXd →×:  

defined by 

( ) ( ),,, yxyxyxd −α−=  

where 0≥α  is a constant. Then ( )dX ,  is a cone metric space [1]. 

Definition 1.3. Let ( )dX ,  be a cone metric space, Xx ∈  and { }nx  be a 

sequence in X. Then 

 (i) { }nx  converges to x whenever for every Ec ∈  with c0  there is a natural 

number N such that ( ) cxxd n ,  for all .Nn ≥  

(ii) { }nx  is a Cauchy sequence whenever for every Ec ∈  with ,0 c  there is 

a natural number N such that ( ) cxxd mn ,  for all ., Nmn ≥  

Definition 1.4. Let ( )dX ,  be a complete cone metric space, if every Cauchy 

sequence is convergent in X. 
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Theorem 1.5 [4]. Let ( )dX ,  be a complete cone metric space and the mapping 

XX →:T  satisfy the contractive condition 

( ) ( ) ( )TyxldyTxkdTyTxd ,,, +≤  

for all ,, Xyx ∈  where [ )1,0, ∈lk  are constants. Then T has a unique fixed point 

in X. Also the fixed point of T is unique whenever .1<+ lk  

In this paper, we prove the theorems which are the generalization of the theorems 
of Rezapour and Hamlbarani [4]. 

2. Main Results 

Theorem 2.1. Let ( )dX ,  be a complete cone metric space and the mapping 

XX →:T  satisfy the contractive condition 

( ) ( ) ( )[ ] ( ) ( )[ ]yTxdTyxdbTyydTxxdaTyTxd ,,,,, +++≤  

for all ,, Xyx ∈  and ,2
1<+ ba  [ ).21,0, ∈ba  Then T has a unique fixed point 

in X. 

Proof. For every Xx ∈0  and ,1≥n  10 xTx =  and ,0
1

1 xTxTx n
nn

+
+ ==  

( ) ( )11 ,, −+ = nnnn TxTxdxxd  

( ) ( )[ ] ( ) ( )[ ]1111 ,,,, −−−− +++≤ nnnnnnnn xTxdTxxdbTxxdTxxda  

( ) ( )[ ] ( ) ( )[ ]1111 ,,,, −+−+ +++≤ nnnnnnnn xxdxxdbxxdxxda  

( ) ( )[ ] ( )[ ]1111 ,,, −+−+ ++≤ nnnnnn xxdbxxdxxda  

( ) ( )[ ] ( ) ( )[ ]1111 ,,,, −+−+ +++≤ nnnnnnnn xxdxxdbxxdxxda  

( ) ( ) ( )[ ],,, 11 nnnn xxdxxdba −+ ++≤  

( ) ( ),,, 11 −+ ≤ nnnn xxLdxxd    where   ( )
( )( ) ,1 ba

baL
+−

+=  

( ) ( ).,, 011 xxdLxxd n
nn ≤+  
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For ,mn >  we have 

( ) ( ) ( ) ( )mmnnnnmn xxdxxdxxdxxd ,,,, 1211 +−−− +++≤  

[ ] ( )01
21 , xxdLLL mnn +++≤ −−  

( ) ( ).,1 01 xxdL
Lm

−
≤  

For given c0 , choose a natural number 1N  such that ( ) ( ) cxxdL
Lm

01,1 −  for 

all .1Nm ≥  This implies ( ) ., cxxd mn   For ,mn >  { }nx  is a Cauchy sequence in 

( )dX ,  which is a complete cone metric space, there exists Xp ∈  such that 

.pxn →  Choose a natural number 2N  such that ( ) ( ) ,3
1, Lcpxd n
−

  for all 

.2Nn ≥  Hence for ,2Nn ≥  we have ( ) ( ) ,3
1, kcPxd n
−

  where ,bak +=  

( ) ( ) ( )pTxdTpTxdpTpd nn ,,, +≤  

( ) ( )[ ] ( ) ( )[ ] ( )pxdpTxdTpxdbTppdTxxda nnnnn ,,,,, 1+++++≤  

( ) ( )[ ] ( ) ( )[ ] ( )pxdpxdTpxdbTppdxxda nnnnn ,,,,, 111 +++ ++++≤  

( ) ( )[ ] ( ) ( ) ( )[ ]pxdTppdpxdbTppdxxda nnnn ,,,,, 11 ++ ++++≤  

( ),,1 pxd n++  

( ) ( ) ( ) ( ) ( )pxdpxkdpxkdpTpdk nnn ,,,,1 11 ++ ++≤−  

( ) ( ) ( ),,,, 11 pxdpxdpxd nnn ++ ++≤  

( ) ( ) ( ) ( )[ ]
( ) ,1

,,,, 11
k

pxdpxdpxdpTpd nnn
−

++
≤ ++  

( ) ,333, cccpTpd ++  

( ) ,, cpTpd   
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for all ,2Nn ≥  ( ) m
cpTpd ,  for all ,1≥m  we get ( ) ,, PpTpdm

c ∈−  and as 

,∞→m  we get 0→m
c  and P is closed ( ) ,, PpTpd ∈−  but ( ) ,, PpTpd ∈  hence 

( ) 0, =pTpd  and so .pTp =   

The following result of Rezapour and Hamlbarani [4] is a special case of the 
previous theorem. 

Corollary 2.1. Let ( )dX ,  be a complete cone metric space and the mapping 

XX →:T  satisfy the contractive condition 

( ) ( ) ( )( )TyxdyTxdaTyTxd ,,,, ≤  

for all ,, Xyx ∈  where [ )21,0∈a  is a constant. Then T has a unique fixed point 

in X. For each ,Xx ∈  the iterative sequence { } 1≥n
nxT  converges to the fixed point. 

Proof. The proof of the corollary immediately follows by putting 0=b  in the 

previous theorem.  

Theorem 2.2. Let ( )dX ,  be a complete cone metric space and the mapping 

XX →:T  satisfy the contractive condition 

( ) ( ) ( ) ( ){ }TyydTxxdyxdrTyTxd ,,,,,max, ≤  

for all Xyx ∈,  and [ ).1,0∈r  Then T has a unique fixed point in X. 

Proof. For every Xx ∈0  and ,1≥n  10 xTx =  and ,0
1

1 xTxTx n
nn

+
+ ==  

( ) ( )11 ,, −+ = nnnn TxTxdxxd  

( ) ( ) ( )[ ]111 ,,,,,max −−−≤ nnnnnn TxxdTxxdxxdr  

( ) ( ) ( )[ ]nnnnnn xxdxxdxxdr ,,,,,max 111 −+−≤  

( )nn xxrd ,1−≤  

( )., 01 xxdrn≤  
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For ,mn >  we have 

( ) ( ) ( ) ( )mmnnnnmn xxdxxdxxdxxd ,,,, 1211 +−−− +++≤  

[ ] ( )01
21 , xxdrrr mnn +++≤ −−  

( ) ( ).,1 01 xxdr
rm

−
≤  

For given c0 , choose a natural number 1N  such that ( ) ( ) cxxdr
rm

01,1 −  for 

all .1Nm ≥  This implies ( ) ., cxxd mn   For ,mn >  { }nx  is a Cauchy sequence in 

( )dX ,  which is a complete cone metric space and hence there exists Xp ∈  such 

that .pxn →  Choose a natural number 2N  such that ( ) ,3, cpxd n   for all 

.2Nn ≥  Then for ,2Nn ≥  we have ( ) ,3, cpxd n   

( ) ( ) ( )pTxdTpTxdpTpd nn ,,, +≤  

( ) ( ) ( )[ ] ( )pxdTppdTxxdpxdr nnnn ,,,,,,max 1++≤  

( ) ( ) ( )[ ] ( )pxdTppdxxdpxdr nnnn ,,,,,,max 11 ++ +≤  

( ) ( ) ( ) ( )[ ] ( )pxdTppdxpdpxdpxdr nnnn ,,,,,,,max 11 ++ ++≤  

( ) ,, cpTpd   

for all ,2Nn ≥  ( ) m
cpTpd ,  for all ,1≥m  we get ( ) ,, PpTpdm

c ∈−  and as 

,∞→m  we get 0→m
c  and P is closed ( ) ,, PpTpd ∈−  but ( ) ⇒∈ PpTpd ,  

( ) ,0, =pTpd  and so .pTp =   

Corollary 2.2. Let ( )dX ,  be a complete cone metric space and the mapping 

XX →:T  satisfy the contractive condition ( ) ( )yxkdTyTxd ,, ≤  for all ,, Xyx ∈  

where [ )1,0∈k  is a constant. Then T has a unique fixed point in X. For each 

,Xx ∈  the iterative sequence { } 1≥n
nxT  converges to the fixed point. 
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Proof. The proof of the corollary immediately follows since 

( ) ( ) ( ) ( ){ }.,,,,,max, TyydTxxdyxdyxd ≤   

Note 2.3. We prove the above theorems in the setting of normal cone with 
normal constant K. 

Theorem 2.4. Let ( )dX ,  be a complete cone metric space, and P be a normal 

cone with normal constant K. Suppose the mapping XX →:T  satisfies the 
contractive condition 

( ) ( ) ( )[ ] ( ) ( )[ ]yTxdTyxdbTyydTxxdaTyTxd ,,,,, +++≤  

for all ,, Xyx ∈  and ,2
1<+ ba  [ ).21,0, ∈ba  Then T has a unique fixed point 

in X. Also, for any ,Xx ∈  iterative sequence { }xT n  converges to the fixed point. 

Proof. Choose .0 Xx ∈  Set ,1≥n  10 xTx =  and ,0
1

1 xTxTx n
nn

+
+ ==  

( ) ( )11 ,, −+ = nnnn TxTxdxxd  

( ) ( )[ ] ( ) ( )[ ]1111 ,,,, −−−− +++≤ nnnnnnnn xTxdTxxdbTxxdTxxda  

( ) ( )[ ] ( ) ( )[ ]1111 ,,,, −+−+ +++≤ nnnnnnnn xxdxxdbxxdxxda  

( ) ( )[ ] ( )[ ]1111 ,,, −+−+ ++≤ nnnnnn xxdbxxdxxda  

( ) ( )[ ] ( ) ( )[ ]1111 ,,,, −+−+ +++≤ nnnnnnnn xxdxxdbxxdxxda  

( ) ( ) ( )[ ],,, 11 nnnn xxdxxdba −+ ++≤  

( ) ( ),,, 11 −+ ≤ nnnn xxLdxxd    where   ( )
( )( ) ,11 <

+−
+= ba

baL  

( ) ( ).,, 011 xxdLxxd n
nn ≤+  

For ,mn >  we have 

( ) ( ) ( ) ( )mmnnnnmn xxdxxdxxdxxd ,,,, 1211 +−−− +++≤  

[ ] ( )01
21 , xxdLLL mnn +++≤ −−  

( ) ( ).,1 01 xxdL
Lm

−
≤  
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We get ( ) ( ) ( ) ,,1, 01 xxdL
LKxxd

m
mn −

≤  and hence ( ) 0, →mn xxd  as ., ∞→mn  

Hence { }nx  is a Cauchy sequence. By the completeness of X, there is Xp∈  such 

that pxn →  as ,∞→n  

( ) ( ) ( )pTxdTpTxdpTpd nn ,,, +≤  

( ) ( )[ ] ( ) ( )[ ] ( )pxdpTxdTpxdbTppdTxxda nnnnn ,,,,, 1+++++≤  

( ) ( )[ ] ( ) ( )[ ] ( )pxdpxdTpxdbTppdxxda nnnnn ,,,,, 111 +++ ++++≤  

( ) ( )[ ] ( ) ( ) ( )[ ]pxdTppdpxdbTppdxxda nnnn ,,,,, 11 ++ ++++≤  

( ),,1 pxd n++  

( ) ( ) ( ) ( ) ( ),,,,,1 11 pxdpxkdpxkdpTpdk nnn ++ ++≤−    ( )bak +=where  

( ) ( )[ ],,, 1 pxdpxdk nn ++≤  

( ) ( ) ( )[ ],,,1, 1 pxdpxdk
kpTpd nn ++
−

≤  

( ) ( ) ( )[ ].,,1, 1 pxdpxdk
kKpTpd nn ++
−

≤  

Hence ( ) .0, pTppTpd =⇒=  If q is another fixed point of T in X, then 

( ) ( )TqTpdqpd ,, =  

( ) ( )[ ] ( ) ( )[ ]qTpdTqpdbTqqdpTpda ,,,, +++≤  

( ) ( )[ ] ( ) ( )[ ]qpdqpdbqqdppda ,,,, +++≤  

( )[ ].,2 qpdb≤  

This is contradiction, and hence T has a unique fixed point in X.  

Theorem 2.5. Let ( )dX ,  be a complete cone metric space, and P be a normal 

cone with normal constant K. Suppose the mapping XX →:T  satisfies the 
contractive condition 

( ) ( ) ( ) ( ) ( ) ( )[ ]yTxdTyxdTyydTxxdyxdrTyTxd ,,,,,,,,,max, ≤  

for all ,, Xyx ∈  and [ ).1,0∈r  Then T has a unique fixed point in X. Also, for any 

,Xx ∈  iterative sequence { }xT n  converges to the fixed point. 
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Proof. For every Xx ∈0  and ,1≥n  10 xTx =  and ,0
1

1 xTxTx n
nn

+
+ ==  

( )nn xxd ,1+  

( )1, −= nn TxTxd  

( ) ( ) ( )[ ( ) ( )]11111 ,,,,,,,,,max −−−−−≤ nnnnnnnnnn xTxdTxxdTxxdTxxdxxdr  

( ) ( ) ( ) ( ) ( )[ ]11111 ,,,,,,,,,max −+−+−≤ nnnnnnnnnn xxdxxdxxdxxdxxdr  

( ) ( ) ( )[ ]1111 ,,,,,max −++−≤ nnnnnn xxdxxdxxdr  

( ) ( )[ ].,,,max 111 −+−≤ nnnn xxdxxdr  

Case (i). If ( ) ( ),,, 11 −+ ≤ nnnn xxrdxxd  then we get ( ) ( ).,, 011 xxdrxxd n
nn ≤+  

For ,mn >  

( ) ( ) ( ) ( )mmnnnnmn xxdxxdxxdxxd ,,,, 1211 +−−− +++≤  

[ ] ( )01
21 , xxdrrr mnn +++≤ −−  

( ) ( ).,1 01 xxdr
rm

−
≤  

We get ( ) ( ) ( ) ,,1, 01 xxdr
rKxxd

m
mn −

≤  and hence ( ) 0, →mn xxd  as ., ∞→mn  

Hence { }nx  is a Cauchy sequence. By the completeness of X, there is Xp ∈  such 

that pxn →  as ,∞→n  

( ) ( ) ( )pTxdTpTxdpTpd nn ,,, +≤  

( ) ( ) ( ) ( ) ( )[ ]pTxdTpxdTppdTxxdpxdr nnnnn ,,,,,,,,,max≤  

( )pxd n ,1++  

( ) ( ) ( ) ( ) ( )[ ]pxdTpxdTppdxxdpxdr nnnnn ,,,,,,,,,max 11 ++≤  

( )pxd n ,1++  

( ),, Tpprd≤  

( ) 0, =pTpd  hence .pTp =  
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Case (ii). If ( ) ( ),,, 111 −++ ≤ nnnn xxrdxxd  then 

( ) ( ) ( )[ ]111 ,,, −++ +≤ nnnnnn xxdxxdrxxd  

( )[ ]1,1 −−
≤ nn xxdr

r  

( )[ ],, 1−≤ nn xxdh    where   .11 <
−

= r
rh  

For ,mn >  

( ) ( ) ( ) ( )mmnnnnmn xxdxxdxxdxxd ,,,, 1211 +−−− +++≤  

[ ] ( )01
21 , xxdhhh mnn +++≤ −−  

( ) ( ).,1 01 xxdh
hm

−
≤  

We get ( ) ( ) ( ) ,,1, 01 xxdh
hKxxd

m
mn −

≤  and hence ( ) 0, →mn xxd  as ., ∞→mn  

Hence { }nx  is a Cauchy sequence. By the completeness of X, there is Xp ∈  such 

that pxn →  as ,∞→n  

( ) ( ) ( )pTxdTpTxdpTpd nn ,,, +≤  

( ) ( ) ( ) ( ) ( )[ ]pTxdTpxdTppdTxxdpxdr nnnnn ,,,,,,,,,max≤  

( )pxd n ,1++  

( ) ( ) ( ) ( ) ( )[ ]pxdTpxdTppdxxdpxdr nnnnn ,,,,,,,,,max 11 ++≤  

( )pxd n ,1++  

( ),, Tpprd≤  

( ) .0, =pTpd  Hence ,pTp =  

( ) ( )TqTpdqpd ,, =  

( ) ( ) ( ) ( ) ( )[ ]qTpdTqpdTqqdTppdqpdr ,,,,,,,,,max≤  

( ) ( ) ( ) ( ) ( )[ ]qpdqpdqqdppdqpdr ,,,,,,,,,max≤  

( )[ ]., qpdr≤  

This is contradiction and hence T has a unique fixed point in X.  



FIXED POINT THEOREMS OF CONTRACTIVE MAPPINGS … 217 

Corollary 2.3. Let ( )dX ,  be a complete cone metric space and P be a normal 

cone with normal constant K. Suppose the mapping XX →:T  satisfies the 
contractive condition 

( ) ( ) ( ) ( )[ ]TyydTxxdyxdrTyTxd ,,,,,max, ≤  

for all ,, Xyx ∈  and [ ).1,0∈r  Then T has a unique fixed point in X. Also, for any 

,Xx ∈  iterative sequence { }xT n  converges to the fixed point. 

Proof. The proof of the corollary immediately follows since 

( ) ( ) ( ){ }TyydTxxdyxd ,,,,,max  

( ) ( ) ( ) ( ) ( )[ ].,,,,,,,,,max yTxdTyxdTyydTxxdyxd≤   

Theorem 2.6. Let ( )dX ,  be a cone metric space, and XP ⊂  and P be a 

regular cone, and let S be the class of functions [ )10R ,: →α +  satisfying 

( ) 01 →⇒→α nn tt  and XX →:T  satisfying the contractive condition 

( ) ( )( ) ( )yxdyxdTyTxd ,,, α≤  

for all ., Xyx ∈  Then T has a unique fixed point in X. 

Proof. Let Xx ∈0  and ,1≥n  10 xTx =  and ,0
1

1 xTxTx n
nn

+
+ ==  

( ) ( )11 ,, −+ = nnnn TxTxdxxd  

( )( ) ( ).,, 11 −−α≤ nnnn xxdxxd  

If ( ) ,0, 1 =−nn xxd  then ( ){ }nn xxd ,1+  is a monotonically decreasing and bounded 

below, as P is regular we have ( ){ }nn xxd ,1+  is convergent. Also if ( ) ,0, 1 >−nn xxd  

then ( )
( ) ( )( ) 1,,

,
1

1
1 →α≤ −

−

+
nn

nn
nn xxdxxd

xxd  as ∞→n  and ,S∈α  then we get 

( )nn xxd ,1+  is a monotonically decreasing and bounded below, as P is regular we 

have ( ){ }nn xxd ,1+  is convergent. 

( ) ( ) ( )pTxdTpTxdpTpd nn ,,, +≤  

( )( ) ( ) ( ) .0,,, 1 →+α≤ + pxdpxdpxd nnn  

This proves the theorem.  
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