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ON A GENERALIZATION OF D. H. LEHMER PROBLEM
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Abstract

Let g be an odd number. For each integer x with 1<x<q and
(x, q)=1, it is clear that there exists one and only one X with
0 < X <q such that xx =1(q). Let k be any fixed integer with k > 2,
g =11, i=12,..,k, N(q,k;e,..,e) denote the number of all

k-tuples with positive integer coordinates (X, Xp, ..., X¢) such that

1<x <0, (%, 9) =1 (D)X =g and xxp---x =1(q). If g=p
is an odd prime and k > 2 is an even number, then we let M(p, k;

€1, ., ) denote the number of all k-tuples with primitive roots

coordinates (1, Xo, ..., X) suchthat 1< x; < p -1, (-1)"i™ i =¢; and
X1X2 -+ Xk = 1(p). The main purpose of this paper is to use the estimates

of general Kloosterman’s sums and the properties of trigonometric sums
to study the asymptotic behavior of the mean values N(q, k; &1, ..., &)

and M(p, k; g, ..., g¢), and to give two interesting asymptotic formulae.
1. Introduction

Let g be an odd number. For each integer x with 1 < x < q and (x, q) =1, we
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know that there exists one and only one X with 0 < X < g such that xx = 1(q). Let
N(q) be the number of cases in which x and X are of opposite parity. For q = p,
an odd prime, D. H. Lehmer [5] asks us to find N(p) or at least to say something

nontrivial about it. The author [9] obtained an asymptotic formula for N(q). That is,

N(g) = 5 4(a) + O(ad(q) In? q),

where ¢(q) is the Euler function and d(q) is the divisor function.

In this paper, we consider a generalization of D. H. Lehmer problem. Let k be
any fixed integer with k > 2, & =+1, i=1 2, .., k, N(q, k; &, ..., &) denote
the number of all k-tuples with positive integer coordinates (X, X5, ..., X, ) such
that 1< x; <q, (X, ) =1, (1) =g and x;x,---x, =1(q). If q=p is an
odd prime and k > 2 is an even number, then we let M(p, k; €, ..., &) denote the

number of all k-tuples with primitive roots coordinates (X, X5, ..., X, ) such that
1<% < p-1 (D) =g and xxp -+ % =1(p).

By using the estimates for general Kloosterman’s sums and the properties
of trigonometric sums, we shall give an interesting asymptotic formula for
N(q, k; 1, ..., &) and M(p, k; &1, ..., ¢ ). That is, we shall prove the following

two main theorems:

Theorem 1. Let g be an odd number and k > 3 be any fixed integer. Then we
have the asymptotic formula

_3
N(a, K; e, .., &) = Zikdf“l(q) + O[qk 2d%(q)In? q}

where the constant O depends only on k.

Theorem 2. Let p be an odd prime and k be any even number with k > 4. Then
we have the asymptotic formulae

L
(i) M(p, 2, &, &) = %¢(p—1)+0£p2 J
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) _ L1 %(p-1) 1 k-3+c
M(p, k: &g, gy ) = = 2 (P=D 1+— L  |io ,
@) M(p. K, 50 = S0 plnpl[+(pl_1)k_1]+ [p ]

where ¢ is any fixed positive number and H denotes the product over all
prlp-1

different prime divisors of p —1.

2. Several Elementary Lemmas

To complete the proof of the theorems, we need several elementary lemmas as
follows. First we have

Lemma 1. Let g >3 be an integer, p be an odd prime, and m and n be

integers. Then for each Dirichlet character y modulo p, we have the estimates

1 L,
(i) Zx(a (ma+naj<<(m, n p)zp? ",

1
0 z ML) < (i, 0)242d(a)

where @ denotes the inverse of a modulo g, that is, aa = 1mod g, e(y) = e?™ and

(m, n, p) denotes the greatest common divisor of m, n and p.

Proof. These estimates can be obtained via the methods of Weil or Stepanov
(see Chowla [3], Malyshev [6] and Estermann [4]).

Lemma 2. Let a primitive root exist modulo n > 3. Then for each integer m
with (m, n) =1, we have the identity

k o(n)
Y ) Z ([2indm) _ S

Klo(n) (ak 1 0, otherwise,

if mis a primitive root of n,

where p(n) is the Mdébius function, and indm denotes the index of m relative to

some fixed primitive root of n.

Proof. (See [7, Proposition 2.2]).
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Lemma 3. Let q > 3 be an odd number and p be an odd prime. Then we have

the estimates

g _ 1
(i) D (-)**E = O[qzd(q)lnzq}

a=1

Lo Ly
(i) > (—1)a*a=0[p2 ]

a=1

where > denotes the summation over all a such that (a, q) =1 and Z* denotes
a a

the summation over all primitive roots a modulo p.

Proof. Applying the trigonometric identity

q e(ﬂjz q, Ifq‘n,
= \q 0, ifqfn,

we can get the following translation formula:

a

= f* plpt
(_1)a+a — _2 (_1)C+
a=1 P 3= b=l c=1d=1
ab=1(mod p)
szlzp:e(r(a—c)je(s(b—d)j
r=1 s=1 P P

(e HEe ) o

Note that if aa =1(p) and a is a primitive root mod p, then a is also a primitive

root mod p. If hjp-1,1<r<h and (h, r) =1, then e(r";]da) =y(a;r, h) isa
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Dirichlet character modulo p. So from Lemma 1 and Lemma 2, we have

p-1 p-1 p-1 _
* N ra+ sb * (ra+ sa
S ) S
a=1l b=1 P a=1 P
ab=1(mod p)

- e Z m Zh: p_lx(a; r, h)e(ra;séj

p-1 T r=1 a-1
1 l+.s
¢(p 1) 3 Iigsgl.d)(h).(r, s, p)2 - p?
hip-1
L 1
< pz -(rs p)z. ?

Note that for p{r, we have the identity
o). 5
Z<-1>°9(_—r°) = — (3)
c=1 P 1+ e(_—r)
p
and the trigonometric sum estimates

Z e(ax) < mln( X ")

where | x || = min(x —[x], 1+ [x] - x) and [x] denotes the greatest integer < x.

Combining (1), (2) and (3), we immediately get

p—l* - _3.e T I
(_1)a+a <p 2 —p_r
a=1 r=1 1+e(—)
p
2
—=+e -t 1
<p 2
mr
a=1|COS—
p
S8 e ) L
2 2
=° [r—l p—Zr‘ =P

This completes the proof of Lemma 3.
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Using the similar method of proving (ii) of Lemma 3 and noting that the
estimate (ii) of Lemma 1, we can also obtain

q g-1 g-1 g-1g-1

Z’ (_1)a+é — iz d ¢ (_l)C+d

a=1 q

ey

x{qf(—l) - “’j} [Z(—l) = j} @

q g-19-1 1

' a 1 1 1

> ()M == (r, s, 0)2024(a)
nr
COSF

7S
c0s —
q

o 12 1 1
— 2q2
<2 ZZ“ qd(a) r TS

q = &= . S
ujg r=1 s=1 CO’Sq/u COSq/u
9191
1 ¢ 7,2 q/u___q/u
.- u297d(q)
2
q uq;; ‘q—Zr 4 _ 2
1
2
<<Z (q)q In? q<<q2d(q)ln g.
ulq u2

This proves the (ii) of Lemma 3.
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Lemma 4. Let p be an odd prime and k be a positive even number. Then we
have the identity

p-1 p-1
> *1_¢(P 1)H[ —1J
=l = x=l Pl p-1 (pl_l)

X1+ Xk =1(mod p)

Proof. From the orthogonality properties of character sums modulo p and
Lemma 2, we have

_ _ _ k
S5 St 3 [Se)
X=1l Xp=1 Xk =1 ymod p\ a=1

X1 X2+ Xk =1(mod p)

h,p—l
1 Z cb(p 1 x@)x(ar h)| . (5)

= -1
xmod p hlp 1 r=1 a=1

In expression (5), for any fixed x modulo p, there exists one and only one pair of h, r
with 1<r <h and (r, h)=1 such that y(a; r, h) = x(a). For each h, there are

exact ¢(h) numbers r suchthat 1< r <h and (h, r) = 1. Thus we have

p-1 p-1
)IDIEHICEEED 3 Z(¢<p y- LY
X=1 Xp=1 Xg =1 h|p-1r=1

X Xo -+ X, =1(mod p)

h
-1 e (wp-n MY

h|p-1
o (p 1) ( (-1)" J
p:ll_pll k_l(pl)
_ ¢ (p 1) ( ]
pll_p[1 1) “

This proves Lemma 4.
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Lemma 5. Let g > 3 be an odd number and p be an odd prime. Then for any

positive integer k > 3, we have the estimates

a, 3, K e k=

@M Y > [laD"" <q 2d*(g)ing,
X =1 k=1 i=1
X1+ X =1(mod q)

ok ok ko K
i) Y > [laa-D05" < p2
x =1 k=1l i=1
X1+ Xk =1(mod p)
Proof. From the congruence properties and the trigonometric inequality, we can
get

>3 TLacir <3,

Xl =1 x=1 i=l =1
--Xk =1(mod q)

Z (_1)x1+~--+xk_2+;1+~--+¥k_2

X1+ Xg—2=u(mod q)

(_1)Xk _1+ Xk + Xk —1+ Xk

Xk—1Xk =U(mod q)

< ¢k—3(q)i' Z (_1)x1+x2+il+iz

=1 | xyxp=u(mod q)

q
< ¢k—3(q)z Z( 1)x1(1+u +% (1+u)
u=1

x =1

- ¢k_3(q)z“: Z“: e(a(1+ 0)+al+ u))

u=l | a=1

q 1
< ¢k_3(OI)Z/ 1+T,1+u, q)% -q2-d(g).  (6)
u=1
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Note that (u, q)=(T, q)=1, thus L+u, q)=(UT +u,q)=@2+T,q). So from
this and (6), we get

Z Z Hs(l)w < ¢k 3<q)z v )% a7 40

X =1 k=1 i=1
X1+ Xk =1(mod q)

14
< ¢*3()- qzd(Q)Z 4271

1 1
<42 a%d@) a7 -
dlg
k-3
<q 2d?(g)Ing.
This proves the (i) of Lemma 5.

Using the orthogonality relation for character sums mod p, we have the
following translation formula:

k
Z Z H D) [Z 1(a) (- 1)“} (7)

x=1 xx=1 i=1l xmod p\ a=1
X1+ Xk =1(mod p)

Using the similar method of proving Lemma 3, we can also prove that
p_l* = £+8
D @) () < p2 (8)
a=1

From (7) and (8), we obtain

p-1 p-1 K _ k
Z* Z* Hgi(_l)xﬁxi <p2”

xp=1 xx=1 i=1
X1+ Xk =1(mod p)

This completes the proof of Lemma 5.
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Lemma 6. Let k>3 be an integer. Then for any fixed integer m with
1< m < k -1, we have the estimates

Z i ﬁ (1 < p I
X1=1 k=1 i=1

X1+ X, =1(mod p)

where ¢ is any fixed positive number.

Proof. From (8) and Lemma 2, we have

p—l* p—l* k—-m _
Z Z Hgi(_l)xﬁxi
i=1

X+ Xk =1(mod p)

T [Z x(a)} -(%x(b)(—nmb}k—m

Xmodp a=1 b=1
h p-l kom
< 1”% o(p - 1)th: ig;;;’alﬂa)x(a; wh)| p 2"
‘d)(p p). B T
14 $(h)

kem g m 1
<p 2 -0 (p—l)-thlld)m_—l(m

kem

<p 2
This proves Lemma 6.
3. Proof of the Theorems

From the several lemmas on the above section, we can easily give the proof of
the theorems. In fact for k > 3, applying Lemma 2, Lemma 3 and Lemma 5, we get
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N(q, k; €1, €9, -y &k )

k

a, 9, _k
Z Z H(1+8( 1)X|+X|)

=~

oA, K _ _
Z 1+Zgi(_1)xi+xi+...+Zgi(_l)xi+xi

x =1 Xg =1 i=1 i=1

a, a, 1 a, a, k X
ZZ 1+2_kzz Zgl(_l)l i

x =1 Xk = X|= =1 i=1
X1+ Xk =1(mod q) X1+ Xk =1(mod q)

& 373 [Lae

=1 i=1
X1+ Xk =1(mod q)

1

2k

k—

2

+...

k

k Z(q)zz g (= ]_)x,+xI

i=1 xj=1

3 [

—l Xk =1 i=1
xl -Xk =1(mod q)

1
_ o ::.((q) +O[qk2 . quZ(q)InZ pJ

3
+ O{q 2dz(q)ln pj

21(q)+o[ 292 (q)ln qJ

47
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If k = 2, then by using the (i) of Lemma 3, we can easily get

a, a9, _ o
N(a, 2 &, &1) = 2% Z Z 1+ & (1) 070 (L + g4 (-1)2+%2)

Xl=1 X2 =1
X1 X2 =1(mod q)

> Z (L+ e (1))

X1 =1

13 —
DI

X1 =1

q _
= 0@+ 0 Y (-

X1 =1

1
1 —
=50 +0| g q2

d(q) In? qJ

This completes the proof of Theorem 1.

For even number k > 4 and any primitive root x; mod p, note that the identity
B R ) L A,

0, otherwise,
we have

M(p,k;al,az,...,gk)_ikz Z H(1+£( B

X =1 =1 =1
X1+ Xk =1(mod p)

1 p—l* p-1 k _ k _
- > [1+Zg (D5 e ] Toi0
i=1

i=1
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ZKZ Zl+—2 S S

1= Xk =1 =1 xe=1 =1
xl xk—l(mod p) xl xk—l(mod p)
X +Xi
kZ S [
x=1 i=1

xl xk =1(mod p)

¢k(p) { ] O[ k—%M}
Pl ol o 1(p1) i

This proves the (ii) of Theorem 2.

If k =2 and &, = ¢&,, then from (ii) of Lemma 3, we have

p-1 p-1

M(p, ; &, &) = Ziz Z* S @+ e (DF )+ e (DPP)

p-1 _
- Zizz* L+ &y (-D)**3)?
a=.

p-1
=3 W )M
a=1

1 £+8
=§¢(P—1)+0(p2 ]

This completes the proof of Theorem 2.
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