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Abstract 

Let q be an odd number. For each integer x with qx ≤≤1  and 

( ) ,1, =qx  it is clear that there exists one and only one x  with 

qx ≤<0  such that ( ).1 qxx ≡  Let k be any fixed integer with ,2≥k  

,1±=εi  ,...,,2,1 ki =  ( )kkqN εε ...,,;, 1  denote the number of all 

k-tuples with positive integer coordinates ( )kxxx ...,,, 21  such that 

,1 qxi ≤≤  ( ) ( ) i
xx

i iiqx ε=−= +1,1,  and ( ).121 qxxx k ≡  If pq =  

is an odd prime and 2≥k  is an even number, then we let ( ;, kpM  

)kεε ...,,1  denote the number of all k-tuples with primitive roots 

coordinates ( )kxxx ...,,, 21  such that ,11 −≤≤ pxi  ( ) i
xx ii ε=− +1  and 

( ).121 pxxx k ≡  The main purpose of this paper is to use the estimates 

of general Kloosterman’s sums and the properties of trigonometric sums 
to study the asymptotic behavior of the mean values ( )kkqN εε ...,,;, 1  

and ( ),...,,;, 1 kkpM εε  and to give two interesting asymptotic formulae. 

1. Introduction 

Let q be an odd number. For each integer x with qx ≤≤1  and ( ) ,1, =qx  we 
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know that there exists one and only one x  with qx ≤<0  such that ( ).1 qxx ≡  Let 

( )qN  be the number of cases in which x and x  are of opposite parity. For ,pq =  

an odd prime, D. H. Lehmer [5] asks us to find ( )pN  or at least to say something 

nontrivial about it. The author [9] obtained an asymptotic formula for ( ).qN  That is, 

( ) ( ) ( ( ) ),ln
2
1 2 qqdqOqqN +φ=  

where ( )qφ  is the Euler function and ( )qd  is the divisor function. 

In this paper, we consider a generalization of D. H. Lehmer problem. Let k be 
any fixed integer with ,2≥k  ,1±=εi  ,...,,2,1 ki =  ( )kkqN εε ...,,;, 1  denote 

the number of all k-tuples with positive integer coordinates ( )kxxx ...,,, 21  such 

that ( ) ( ) i
xx

ii iiqxqx ε=−=≤≤ +1,1,,1  and ( ).121 qxxx k ≡L  If pq =  is an 

odd prime and 2≥k  is an even number, then we let ( )kkpM εε ...,,;, 1  denote the 

number of all k-tuples with primitive roots coordinates ( )kxxx ...,,, 21  such that 

( ) i
xx

i iipx ε=−−≤≤ +1,11  and ( ).121 pxxx k ≡L  

By using the estimates for general Kloosterman’s sums and the properties 
of   trigonometric sums, we shall give an interesting asymptotic formula for 
( )kkqN εε ...,,;, 1  and ( )....,,;, 1 kkpM εε  That is, we shall prove the following 

two main theorems: 

Theorem 1. Let q be an odd number and 3≥k  be any fixed integer. Then we 
have the asymptotic formula 

( ) ( ) ( ) ,ln
2
1...,,;, 222

3
1

1 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+φ=εε

−− qqdqOqkqN
kk

kk  

where the constant O depends only on k. 

Theorem 2. Let p be an odd prime and k be any even number with .4≥k  Then 
we have the asymptotic formulae 

 (i) ( ) ( ) ,12
1,;2, 2

1

11 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+−φ=εε

ε+
pOppM  
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(ii) ( ) ( )
( )∏

−|

ε+−

− ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
+

−
−φ=εε

1

2
3

1
1

1
1

,
1

111
1

2
1...,,;,

pp

k
k

k

kk pO
pp

pkpM  

where ε is any fixed positive number and ∏
−| 11 pp

 denotes the product over all 

different prime divisors of .1−p  

2. Several Elementary Lemmas 

To complete the proof of the theorems, we need several elementary lemmas as 
follows. First we have 

Lemma 1. Let 3≥q  be an integer, p be an odd prime, and m and n be 

integers. Then for each Dirichlet character χ modulo p, we have the estimates 

 (i) ( ) ( ) ,,,
1

1

2
1

2
1

∑
−

=

ε+
⎟
⎠
⎞⎜

⎝
⎛ +χ

p

a
ppnmp

anmaea   

(ii) ( ) ( ),,, 2
1

2
1

1
qdqqnmq

anmae
q

a
⎟

⎠
⎞⎜

⎝
⎛ +′∑

=
 

where a  denotes the inverse of a modulo q, that is, ( ) iyeyeqaa π=≡ 2,mod1  and 

( )pnm ,,  denotes the greatest common divisor of m, n and p. 

Proof. These estimates can be obtained via the methods of Weil or Stepanov 
(see Chowla [3], Malyshev [6] and Estermann [4]). 

Lemma 2. Let a primitive root exist modulo .3≥n  Then for each integer m 
with ( ) ,1, =nm  we have the identity 

( )
( )

( )
( )( )

( )
( )
∑ ∑
φ| =

=
⎪
⎩

⎪
⎨

⎧
φφ
φ

=⎟
⎠
⎞⎜

⎝
⎛

φ
μ

nk

k

a
ka otherwise

nofrootprimitiveaismifn
n

k
maek

k

1,
1 ,,0

,,ind  

where ( )nμ  is the Möbius function, and mind  denotes the index of m relative to 

some fixed primitive root of n. 

Proof. (See [7, Proposition 2.2]). 
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Lemma 3. Let 3≥q  be an odd number and p be an odd prime. Then we have 

the estimates 

 (i) ( ) ( ) ,ln1 22
1

1 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=−′ +

=
∑ qqdqOaa
q

a
 

(ii) ( ) ,1 2
11

1 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=−∗ ε++

−

=
∑ pOaa
p

a
 

where ′∑
a

 denotes the summation over all a such that ( ) 1, =qa  and ∑∗

a
 denotes 

the summation over all primitive roots a modulo p. 

Proof. Applying the trigonometric identity 

∑
= ⎪⎩

⎪
⎨
⎧ |

=⎟
⎠
⎞

⎜
⎝
⎛

q

a nq

nqq

q
ane

1 , if,0

, if,
 

we can get the following translation formula: 

( )

( )

( )∑∑∑∑∑
−

=

−

=

+

≡

−

=

−

=

+
−

=

−∗∗=−∗
1

1

1

1
mod1

1

1

1

1
2

1

1
111

p

c

p

d

dc

pab

p

b

p

a

aa
p

a p
 

( ) ( )∑∑
= =

⎟
⎠
⎞

⎜
⎝
⎛ −

⎟
⎠
⎞

⎜
⎝
⎛ −×

p

r

p

s
p

dbse
p

care
1 1

 

( )

∑∑ ∑∑
= =

≡

−

=

−

= ⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

⎟
⎠
⎞⎜

⎝
⎛ +∗∗=

p

r

p

s
pab

p

b

p

a
p

sbrae
p 1 1

mod1

1

1

1

1
2

1  

( ) ( ) .11
1

1

1

1
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ −−×⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ −−× ∑∑

−

=

−

=

p

d

d
p

c

c
p
sdep

rce  (1) 

Note that if ( )paa 1≡  and a is a primitive root mod p, then a  is also a primitive 

root mod p. If hrph ≤≤−| 1,1  and ( ) ,1, =rh  then ( )hrah
are ,;ind χ=⎟
⎠
⎞⎜

⎝
⎛  is a 
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Dirichlet character modulo p. So from Lemma 1 and Lemma 2, we have 

( )

⎟
⎠
⎞

⎜
⎝
⎛ +∗=⎟

⎠
⎞

⎜
⎝
⎛ +∗∗ ∑∑∑

−

=
≡

−

=

−

=
p

asrae
p

sbrae
p

a
pab

p

b

p

a

1

1
mod1

1

1

1

1

 

( ) ( )
( ) ( )∑∑ ∑

−

=−| =
⎟
⎠
⎞⎜

⎝
⎛ +χ′

φ
μ

−
−φ=

1

11 1
,;1

1
p

aph

h

r
p

asraehrah
h

p
p  

( ) ( )
( ) ( ) ( )∑

−|

ε+
⋅⋅φ⋅

φ
μ

−
−φ

1

2
1

2
1

,,1
1

ph
ppsrhh

h
p
p  

( ) .,, 2
1

2
1

psrp ⋅
ε+

  (2) 

Note that for ,rp  we have the identity 

( )∑
−

= ⎟
⎠
⎞⎜

⎝
⎛ −+

⎟
⎠
⎞⎜

⎝
⎛ −−

=⎟
⎠
⎞⎜

⎝
⎛ −−

1

1
,

1
1

p

c

c

p
re

p
re

p
rce  (3) 

and the trigonometric sum estimates 

( )∑
=

⎟
⎠
⎞

⎜
⎝
⎛

n

a
xnaxe

1
,1,min  

where [ ] [ ]( )xxxxx −+−= 1,min  and [ ]x  denotes the greatest integer .x≤  

Combining (1), (2) and (3), we immediately get 

( )

2
1

1

2
31

1 1
1

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

⎟
⎠
⎞⎜

⎝
⎛ −+

⎟
⎠
⎞⎜

⎝
⎛ −

−∗ ∑∑
−

=

ε+−+
−

=

p

r

aa
p

a p
re

p
re

p  

2
1

1

2
3

cos

1

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

π∑
−

=

ε+−
p

a p
rp  

.2
2
121

1

2
3 ε+

−

=

ε+−

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−∑ prp
pp

p

r
  

This completes the proof of Lemma 3. 



YI YUAN and HOU YIWEI 42 

Using the similar method of proving (ii) of Lemma 3 and noting that the 
estimate (ii) of Lemma 1, we can also obtain 

( )

( )

( )∑∑∑∑∑
−

=

−

=

+

≡

−

=

−

=

+

=

−′′=−′
1

1

1

1
mod1

1

1

1

1
2

1
111

q

c

q

d

dc

qab

q

b

q

a

aa
q

a q
 

( ) ( )∑∑
= =

⎟
⎠
⎞⎜

⎝
⎛ −

⎟
⎠
⎞⎜

⎝
⎛ −×

q

r

q

s
q

dbseq
care

1 1
 

( )

∑∑ ∑∑
−

=

−

=
≡

−

=

−

= ⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

⎟
⎠
⎞⎜

⎝
⎛ +′′=

1

1

1

1
mod1

1

1

1

1
2

1
q

r

q

s
qab

q

b

q

a
q

sbrae
q

 

( ) ( ) .11
1

1

1

1
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ −−×⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ −−× ∑∑

−

=

−

=

q

d

d
q

c

c
q
sdeq

rce  (4) 

From Lemma 1, (3) and (4), we immediately get 

( ) ( ) ( )∑∑∑
−

=

−

=

+

=
ππ

=−′
1

1

1

1

2
1

2
1

2
1 cos

1

cos

1,,11
q

r

q

s

aa
q

a
q
s

q
r

qdqqsr
q

 

( )∑∑∑
|

−

=

−

=
ππ

qu

u
q

r

u
q

s uq
s

uq
r

qdqu
q

1

1

1

1

2
1

2
1

2
cos

1

cos

11  

( )∑∑∑
|

−

=

−

= −−qu

u
q

r

u
q

s su
q

uq

ru
q

uqqdqu
q

1

1

1

1

2
1

2
1

2
22

1  

( ) ( )∑
|qu

qqdqq

u

qqd .lnln 22
1

2

2
3

2
1

  

This proves the (ii) of Lemma 3. 
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Lemma 4. Let p be an odd prime and k be a positive even number. Then we 
have the identity 

( )

( )
( )∏∑ ∑

−|
−

≡

−

=

−

=
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
+

−
−φ=∗∗

1
1

1
mod1

1

1

1

1 1
1
1

.
1

111
11

pp
k

k

pxx

p

x

p

x pp
p

k
k

L

L  

Proof. From the orthogonality properties of character sums modulo p and 
Lemma 2, we have 

( )

( )∑ ∑∑ ∑∑
χ

−

=
≡

−

=

−

=

−

=
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
χ∗

−
=∗∗∗

p

kp

a
pxxx

p

x

p

x

p

x
ap

k
k mod

1

1
mod1

1

1

1

1

1

1
1

11

21
1 2

L

L  

( ) ( )
( ) ( ) ( )∑ ∑ ∑∑

χ −|

−

== ⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
χχ′

φ
μ

−
−φ

−
=

p

k

ph

p

a

h

r
hraah

h
p
p

p
mod 1

1

11
.,;1

1
1

1  (5) 

In expression (5), for any fixed χ modulo p, there exists one and only one pair of h, r 
with hr ≤≤1  and ( ) 1, =hr  such that ( ) ( ).,; ahra χ=χ  For each h, there are 

exact ( )hφ  numbers r such that hr ≤≤1  and ( ) .1, =rh  Thus we have 

( )

( ) ( )
( )

k

ph

h

r
pxxx

p

x

p

x

p

x
h
hp

p

k
k

⎟
⎠
⎞⎜

⎝
⎛

φ
μ⋅−φ′

−
=∗∗∗ ∑ ∑∑ ∑∑

−| =
≡

−

=

−

=

−

=

1
1

11
1 1

mod1

1

1

1

1

1

1
21

1 2
L

L  

( ) ( ) ( )
( )∑

−|

⎟
⎠
⎞⎜

⎝
⎛

φ
μ⋅−φ⋅φ

−
=

1

1
1

1

ph

k

h
hph

p
 

( ) ( )
( )∏

−|
− ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

φ

−+
−
−φ=

1 1
1

1

111
1

pp
k

kk

pp
p  

( )
( )

.
1

111
1

1
1

11
∏

−|
− ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
+

−
−φ=

pp
k

k

pp
p  

This proves Lemma 4. 
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Lemma 5. Let 3≥q  be an odd number and p be an odd prime. Then for any 

positive integer ,3≥k  we have the estimates 

 (i) 

( )

( ) ( )∏∑∑
=

−+

≡
==

−ε′′
k

i

kxx
i

qxx

q

x

q

x
qqdqii

k
k 1

22
3

mod1
11

,ln1

1
1



L

L  

(ii) 

( )

( )∏∑∑
=

ε++

≡

−

=

−

=
−ε∗∗ k

i

k
xx

i

pxx

p

x

p

x
pii

k
k 1

2

mod1

1

1

1

1
.1

1
1



L

L  

Proof. From the congruence properties and the trigonometric inequality, we can 
get 

( )

( ) ( )
( )

∏ ∑∑∑∑
= ≡

+++++

=

+

≡
== −

−−−′−ε′′
k

i quxx

xxxx
q

u

xx
i

qxx

q

x

q

x k

kkii

k
k 1 mod1

mod1
11 21

2121

1
1

11
L

LL

L

L   

( )
( )

∑
≡

+++

−

−−−×
quxx

xxxx

kk

kkkk

mod1

111  

( ) ( )
( )
∑∑
≡

+++

=

− −′φ
quxx

xxxx
q

u

k q
mod1

3

21

21211  

( ) ( ) ( ) ( )uxux
q

x

q

u

k q +++

==

− −′′φ ∑∑ 11

11

3 11

1

1  

( ) ( ) ( )
⎟
⎠
⎞⎜

⎝
⎛ +++′′φ ∑∑

==

−
q

uauaeq
q

a

q

u

k 11

11

3  

( ) ( ) ( ).,1,1 2
1

2
1

1

3 qdqquuq
q

u

k ⋅⋅++′φ ∑
=

−  (6) 



ON A GENERALIZATION OF D. H. LEHMER PROBLEM 45 

Note that ( ) ( ) ,1,, == ququ  thus ( ) ( ) ( ).,1,,1 ququuuqu +=+=+  So from 

this and (6), we get 

( )

( ) ( ) ( ) ( )∏ ∑∑∑
= =

−+

≡
==

⋅⋅+′φ−ε′′
k

i

q

u

kxx
i

qxx

q

x

q

x
qdqquqii

k
k 1

2
1

2
1

1

3

mod1
11

,11

1
1



L

L  

( ) ( )∑ ∑
| =

− ′⋅φ

+|
qd

q

u

k

ud

dqdqq 1

1
1

2
1

2
1

3  

( ) ( )∑
|

− ⋅⋅φ
qd

k
d
qdqdqq 2

1
2
1

3  

( ) .ln22
3

qqdq
k−

  

This proves the (i) of Lemma 5. 

Using the orthogonality relation for character sums mod p, we have the 
following translation formula: 

( )

( ) ( ) ( )∏ ∑ ∑∑∑
= χ

+
−

=

+

≡

−

=

−

=
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−χ∗

−
=−ε∗∗

k

i p

k
aa

p

a

xx
i

pxx

p

x

p

x
ap

ii

k
k 1 mod

1

1
mod1

1

1

1

1
.11

11

1
1
L

L  (7) 

Using the similar method of proving Lemma 3, we can also prove that 

( ) ( ) .1 2
11

1

ε++
−

=

−χ∗∑ pa aa
p

a
  (8) 

From (7) and (8), we obtain 

( )

( )∏∑∑
=

ε++

≡

−

=

−

=

−ε∗∗
k

i

k
xx

i

pxx

p

x

p

x
pii

k
k 1

2

mod1

1

1

1

1
.1

1
1



L

L  

This completes the proof of Lemma 5. 
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Lemma 6. Let 3≥k  be an integer. Then for any fixed integer m with 
,11 −≤≤ km  we have the estimates 

( )

( )∏∑∑
−

=

ε+−+
+

≡

−

=

−

=

−ε∗∗
mk

i

mk
xx

i

pxx

p

x

p

x
pii

k
k 1

12

mod1

1

1

1

1
,1

1
1



L

L  

where ε is any fixed positive number. 

Proof. From (8) and Lemma 2, we have 
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This proves Lemma 6. 

3. Proof of the Theorems 

From the several lemmas on the above section, we can easily give the proof of 
the theorems. In fact for ,3≥k  applying Lemma 2, Lemma 3 and Lemma 5, we get 
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If ,2=k  then by using the (i) of Lemma 3, we can easily get 
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This completes the proof of Theorem 1. 

For even number 4≥k  and any primitive root ix  mod p, note that the identity 
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This proves the (ii) of Theorem 2. 

If 2=k  and ,21 ε=ε  then from (ii) of Lemma 3, we have 
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This completes the proof of Theorem 2. 
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