r W Far East Journal of Mathematical Sciences (FIMS)
Volume 34, Issue 2, 2009, Pages 189-205
y q'p ) Published Online: September 7, 2009
' ¢ This paper is available online at http://www.pphmj.com
LLLUL&B.’[D - A
el © 2009 Pushpa Publishing House

FINITE DIMENSIONAL CONNECTED AND
GEOMETRIC-LIKE HOPF ALGEBRAS

RUI MIGUEL SARAMAGO

Departamento de Matematica
Instituto Superior Técnico

Av. Rovisco Pais

1049-001 Lisbhoa, Portugal
e-mail: saramago@math.ist.utl.pt

Abstract

This paper presents a description of some connected finite dimensional
Hopf algebras over a field in terms of its primitive elements. If the field
has characteristic a prime, then those descriptions generalize to include
induced primitives. We also deal with geometric-like Hopf algebras,
which expand the connected case and have their own descriptions in terms
of primitives and induced primitives.

1. Introduction

Any map ¢: A — A, between algebras over a ring R can be completely
determined by the values it takes on the generators of A;, when such a set exists. If
we look at maps between Hopf algebras, then we run into additional restrictions and
problems because of having to deal with the co-product.

Typically, a Hopf algebra H may or may not be generated as an algebra by its
primitive elements. In this paper, we look at some cases where we can guarantee
this, which then implies that a map between such Hopf algebras will be determined
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by the values it takes on its primitive elements. The proof of this fact implies

analyzing all possible combinations ZX® y in H ® H, satisfying convenient

properties of co-associativity and co-commutativity, and finding an element a in H
that has as co-product that exact combination. When the Hopf algebras are
connected and R is a field of characteristic zero, then we can use induction on the
primitive filtration and thus obtain an a for any possible combination in H ® H as
above.

Over fields of characteristic a prime, however, we may run into trouble even in
the connected case. For example, if the characteristic is 2, there may happen that no
a will satisfy W(a)=1® a+a®1+x® x, for some x, even primitive, and thus

we cannot guarantee any element is a sum of products of primitives (If the
characteristic of the field is different from 2, though, we would always have that

a= x2/2 satisfies P(a) =1® a+a®1+ x ® x when x is a primitive).

For these cases, we define induced primitives, each of which is always
associated with a given primitive in the Hopf algebra and may or may not be non-
zero. Finite dimensional connected Hopf algebras over a field will then be generated
by its primitive and induced primitive elements.

Section 2 elaborates on these definitions, and Section 3 presents the results
for finite dimensional connected Hopf algebras. Section 4 then deals with a
generalization of connected Hopf algebras, those called geometric-like and defined
as having a “primitive” filtration for each generalized unit. Connected Hopf algebras
have just one such generalized unit, namely its unit 1, and so the methods in Section
3 are expanded in Section 4 in order to accommodate this generalization.

The main results in this paper are Theorems 3.6, 3.8 and 3.10 for finite
dimensional connected Hopf algebras over fields of characteristic respectively zero,
2 and an odd prime; and Theorem 4.3 for finite dimensional geometric-like Hopf
algebras over fields of zero and prime characteristic.

These descriptions of connected and geometric-like Hopf algebras are also used
to elucidate on maps f : H; — H, between Hopf algebras in those categories.

2. Definitions and First Properties

All Hopf algebras in this paper will be finite dimensional, co-commutative,
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co-associative, with co-unit, over a commutative ring R. The unit 1 on any such
Hopf algebra gives a co-augmentation R — H and we can construct from it a
co-augmentation filtration {FqH}OIZO by taking the short exact sequence

0>R—>H->JH)—>O0
and, using the iterated co-product on H, defining
FqH = ker(H — J(H)®(@*D)

for g > 0. In particular, FoH =~ R and FyH/FoH = P(H), the primitive elements

of H. A Hopf algebra will be called connected if its coaugmentation filtration is
exhaustive; that is, if any x € A isinsome FyA for some q > 0.

Given one such Hopf algebra H, if we write
‘P(x):1®x+x®1+2x'®x”

for each x € FyH, with g > 0, thenall the X" and x" that appear in the expression
are in those FyH that have q' < g. This suggests an inner grading of H based on
the “degree of primitiveness” of its elements.

Non-connected Hopf algebras can be further explored as follows.

A generalized unit in H will be an element a with coproduct ¥(a) = a ® a.

The unit on H is a generalized unit. Moreover, we will call a generalized primitive
(with respect to a), or simply an a-primitive, any element x € H that does ¥(x) =

a® x + x ®a. Aregular primitive element is 1-primitive.

Any generalized unit a gives naturally rise to a coaugmentation R — H, and
we can thus construct an exact sequence

0>R->H->J%H)>0
and a corresponding a-primitive filtration;

FEH = ker(H — J3(H)®(A)

for g > 0. Here, FH /FoH ~ P?(H), the a-primitives of H.
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A Hopf algebra will be called geometric-like if it is exhausted by all its
a-primitive filtrations. Such Hopf algebras do depend directly on their generalized
units and, as will be seen in the following sections, are completely determined by
their collections of a-primitives (for all generalized units a).

Connected (and geometric-like) Hopf algebras appear for example in Homotopy
theory, as homotopy classes of classifying spaces.

3. A Description of Connected Hopf Algebras over a Field

We will see that a connected Hopf algebra over R is generated by its primitives
if R is a field of characteristic zero. This comes from understanding elements in each
Fq(H) in the exhaustive primitive filtration as sums of products of primitives.

In this section, all Hopf algebras H are connected. We start with some lemmas
needed for the proof of the main result.

Lemma 3.1. If xe H is such that W(x) contains a term of the form
p® oqq, ---q,, where p and all g; are primitives with p = q;, then ¥(x) also
contains pg; ® q, -+ gp-

Proof. We use co-associativity.

(1®W¥)(p®mqay---q,) contains a term of the form p® gy ® g, ---q, and,
since 1® ¥ =¥ ®1, ¥(x) has a term of the form b ® q, ---q,,, where b is such
that W(b) contains p ® q;.

By co-commutativity, ¥(b) also contains g; ® p. Since p and q; are primitive,
we have W(pg;)= pg; ®1+1® pgy + p® gy + o ® p, and so b must contain a

term poy.
Thus W(x) containsa pg; ® gy «-- qp,. O

Lemma 3.2. If xe H is such that W(x) contains a term of the form

P1** Pm ® udz -4y, Where the p; and q; are all primitives and ¢y = p; for all

i, then W(x) also contains p; -+ ppmGy ® s -+ Uy-

Proof. We use induction on m.
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m=1 is the previous lemma. If p; - Pp_1Pm ® Qdz -+ 0, IS i ¥(X)
(with pyy # 1), then py- Pp_iPm ® A ® Gy -+ gy IS in 1® ¥)(W(x)), thus
in (¥ ®1)(¥(x)); so ¥(x) has a term b®qg,---q,, Where ¥(b) contains
P1- Pm-1Pm ® Q1.

By the previous lemma (and co-commutativity), W(b) contains p;--- pm_1
® Py

Consider all terms o ® B, where o and 3 are products of the py, ..., Py, G
such that a3 = py--- pya (with a =1 and B = 1). In these terms appear exactly all
of these m +1 primitives, taken in any possible permutation that forms two products

o and B (except those with either being 1). By induction, any such term must be in
¥ (b), and so, since W(p; - Pmd1) —1® Py Pmls — P Py ® 1 consists of

precisely those elements, we have that b contains p; --- p,0; and so W(x) contains
Py Pmly ® Gg -+ . =

The lemma above deals with elements in a ¥(x) made of products of different

primitives. The following show what must happen when those terms contain
repetitions.

Lemma 3.3. For R a field of characteristic zero, if W(x) contains a term

pk ® p™, with p primitive, k and m > 1, then it also contains op*** ® p™t,

where OL—l
T k+1

Proof. First consider k = 1. In this case, o = m/2.

We prove the result by induction on m. m =1 is trivial, since for any primitive

pwe have W(p2/2) =1® p?/2+ p?/2®1+ p® p.
For any primitive p, we also get ¥(p")=1® p" + p" @1+ zlmll(mj p'
=1 i

® p™ so, if W(x) contains p® p™, (1® ¥)(¥(x)) contains m p® p® p™ L,
thus (W ®1)(¥(x)) contains the same, and ¥(x) contains a b ® p™~t with W(b)

containing mp ® p. This means b = % p2 mod primitives, and W(x) contains

m 2 m-1
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Now suppose W¥(x) contains p“ ® p™, with k > 1.

Then (1® ¥)(¥(x)) = (¥ ®1)(¥(x)) contains mp* ® p® p™, and so W(x)

contains b ® pnH with ¥(b) containing m pk ® p and also (by co-commutativity)

mp® pk. By hypothesis, it also contains m%p2 ® pk‘l, and in general

k=D (k=i +2)

3 ® p* fori=1,.., k.

Thus ¥(b) contains

k k
k(k =1)--(k —i+ 2) keli M K+1) 5 o ki
Z il ©Pp Tk +1Z i )P 9P
i=1 i=1
and we conclude that b contains —1— pk+l.
k+1
; m  k+1 m-1
Thus ¥(x) contains P ®p". O

This gives directly the following.

Proposition 3.4. For R a field of characteristic zero, if W(x) contains a term
m!k!

GETS

pk ® p™, with kand m > 1, then x contains m+k

Proof. As in the proof of the previous lemma, if ¥(x) contains pk ® p™, then

it contains —1— p"+l ® pm’l, and in general

k +1
m(m_l)"'(m_j"'l) K+ j m-j _ m!k! K+ j m—j
k+Dk+2-ksp" P Thrpm-pP ©P

for j=0,..,m

It contains thus

k+m

mik! K+ j m-j _ mik! i m+k—i
Z(k+])l(m mP er _;i!(erk—i)!p@p :
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By co-commutativity, it also has
k+m m
m!k! m+k—i i m!k! j m+k-—j
iZk:i!(mH(—i)!p ®p_;(m+k—j)!j!p op

Since by co-commutativity k and m are interchangeable in the statement of the
proposition, we finally can conclude that W (x) has

kK+m

mik! [ mik—i _  Mik! m+k
Zi!(m+k—i)!p®p “ e TP

and the result follows. O

Lemma 3.5. For R a field of characteristic zero, suppose W (x) contains a term
of the form p; --- pmpk ® p"gy---qy, where all p;, gq; and p are primitives with
pi # p and q; = p foralliandj.

k!r!
(k +r)!

k+r

Then x contains y, where y is such that W(y) contains

P1- Pm ® Qg Oy

Proof. ¥(x) contains

P1- PmP* ® P ag--ap = (Pr+ P ® G -+ A )(pX ® p").

By the previous lemma, if an element has coproduct containing pk ® p", then

KIrt eir

that element must contain a = ———
k+rnP

Put y = ax.

Then, since p does not appear on both products p;--- p,, and g, ---q,, from
the relation W(x) = ¥(a)¥(y), we get that ¥(y) must have a term of the form

Ppee Pm ® g Op. .

Theorem 3.6. Any finite dimensional connected Hopf algebra over a field of
characteristic zero is polynomial on its primitive elements.
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Proof. We use induction on the exhaustive primitive filtration.

Consider a generic element x in Fg of the filtration.

By induction, we know that

‘P(x):l®x+x®l+Za®b,

where both a and b are a product of primitives (suppose for now all these primitives
are different). Say a = p;---px and b=q; ---q,.

By Lemma 3.2, all elements of the form o ® 3, with off = ab (and both o and

B not equal to 1) must be in ¥(x).

Thus, the element Z(ab), whose coproduct is

T(Z(ab)) :1®Z(ab)+2(ab)®l+2a®[3

(where o and {3 are, as above, all possibilities of products of the p; and q; ), differs

from x by a primitive, and so x is a sum of products of primitives.

If there are repetitions among the p; and ¢;j, we use Lemma 3.5. Suppose

W(x) contains a term cp; - pmpk ®p'ay---qn, with p= p; and p = q; forall

iand j (c is a constant). Note that the p; and q; can still harbour further repetitions.

Ir!
Then, since p does not occur among the p; and qj, x:[ﬁ pk+|r +s} Y,

with s a primitive and W(y) containing p; -+ pym ® Gp -+~ dp-
Applying similarly and in succession Lemma 3.5 to the remaining products
P+ Pm ® Q-+ q,, We get that x is a sum of products of primitives, and the result

follows. O

Corollary 3.7. Any Hopf algebra map f : H; — H, between two connected
Hopf algebras over a field of characteristic zero is completely determined by the
values it takes on primitives.

If we deal with a field of characteristic different from zero, Lemma 3.3 and
Proposition 3.4 are no longer true. For example, if the characteristic is 2, no element
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1/2 exists. In this case, squares of primitives are still primitive, and so we cannot

directly find a term x whose co-product is 1® X+ X®1+ p® p (when p is a

primitive) as happened with % p2 in the proofs of Lemma 3.3 and Proposition 3.4.

We can however still get an easy description of connected Hopf algebras for
characteristic 2 or an odd prime.

We begin with the case of characteristic 2. Define a first-order induced
primitive element of H (relative to the primitive p) any x € H that does W¥(x)=
1® x+x®1+ p® p. The difference between two induced primitives (relative to
the same p) is always a primitive element. Any first order induced primitive relative
to p will be denoted by p (or p(l)).

Given a connected Hopf algebra H over a field of characteristic 2 and a

primitive element p in the Hopf algebra, there may or may not exist a first-order
induced primitive element on H relative to this p. However, if a W(x) features a

term of the form p ® p, then it is clear that x must have a p. Such an element

behaves as p2/2 would in a Hopf algebra over a field of characteristic zero.

A second-order induced primitive element of H (relative to the primitive p) is
any x such that W(x) contains a term p ® p and additionally just the extra terms

that the definition of Hopf algebra imposes. Specifically, if ¥(x) contains p ® p,
then (1® ¥)(x) contains p® p® p, so (¥ ®1)(x) contains a ® p with ¥(a)
containing p ® p. Following this reasoning through, similarly to the kind of

deductions one did for example in the proofs of Lemma 3.3 and Proposition 3.4, one
gets that any second-order induced primitive x relative to p must actually make

P(X)=1®X+X@L+pO® PP+ pp@p+p’®p+p@p>+p®p.
This is the minimum number of terms necessary for ¥(x) to feature a p ® p.

We will denote by p(z) any second-order induced primitive relative to p. Any

two such differ by a primitive.

As p in a sense generalized for characteristic 2 what p2/2 did for characteristic

zero, we can define from p(z) terms in characteristic 2 that generalize others that
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existed in the previous setting. Working in characteristic zero, p = p2/2, so from
Proposition 3.4 we get that, if x = p(z), then W(x) contains p ® p = % p? ® p?,

and so

122 4 1 p?
X = p—3p22.

This suggests, in characteristic 2, considering the element [p]™ p(z), which

behaves as p2/22 did in characteristic zero.

Next we define higher order induced primitives. Working inductively, and
emulating the definition of second-order induced primitives, denote by p(k) an
induced primitive of order Kk relative to the primitive p, which is defined as any x in
H whose co-product contains a term p(k‘l) ® p(k‘l) plus all the minimum required
terms that the definition of Hopf algebra imposes. From these induced primitives of

all orders we can define in characteristic 2 terms that behave as the p2/2k did in

characteristic zero. For example, in characteristic zero, ‘I’(p(s)) has p(z) ® p(z) =

11 4 4 iti
2iaiP ® p”, so (Proposition 3.4)
p@_lpp_ 1 P 1 spp
8l 32.5.726 32.5.7 28

Thus, in characteristic 2, the term [E)]_3 p(3) behaves as a p2/23.

We can moreover write p(o) when referring to a primitive p.

We are now ready for a result that generalizes Theorem 3.6.

Theorem 3.8. Any finite dimensional connected Hopf algebra over a field of
characteristic 2 is polynomial on its primitive and induced primitive elements.

Proof. If the characteristic of the base field is zero, we know from Theorem 3.6
that every element in the Hopf algebra is a sum of products of primitives. This
notion works in characteristic 2 except in those cases where the coefficients
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m!k!

m one gets from Proposition 3.4 do not make sense, that is, if such

coefficients are of the form %, with a and b free of factors of 2. When such a
2'b

. . a .
case arises, however, we can always write - pm+k as a product of induced
2'b

primitives relative to p, as the above comments indicate, and so indeed any x in the
Hopf algebra is a sum of products of primitives and induced primitives. O

The above result does not indicate that any connected Hopf algebra over a field
of characteristic 2 must have all possible induced primitives for all its primitives p.
What it says is that the Hopf algebra will be polynomial on those induced primitives
that are indeed present.

We can in any case define all induced primitives for all primitives p as follows.

If p(i) ® p(i) is present as an element of a co-productin H ® H for i =0, ..,k -1

but no p(k) ® p(k) appears, we define p(m) =0 for m>k +1. This notation

permits the following corollary.

Corollary 3.9. Any Hopf algebra map f : H; —> H, between two connected
Hopf algebras over a field of characteristic 2 is completely determined by the values
it takes on primitives and induced primitives.

Proof. A Hopf algebra map must by definition make
f(p™) = [f(p)"

for any primitive p and any n > 0. The term on the right makes sense from the
commentary before the enunciation of this corollary. If, for example, there is in H;
an induced primitive of order n relative to the primitive p but that does not happen to
f(p) in H,, then [f(p)]” =0 and no contradiction arises from f being a Hopf

algebra map. |

If the characteristic of the field is an odd prime, then the definitions of induced
primitives must be done differently. In such a field, for instance, it is clear that

elements like p2/2 make sense, and so now there always exist elements x with
coproduct 1® x + x ® 1+ p ® p for a given primitive p.
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On the other hand, calling r the odd prime characteristic of the field, no term
p"/r makes sense now. Define in characteristic r a first-order induced primitive

element p (relative to the primitive p) any x € H whose coproduct contains

p® pr‘1 and also just all the terms that the definition of Hopf algebra imposes.

Specifically, and from Lemma 3.3, W(x) also has rT_1p2®pr_2,

(r=1(r-2)

3 r-3 ;
3.2 p® ® p' 7 and a generic

(I‘ - 1)! k r-k
kr—kp P ©P
for k =1, ..., r =1, so afirst-order induced primitive does

r-1

Ay PN (r=1! « r—k

Y(p)=1®p+ p®1+z—k!(r—k)! pt®p ".
k=1

We can then consider any p as a generalization from characteristic zero of a

term p'/r, as this term does (in characteristic zero) exactly

r-1
r-1! _
Y(p'/r)=1@p fr+p rel+ Zﬁ pk ® p' k.
k=1

A connected Hopf algebra over a field of characteristic r may or may not have a
first-order induced primitive p for each of its primitives p.

Higher-order induced primitives are defined as follows. Write p(k) for an
induced primitive of order k (relative to the primitive p), defined inductively as any
x € H whose coproduct contains p(k’l) ® [p(k’l)]'r_1 and additionally just all the

terms required by the definition of Hopf algebra.
As happened in characteristic 2, induced primitives of higher orders permit

us to define in characteristic r terms that behave like p'r/rk did (for k > 0) in
characteristic zero.

Consider for instance a p(z). In characteristic zero, lI’(p(z)) contains

po[p =

=|r

1 r r(r-1)
rr—l pPep !
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S0
p(z) _ 1 ri(r(r =)y 2
r' (r?) ’

mod primitives.
Counting factors of r, we get one such factor in r!, r—1 in (r(r —1))! and

r+1 in (r?)L. This gives

where a is a fraction free of factors of r.

r1Ll or
Thus p(z) = o{pT} p_z and in characteristic r the element o X[p]:~" p(z)
r
behaves asa p"/r?.
For p(3), we get (in characteristic zero), that ‘I’(p(3)) contains

- 1 2 2(r_
p(2) ®[p(z)]r 1_ of rr(r+1) " ® pr (r 1),

SO

@_ r 1 (PNrPr-ny 3
P =a rr(r+1) (r3)!

mod primitives.
(rz)! has r +1 factors of r, (rz(r D) has (r —1)(r +1) factors of r and

(r3Y has r(r +1)+1 factors of r, so

3 1 8
p( ) = B rr(r+1)+1 ' pr !

mod primitives (where f is free of factors of r).

Thus
2

. pr pr r-1 pr re—r pr @
3 1-r 2)1r-1ragr-1
P b5 {—rz} {—r } —ah g [P~ T [p]
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and

E_ _ B—lar—l[ﬁ]l—r[ p(Z)]l—l' p(3)

Analyzing induced primitives in higher orders permits us then similarly to get
terms that do what the pr/rk did in characteristic zero.
Theorem 3.10. Any finite dimensional connected Hopf algebra over a field of

characteristic an odd prime r is polynomial on its primitive and induced primitive
elements.

Proof. As in the proof of Theorem 3.8, use Theorem 3.6 to write (in
characteristic zero) any element in the Hopf algebra as a sum of products of

primitives. The coefficients one gets from Proposition 3.4 can then be

mik!
(m +k)!
written in the form %, with a and b free of powers of r, and we can describe

r’b

%b pm+k as a product of induced primitives using the relations between the p(i)
r

and the p"/r' previously presented. O
Just as for characteristic 2, we get

Corollary 3.11. Any Hopf algebra map f : H; — H, between two connected

Hopf algebras over a field of characteristic an odd prime is completely determined
by the values it takes on primitives and induced primitives.

4. A Description of Geometric-like Hopf Algebras over a Field

This section deals with geometric-like Hopf algebras.

Let a € H be a generalized unit, i.e., an element a such that ¥(a) = a ® a. An
a-primitive x of H (relative to a) makes ¥(x) = a ® x + x ® a, and any generalized

unit a gives then rise to an a-primitive filtration

{Fg'H :q >0}

Similarly to what happened with 1-primitive filtrations, if an element x e anH

has coproduct
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‘I’(x):a®x+x®a+2x'®x”,
then all the x" and x” that appear in the expression are in those Fq"’}H that have
q <aq.
We define H?, the a-connected component of H, as the union Ug=0 anH.

Lemma 4.1. If H is a geometric-like Hopf algebra and a is a generalized unit in
H, we have

apy _
FqH =aFgH
for all q > 0.

Proof. By induction on g we first have that a®a = a¥(l), so indeed
Fo'H = aFgH. The same is true for a-primitives: If x is an a-primitive, then

Pax) =1® (@) +(@x)®1 andso a*x is a primitive.
If the resultistrueuptoa q —1, thenan x e anH has coproduct

a®x+x®a+Zx’®x”,

where each x" or x" is in some an}H, and so each a~x’ or a*x" is in some
FyH.
Thus a~*x has coproduct
1® @)+ @ ®1+ Y (aX)® (@)
andso a lx e FqH as desired. O

Considerations on the exhaustive part of the definition of connected and
geometric-like Hopf algebras now gives:

Corollary 4.2. For a generalized unit a in a geometric-like Hopf algebra H,

a"'H? is a connected Hopf algebra.
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From the previous section, we then know that, for any generalized unit a,
atH? will be generated by its primitive elements (and eventually also by its
induced primitives, if the base field has characteristic different from zero).

Call induced a-primitive in a geometric-like Hopf algebra an element of the
form ax, with x an induced primitive and a a generalized unit in the Hopf algebra.

The generalized units in a geometric-like Hopf algebra generate a sub-Hopf
algebra, and the product of any two such generalized units is still a generalized unit.
Moreover, the a-connected components H? of a geometric-like Hopf algebra are
disjoint.

We get a description for geometric-like Hopf algebras in the line with what was

done in the previous section.

Theorem 4.3. Any finite dimensional geometric-like Hopf algebra over a field
of characteristic zero is generated by its generalized units and a-primitives.

When the field is of prime characteristic, it is generated by its generalized units,
a-primitives and induced a-primitives.

Assuming the notation mentioned before Corollary 3.9, we finally get

Corollary 4.4. Any Hopf algebra map f : H; —» H, between two geometric-
like Hopf algebras over a field of characteristic zero is completely determined by the
values it takes on generalized units and a-primitives.

If the field has prime characteristic, such a map will be completely determined
by the values it takes on generalized units, a-primitives and generalized a-primitives.
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