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Abstract 

Let G be a compact definable rC  group and .1 ∞<≤ r  Let X be an 

affine definable GCr  manifold and kXX ...,,1  definable GCr  

submanifolds of X such that kXX ...,,1  are in general position in X. 

Suppose that R→Xf :  is a G invariant proper surjective submersive 

definable rC  function such that for every ,1 1 kii s ≤<<≤  ∩
1iXf |  

R→
ss iii XXX ∩∩∩

1
:  is a proper surjective submersion. We 

prove that there exists a definable GCr  diffeomorphism ( ) :, fhh ′=  

( ) ( ) ,...,,;...,,; 11 R×→ ∗∗∗
kk XXXXXX  where ∗Z  denotes ( )01−fZ ∩  

for a subset Z of X. 

Moreover, we prove an equivariant definable ∞C  version under some 
conditions and its application. 
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1. Introduction 

Coste and Shiota [1] proved that a proper Nash surjective submersion f from an 
affine Nash manifold X to R  is Nash trivial, namely there exist a point R∈a  and        

a Nash map ( )afXh 1: −→  such that ( ) ( ) R×→ − afXfh 1:,  is a Nash 

diffeomorphism. 

Let ( )...,,,, <⋅+= RM  denote an o-minimal expansion of the standard 

structure ( )<⋅+= ,,,RR  of the field R  of real numbers. The term “definable” 

means “definable with parameters in M”. General references on o-minimal 
structures are [2], [5], see also [15]. The Nash category is a special case of the 

definable ∞C  category and it coincides with the definable ∞C  category based on 
R  [16]. Further properties and constructions of them are studied in [3], [4], [6], 
[13] and there are uncountably many o-minimal expansions of R  [14]. Equivariant 

definable rC  categories are studied in [8-11]. Everything is considered in M  and 
each manifold does not have boundary unless otherwise stated. 

A map NM →ψ :  between topological spaces is proper if for any compact 

set ,NC ⊂  ( )C1−ψ  is compact. 

Let X be a rC  manifold, r
n CXX ...,,1  submanifolds of X and .1≥r  We say 

that { }n
iiX 1=  are in general position in X if for each Ii ∈  and { },iIJ −⊂  iX  

intersects transverse to .jJj X∈∩  

The following is an equivariant relative definable rC  version of [1]. 

Theorem 1.1. Let G be a compact definable rC  group and .1 ∞<≤ r  Let X be 

an affine definable GC r  manifold and kXX ...,,1  definable GC r  submanifolds of 

X such that kXX ...,,1  are in general position in X. Suppose that R→Xf :  is a 

G invariant proper surjective submersive definable rC  function such that for every 
R→|≤<<≤ ss iiiis XXXXfkii ∩∩∩∩ 11 :,1 1  is a proper surjective 

submersion. Then there exists a definable GC r  diffeomorphism ( ) :, fhh ′=  

( ) ( ) ,...,,;...,,; 11 R×→ ∗∗∗
kk XXXXXX  where ∗Z  denotes ( )01−fZ ∩  for a 

subset Z of X. 
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Let ( ){ } ( ){ } 21,0, R⊂=|=|= xyyxyyxX ∪  and ,: R→Xf  ( ) ., xyxf =  

Then f is a surjective submersive polynomial map and it is not definably trivial. Thus 
even in the non-equivariant category, the proper condition in Theorem 1.1 is 
necessary. 

Let ∞<≤ r1  and let ( )1,1: −→RF  be a definable rC  function such that 

( ) xxF =  in a definable open neighborhood of 0, ( ] 212, −=−∞−|F  and 

[ ) .21,2 =∞|F  Suppose that ,31 RR ⊂×= SX  ,: 1 RR →×Sf  ( ) ,,, ttyxf =  

( ){ } R×= 1,01X  and {( ) ( ) }.1,,, 21
2 xytFxStyxX −==|×∈= R  Then ,1X  

2X  are in general position in 21,,, XfXffX  are proper surjective submersions 

and R→| 2121 : XXXXf ∩∩  is not surjective. Since there exists no definable 
1C  diffeomorphism ( ) ( ) ( ) ,,;,;:,: 2121 R×→′ ∗∗∗ XXXXXXfhh  even in the 

non-equivariant setting, the condition that every ss iiii XXXXf ∩∩∩∩ 11 :|  

R→  is a proper surjective submersion is necessary. 

Let R→Uf :  be a definable ∞C  function on a definable open subset 

.nU R⊂  We say that f has controlled derivatives if there exist a definable 
continuous function ,: R→Uu  real numbers ...,, 21 CC  and positive integers 

...,, 21 EE  such that ( ) ( ) α
α

α ≤| ExuCxfD  for all Ux ∈  and { }( ) ,0 n∪N∈α  

where 
nnxx

D
αα

α
α

∂∂

∂=
1

1

 and .1 nα++α=α  We say that M  has piecewise 

controlled derivatives if for every definable ∞C  function R→Uf :  defined in a 

definable open subset U of ,nR  there exist definable open sets UUU l ⊂...,,1  

such that ( ) nUU i
l
i <− =1dim ∪  and each iUf |  has controlled derivatives. 

The following is an equivariant definable ∞C  version of Theorem 1.1. 

Theorem 1.2. Suppose that M  is exponential, admits the ∞C  cell decomposition 

and has piecewise controlled derivatives. Let G be a compact definable ∞C  group, 

X be an affine definable GC∞  manifold and kXX ...,,1  be definable GC∞  

submanifolds of X such that kXX ...,,1  are in general position in X. Suppose that 
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R→Xf :  is a G invariant proper surjective submersive definable ∞C  function 

such that for every ,1 1 kii s ≤<<≤  R→| ss iiii XXXXf ∩∩∩∩ 11 :  

is a proper surjective submersion. Then there exists a definable GC∞  

diffeomorphism ( ) ( ) ( ) ,...,,;...,,;:, 11 R×→′= ∗∗∗
kk XXXXXXfhh  where ∗Z  

denotes ( )01−fZ ∩  for a subset Z of X. 

Let G be a compact definable ∞C  group, X be a noncompact definable GC∞  

manifold and kXX ...,,1  be noncompact definable GC∞  submanifolds of X in 

general position in X. If M  is exponential, admits the ∞C  cell decomposition and 
has piecewise controlled derivatives and X is affine, then by Proposition 3.2, we may 

assume that X is a bounded definable GC∞  submanifold of some representation Ω 

of G. We say that ( )kXXX ...,,; 1  satisfies the frontier condition if each ii XX −  

is contained in ,XX −  where ( )XXi resp.  denotes the closure of ( )XXi resp.  in 

Ω. We say that ( )kXXX ...,,; 1  is simultaneously definably GC∞  compactifiable if 

there exist a compact definable GC∞  manifold Y with boundary ∂Y, compact 

definable GC∞  submanifolds kYY ...,,1  of Y with boundary ,...,,1 nYY ∂∂  

respectively, and a definable GC∞  diffeomorphism YIntXf →:  such that for 

any i, ( ) ,ii YIntXf =  each iY∂  is contained in ∂Y, and kYY ...,,1  and ∂Y are in 

general position in Y. Here ( )iYIntYInt resp.  denotes the interior of ( ).resp. iYY  

As an application of Theorem 1.2, we have the following theorem. 

Theorem 1.3. Suppose that M  is exponential, admits the ∞C  cell decomposition 

and has piecewise controlled derivatives. Let G be a compact definable ∞C  group, 

X be a noncompact affine definable GC∞  manifold and kXX ...,,1  be noncompact 

definable GC∞  submanifolds of X in general position in X such that ( )kXXX ...,,; 1  

satisfies the frontier condition. Then ( )kXXX ...,,; 1  is simultaneously definably 

GC∞  compactifiable. 

Theorem 1.3 is an equivariant relative definable version of [1] and an 

equivariant definable rC  version is proved in [12] when r is a positive integer. 
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2. Proof of Theorem 1.1 

Let r be a non-negative integer, ∞ or ω. A definable rC  manifold G is a 

definable rC  group if the group operations GGG →×  and GG →  are definable 
rC  maps. 

Let G be a definable rC  group. A representation map of G is a group 

homomorphism from G to some ( )RnO  which is a definable rC  map. A 

representation means the representation space of a representation map of G. In this 

paper, we assume that every representation of G is orthogonal. A definable GC r  

submanifold of a representation Ω of G is a G invariant definable rC  submanifold 

of Ω. A definable GC r  manifold is a pair ( )φ,X  consisting of a definable rC  

manifold X and a group action XXG →×φ :  which is a definable rC  map. We 

simply write X instead of ( )., φX  A definable GC r  manifold is affine if it is 

definably GC r  diffeomorphic to (definably G homeomorphic to if )0=r  a definable 

GC r  submanifold of some representation of G. Definable GC r  manifolds and 

affine definable GC r  manifolds are introduced in [10]. 

Let G be a definable rC  group, X be definable GC r  manifold and Y be a 

definable rC  manifold. A G invariant definable rC  map YXf →:  is definably 

GC r  trivial if there exist a point Yy ∈  and a definable GC r  map ( )yfXh 1: −→  

such that ( ) ( ) YyfXfhH ×→= −1:,  is a definable GC r  diffeomorphism. 

The following is piecewise definable GC r  triviality of G invariant surjective 

submersive definable rC  maps [10]. 

Theorem 2.1 (1.1 [10]). Let r be a positive integer. Let G be a compact 

definable rC  group, X be an affine definable GC r  manifold and Y be a definable 
rC  manifold. Suppose that YXf →:  is a G invariant surjective submersive 

definable rC  map. Then there exists a finite decomposition { }iT  of Y into definable 
rC  submanifolds of Y such that each ( ) ( ) iii TTfTff →| −− 11 :  is definably GC r  
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trivial. If M  admits the ∞C  ( )ωCresp.  cell decomposition, then we can take 

( ).. ω∞= respr  

The following provides the existence of a definable GC r  tubular neighborhood 

of a definable GC r  submanifold of a representation of G. 

Theorem 2.2 [11, 9]. Let r be a non-negative integer, ∞ or ω. Then every 

definable GC r  submanifold X of a representation Ω of G has a definable GC r  
tubular neighborhood ( )XU θ,  of X in Ω, namely U is a G invariant definable open 

neighborhood of X in Ω and XUX →θ :  is a definable GC r  map with 

.XX idX =|θ  

Proposition 2.3 (P4 [12]). Let r be a positive integer. Let Y, Z be affine 

definable GC r  manifolds, kYY ...,,1  ( )kZZresp ...,,. 1  definable GC r  

submanifolds of Y (resp. Z) in general position in Y (resp. Z). Suppose that 

⎟
⎠

⎞
⎜
⎝

⎛→⎟
⎠

⎞
⎜
⎝

⎛
== ∪∪ k

i ki
k
i ki ZZZYYYF

1 11 1 ...,,;...,,;:  is a definable continuous G 

map. If each iYF |  is a definable GC r  map ( ,,...,,; 111 +− iiiiii YYYYYYY ∩∩∩  

) ( ),...,,,...,,;..., 111 kiiiiiiiki ZZZZZZZZZYY ∩∩∩∩∩ +−→  then there exist 

a G invariant definable open neighborhood W of ∪n
i iY

1=
 in Y and a definable GC r  

map ( ) ( )kk ZZZYYWH ...,,;...,,;: 11 →  such that .
1∪k

i i FYH
=

=|  

Let ∞<≤ r1  and ( )nrDef R  denote the set of definable rC  functions on 

.nR  For each ( )nrDeff R∈  and for each positive definable continuous function 

,: RR →ε n  the ε-neighborhood ( )ε;fN  of f in ( )nrDef R  is defined by { ∈h  

( ) ( ) { }( ) },,0,|| rfhDDef nnr ≤α∈α∀ε<−α ∪NR  where ( )nαα=α ...,,1  

{ }( ) ,0 n∪N∈  .1 nα++α=α  We call the topology defined by these 

ε-neighborhoods the definable rC  topology. By taking the relative topology of the 

definable rC  topology of ,nR  we can define the definable rC  topology of a 

definable rC  submanifold X of .nR  
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Let nYX R⊂,  be definable rC  submanifolds. Note that if X is compact, then 

the definable rC  topology of the set of definable rC  maps from X to Y coincides 

the rC  Whitney topology of it [15]. 

Theorem 2.4 [15]. Let X and Y be definable sC  submanifolds of nR  and 

.0 ∞<< s  Let YXf →:  be a definable sC  map. If f is an immersion (resp. a 

diffeomorphism, a diffeomorphism onto its image), then an approximation of f in the 

definable sC  topology is an immersion (resp. a diffeomorphism, a diffeomorphism 

onto its image). Moreover, if f is a diffeomorphism, then 11 −− → fh  as .fh →  

Proof of Theorem 1.1. Since X is affine, we may assume that X is a definable 

GC r  submanifold of a representation Ω of G. 

We first prove the case where .0=k  Applying Theorem 2.1, we have a partition 

∞=<<<<<=∞− +1210 jj aaaaa  of R  and definable GC r  diffeomorphisms 

( )( ) ( ) ( )1
1

1
1 ,,: +

−
+

− ×→ iiiiii aayfaafw  with ( )( ) ,, 1
1

iiii wpaaff =| +
−  ≤0  

,ji ≤  where ip  denotes the projection ( ) ( ) ( )11
1 ,, ++
− →× iiiii aaaayf  and ∈iy  

( )., 1+ii aa  

Now we prove that for each ia  with ,1 ji ≤≤  there exist an open interval iI  

containing ia  and a definable GC r  map ( ) ( )iii afIf 11: −− →π  such that =iF  

( ) ( ) ( ) iiii IafIff ×→π −− 11:,  is a definable GC r  diffeomorphism. By Theorem 

2.2, we have a definable GC r  tubular neighborhood ( ( ) )iafiU 1, −θ  of ( )iaf 1−  in 

X. Since f is proper, there exists an open interval iI  containing ia  such that 

( ) .1
ii UIf ⊂−  Note that if f is not proper, then such an open interval does not 

always exist. Hence shrinking ,iI  if necessary, ( ) ( ) ( )iiii afIffF 11:, −− →π=  

iI×  is the required definable GC r  diffeomorphism. 

By the above argument, we have a finite family of { }l
iiJ 1=  of open intervals and 

definable GC r  diffeomorphisms ( ) ( ) ,: 11
iiii JyfJf ×→φ −−  ,1 li ≤≤  such that 
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,ii Jy ∈  ∪l
i iJ

1=
= R  and the composition of iφ  with the projection ( ) ii Jyf ×−1  

onto iJ  is ( ).1
iJff −|  

Now we glue these trivializations to get a global one. We can suppose that 

,2≥i  ( )baJU ii ,1 =− ∩  and ( ) ( ) 11
1

1
1

1 : −
−

−
−

− ×→ψ iii UyfUf  is a definable 

GCr  diffeomorphism with ( ) ,111
1

−−−
− ψ=| iii projUff  where ∪ 1

11
−
=− =

i
s si JU  

and 1−iproj  denotes the projection ( ) .111
1

−−
− →× ii UUyf  Take ( ) =∈ baz ,  

.1 ii JU ∩−  Then since ( ) ( ) ( ),11
1

1
iyfzfyf −−− ≅≅  ( )1

1 yf −  is definably GC r  

diffeomorphic to ( ).1
iyf −  Hence we may assume that iφ′  is a definable GC r  

diffeomorphism from ( )iJf 1−  to ( ) .1
1

iJyf ×−  Then we have a definable GC r  

diffeomorphism 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ).,,,,,,: 1
1

1
11

1 ttxqtxbayfbayfii ×→×φ′ψ −−−
−  

Take a rC  Nash function RR →:u  such that 2
bau +=  on ⎥⎦

⎤⎜
⎝
⎛ +∞− ba 4

1
4
3,  

and idu =  on .,4
3

4
1

⎟
⎠
⎞

⎢⎣
⎡ ∞+ ba  Let 

( ) ( ) ( )( ) ( ) ( )( )( ).,,,,,,: 1
1

1
1

1 ttuxqtxbafbayf i
−
−

−− ψ=τ→×τ  

Then τ is a definable GCr  diffeomorphism such that ( ) 1−φ′=τ i  if ≤+ ba 4
3

4
1  

bt ≤  and ( )idPi ×ψ=τ −
−
1
1  if ,4

1
4
3 bata +≤≤  where ( ) ( ),: 1

1
1

1 yfyfP −− →  

( ) .2, ⎟
⎠
⎞⎜

⎝
⎛ += baxqxP  Thus we can define 

( ) ( ) ,:~
1

11
iii UyfUf ×→ψ −−  

( )xiψ~
( ) ( ) ( )

( ) ( )

( ) ( )

1
1

1

3 1, ,
4 4

3 1, ,
4 4

, .

i

i

P id x f x a b

x a b f x b

x f x b

−
−

−

⎧ × ψ ≤ +⎪
⎪= ⎨τ + ≤ ≤⎪
⎪φ >⎩
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Then iψ~  is a definable GC r  diffeomorphism. Thus ( ) R×→ψ −
1

1:~ yfXl  is a 

definable GC r  diffeomorphism. Therefore, we have the required definable GC r  

diffeomorphism ( ) .:, R×→ ∗XXfH  

We now prove the general case by induction on k. 

Let .1≥k  By the inductive hypothesis, for any i, there exists a definable GC r  
diffeomorphism ( ) ( )kiiiiiiiii XXXXXXXXXfhh ∩∩∩∩ ...,,,...,,;:, 111 +−′=  

( ) ....,,,...,,; 1111 R×→ ∗∗∗
+

∗∗
−

∗∗∗∗
kiiiiii XXXXXXXXX ∩∩∩∩  In particular, 21 Xh |′  

( )kXXXXXXXXX ∩∩∩∩∩∩ 12312121 ...,,;:  →  ( ,; 31212
∗∗∗∗∗ XXXXX ∩∩∩  

)∗∗∗
kXXX ∩∩ 12...,  is a definable GC r  map. By Theorem 2.2, we have a G 

invariant definable open neighborhood 2W  of 21 XX ∩  in 2X  and a definable GC r  

map ( )kXXXXXXXXW ∩∩∩∩∩ 123121222 ...,,;;:Φ  →  ( ;; 122
∗∗∗ XXX ∩  

)∗∗∗∗∗∗
kXXXXXX ∩∩∩∩ 12312 ...,,  such that .121122 XXhXX ∩∩ |′=|Φ  Take 

a G invariant definable open neighborhood 22 WW ⊂′  of 21 XX ∩  in 2X  whose 

closure in 2X  is properly contained in 1W  and a G invariant definable rC  function 

R→2: Xa  such that its support lies in 2W  and .12 =′|Wa  By Theorem 2.2, we 

have a G invariant definable open neighborhood O of ∗
2X  in Ω and a definable 

GC r  map ∗→θ ∗ 2:2 XOX  with .22 ∗=|θ ∗
XidX  

Define 

( )
( )( ) ( ) ( ) ( )( )

( )⎩
⎨
⎧

−∈′

∈Φ+′−θ
=Ψ′

∗

.,

,,1

122

122
2

2

WXxxh

Wxxxaxhxa
x X  

Then ( ) ( )∗∗∗∗∗→Ψ′ kk XXXXXXXXXX ∩∩∩∩ 212221222 ...,,;...,,;:  is a 

definable GCr  map which is an approximation of .2h′  Thus 1h′  is extensible to a 

definable continuous G map ∗→Ψ XXX 212 :~ ∪  such that 12
~ X|Ψ  and 22

~ X|Ψ  

are definable GC r  maps. 

Repeating this process, we have a definable continuous G map :Φ  
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( )∗∗∗
=

→⎟
⎠

⎞
⎜
⎝

⎛
k

k
i ki XXXXXX ...,,;...,,; 11 1∪  such that each iX|Φ  is a definable 

GC r  map which is an approximation of .ih′  

By Proposition 2.3, we have a G invariant definable open neighborhood U of 

∪k
i iX

1=
 and a definable GC r  map ∗→ XUL :  extending Φ. 

Take a G invariant definable open neighborhood U ′  of ∪k
i iX

1=
 in X whose 

closure in X is properly contained in U and a G invariant definable rC  function 
R→Xb :  such that its support lies in U and .1=′|Ub  By Theorem 2.2, we have 

a G invariant definable open neighborhood V of ∗X  in Ω and a definable GC r  map 
∗→θ ∗ XVX :  with .∗∗ =|θ ∗

XX idX  

Define 

( )
( )( ) ( ) ( ) ( )( )

( )⎩
⎨
⎧

−∈

∈+−θ
=′

∗

.,

,,1

UXxxH

UxxLxbxHxb
xh X  

Then ( ) ( )∗∗∗→′ kk XXXXXXh ...,,;...,,;: 11  is a definable GC r  map. Thus 

( ) ( ) ( ) R×→′= ∗∗∗
kk XXXXXXfhh ...,,;...,,;:, 11  is a definable GC r  map 

which is an approximation of ( )., fH  Therefore, by Theorem 2.4, h is the required 

definable GC r  diffeomorphism. ~ 

3. Proofs of Theorems 1.2 and 1.3 

From now on we assume that M  is exponential, admits the ∞C  cell 
decomposition and has piecewise controlled derivatives. 

Theorem 3.1 (1.2 [7]). Every definable closed subset of nR  is the zero set of a 

definable ∞C  function on .nR  

Proposition 3.2. Let G be a compact definable ∞C  group and X be a definable 

GC∞  manifold in a representation Ω of G. Then X is definably GC∞  imbeddable 
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into 2R×Ω  such that X is bounded and XX −  consists of at most one point, 
where X  denotes the closure of X. 

Proof. We may assume that X is noncompact. Then XX −  is a G invariant 

closed definable subset of Ω. Let sG R⊂Ω→Ωπ :  denote the orbit map. Then 

si R→Ωπ :  is a proper polynomial map (see Section 4 [11]), where Gi Ω:  

sR→  denotes the inclusion. Hence sXXXXi R→−−|π :  is proper because 

XX −  is closed in Ω. Thus ( ) ( ( ))XXXXi −π=−π  is a definable closed subset 

of .sR  Applying Theorem 3.1, there exists a definable ∞C  function RR →sf :  

with ( ) ( ).01−=−π fXX  Hence R→Ωπ= :: fF  is a G invariant definable 

∞C  function with ( ).01−=− FXX  Therefore, replacing the graph of F1  by X, 

we may assume that X is closed in .R×Ω  Applying the stereographic projection 

( ),: 2RR ×Ω→×Ω Ss  ( )Xs  satisfies our requirements, where ( )2R×ΩS  denotes 

the unit sphere of .2R×Ω  ~ 

The proof of Proposition 3.2 proves the following two theorems and 
proposition. 

Theorem 3.3. Let G be a compact definable ∞C  group and Ω be a 
representation of G. Every G invariant definable closed subset of Ω is the zero set of 

a G invariant definable ∞C  function on Ω. 

Theorem 3.4. Let G be a compact definable ∞C  group and X be an affine 

definable GC∞  manifold. Suppose that A, B are G invariant definable disjoint 

closed subsets of X. Then there exists a G invariant definable ∞C  function 
R→Xf :  such that 1=| Af  and .0=|Bf  

Proposition 3.5. Let G be a compact definable ∞C  group, X be a noncompact 

affine definable GC∞  manifold and nXX ...,,1  be noncompact definable GC r  

submanifolds of X in general position in X such that ( )nXXX ...,,; 1  satisfies the 

frontier condition. Then we may assume that X is a bounded definable GC∞  
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submanifold of some representation Ω of G such that =−==− nn XXXX 11  

{ },0=− XX  where ( )iXrespX .  denotes the closure of ( )iXresp.X  in Ω. 

Using Theorem 3.4, a similar proof of P4 [12] proves the following proposition. 

Proposition 3.6. Let Y, Z be affine definable GC∞  manifolds, kYY ...,,1  (resp. 

)...,,1 kZZ  definable GC∞  submanifolds of Y (resp. Z ) in general position in Y 

(resp. Z). Suppose that ⎟
⎠

⎞
⎜
⎝

⎛→⎟
⎠

⎞
⎜
⎝

⎛
== ∪∪ k

i ki
k
i ki ZZZYYYF

1 11 1 ...,,;...,,;:  is a 

definable continuous G map. If each iYF |  is a definable GC∞  map ( ,; 1YYY ii ∩  

)kiiiii YYYYYY ∩∩∩ ...,,,..., 11 +−  →  ( ...,,,...,,; 111 +− iiiiii ZZZZZZZ ∩∩∩  

),ki ZZ ∩  then there exist a G invariant definable open neighborhood W of 

∪n
i iY

1=
 in Y and a definable GC∞  map ( ) ( )kk ZZZYYWH ...,,;...,,;: 11 →  

such that ∪k
i i FYH

1
.

=
=|  

Proof of Theorem 1.2. Using Theorem 3.4 and Proposition 3.6, a similar proof 
of Theorem 1.1 proves Theorem 1.2. ~ 

Proof of Theorem 1.3. By Proposition 3.5, we may assume that X is a bounded 

definable GC∞  submanifold of a representation Ω of G such that ==− 11 XX  

{ }.0=−=− XXXX nn  

Let ,: R→Xf  ( ) ,1−= xxf  where x  denotes the standard norm of x in 

Ω. Since f is submersive and G invariant and by Theorem 2.1, there exist a 

sufficiently large positive number α and a definable GC∞  map ( )( ) →∞α− ,: 1
1 fh  

( )α−1f  such that ( ) ( )( ) ( ) ( )∞α×α→∞α= −− ,,:,: 11
1 fffhh  is a definable 

GC∞  diffeomorphism. 

Let .: ii Xff |=  Since ( )kXXX ...,,; 1  satisfies the frontier condition and 

kXX ...,,1  are in general position in X, each ( )( )∞α= − ,: 1
ii fY  is a definable GC∞  

submanifold of ( )( ),,: 1 ∞α= −fY  kYY ...,,1  are in general position in Y and for 

every ,1 1 kii s ≤<<≤  ( )∞α→| ,: 11 ss iiii YYYYf ∩∩∩∩  is a proper 



RELATIVE DEFINABLE GCr  TRIVIALITY OF G INVARIANT ... 153 

surjective submersion. Since ( )∞α,  is definably ∞C  diffeomorphic to ,R  there 

exists a G invariant surjective submersive definable ∞C  function ( )kYYYF ...,,;: 1  

R→  satisfying the conditions in Theorem 1.2. 

Applying Theorem 1.2 to F, there exists a definable GC∞  diffeomorphism 

( ( )( ) ( )( ),,;, 1
1

1 ∞α∞α −− ff  ..., ( )( )) ( ( ) ( ),;, 1
1

11 αα→∞α −−− fffk  ..., ( )) .1 R×α−
kf  

Thus we have a definable GC∞  diffeomorphism ( ( )( ) ( )( ),,;,: 1
1

1 ∞α∞α −− ffH  

( )( )) ( ( ) ( ) ( )) ( ).,...,,;,..., 11
1

11 ∞α×ααα→∞α −−−−
kk ffff  Since α is sufficiently 

large, [ ]( )1,01 +α−f  is a compact definable GC∞  manifold with boundary 

( )11 +α−f  and each [ ]( )1,01 +α−
if  is a compact definable GC∞  submanifold            

of [ ]( )1,01 +α−f  with boundary ( ).11 +α−
if  Therefore, using H and Theorem             

3.4, ( )kXXX ...,,; 1  is definably GC∞  diffeomorphic to ( [ ]( );1,01 +α−f  

[ ]( ) [ ]( )).1,0...,,1,0 11
1 +α+α −−

kff  ~ 
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