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Abstract 

We calculate the Dirichlet series of the Fourier expansion of the elliptic 

eta-product ( ) ( ) ( )48
1,1

46
τη=τη

A
 of type ( ).1,1

46A  

1. Introduction 

In 1985, Saito [3] introduced the notion of an extended affine root system, and 
especially classified (marked) 2-extended affine root systems associated to the 
elliptic singularities, which are the root systems belonging to a positive semi-definite 
quadratic form I whose radical has rank two. Therefore, 2-extended affine root 
systems are also called elliptic root systems. In the cases of 1-codimensional elliptic 
root systems, Saito [4] described elliptic eta-products and their Fourier coefficients 
at ∞. In the previous papers [5-18], we examined the elliptic eta-product of type 

( ) ( ),11,1 ≥lAl  and more concretely the cases of types ( ) ,1,1
10A  ( ) ,1,1

20A  ( ) ,1,1
24A  ( ),1,1

26A  

( ),1,1
28A  ( ),1,1

30A  ( ),1,1
32A  ( ),1,1

34A  ( ),1,1
36A  ( ),1,1

38A  ( ),1,1
40A  ( )1,1

42A  and ( ).1,1
44A  In this paper, 
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we calculate the Dirichlet series of ( )48τη  of type ( )1,1
46A  according to the theory of 

Hecke operators due to van Lint [19], Rankin [2] and Rangachari [1]. 

2. Elliptic Eta-product of Type ( )1,1
46A  

Dedekind’s η-function, defined by the infinite product ( ) 241: q=τη  

( )∏∞
=

−× 1 ,1n
nq  H∈τ= τπ ,2 ieq  (=  the upper half of the complex )plane  is a 

modular form of weight .
2
1  The elliptic eta-product of type ( )1,1

46A  is given by [5]; 

( ) ( ) ( ) ,48
1,1

46
τη=τη

A
 which is a cusp form of weight 24=k  and level .1=N  

Therefore, ( ) ( )( ),1024
48 Γ∈τη S  and the space ( )( )1024 ΓS  is 2-dimensional (see 

[1]). From the result of [1], ( ) ( )∑∞
==αη+η=τ 1

48242
6 ,n

nqnrEF  is a normalized 

eigenfunction of the Hecke operators nT  for some value of α. Here 6E  is Eisenstein 

series given by 

( ) ∑∞

= −
−=τ

1

5

6 .
1

5041
n n

n

q
qnE  

We have 

( ) ( )∑ ∑
∞

=

∞

=

+
+==η

1 1

24
2424

2448 2424
n n

nn
qnaqna  

,14382015040108048 65432 ++−+−= qqqqq  

( ) ( )∑ ∑
∞

=

∞

=
==η

1 1

24
24

24242
6 24

n n

nn
qnbqnbE  

.60177390109655682541961032 5432 ++++−= qqqqq  

We recall the result [19]. For Hecke operator ,pT  we set ( )
( )

2
1

1
−

−=
pk

pT  

( ),1 pTp−×  then for ( ) ( )∑∞
==τ 0

24 ,n

n
qnaf  we have 
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( ) ( ) ( )
( )

( )∑∞

=

−

⎭
⎬
⎫

⎩
⎨
⎧ −+⎟

⎠
⎞

⎜
⎝
⎛=|τ

0
242

1
,1

n

npk
k qnppa

p
nappTf  

0)(( =xa  if x is not an integer). From this we obtain the following. 

Lemma 2.1. 

( ) ( ) ( ) ( )
( )

48
224

48
48

482448 η−+=|η pa
pbppappappT  

( ) ( )( ),6mod5,124 242
6 ≡η+ pEppa  

( ) ( ) ( )( )
( )

48
2224

242
6 24

2424 η−+=|η pa
pbpppbppTE  

( ) ( )( ).6mod5,124 242
6 ≡η+ pEppb  

Proof. It is easily proved from the formula for ( )pT  and the expressions of 48η  

and .242
6ηE  �  

From the fact that 48242
6 αη+ηE  is an eigenfunction for Hecke operators and 

Lemma 2.1, for ( ),6mod5,1≡p  we see that ,01828915231442 =−α−α  i.e., 

,144169121572 ±−=α  and its eigenvalue is ( ) ( ).2424 ppappb α+  We set 

( ) ( )∑ ±=η±−+η .144169121572 48242
6

nqnAE  Then we obtain the following. 

Proposition 2.2. We have ( ) ( ) ( )( )∑ =−=τη −+ :14416924 48 nqnAnA  

( )∑ nqne  and its Dirichlet series is given as follows: 

( ) ( ) ( )( )∑ ∑ −
−+

− −=⋅ ,ss nnAnAnne  

where 

 ( )∑ −
± ⋅ snnA  

( ( ( ) ( ) ( )) )
( )
∏

≡

−−− +±−+−=
6mod5,1

122324144169121572241
p

ss pppapb  

(where p is prime number). 
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Proof. It is easily proved from the following result [19]. If ( ) =τf  

( )∑∞
=0

24
n

n
qna  is eigenfunction for ( )pT  with eigenvalue c, then Dirichlet series 

( ) ( )∑∞
=

−=ϕ 1n
snnas  is given by  

( ) ( )
( )

( ( )
( )

( )
( )

) .111 1212
1

12
1

mod0

−−−
−

−−
−

− −+−−
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=ϕ ∑ sk

pk
s

pk

pn

s pcpnnas
≢

 �  

References 

 [1] S. S. Rangachari, Ramanujan and Dirichlet series with Euler products, Proc. Indian 
Acad. Sci. Math. Sci. 91 (1982), 1-15. 

 [2] R. A. Rankin, Hecke operators on congruence subgroups of the modular group, Math. 
Ann. 168 (1967), 40-58. 

 [3] K. Saito, Extended affine root systems I, II, Publ. Res. Inst. Math. Sci. 21 (1985), 
75-179; 26 (1990), 15-78. 

 [4] K. Saito, Extended affine root systems. V. Elliptic eta-products and their Dirichlet 
series, CRM Proceedings and Lecture Notes 30, 2001, pp. 185-222. 

 [5] T. Takebayashi, Elliptic eta-product of type ( ) ( ),11,1 ≥lAl  Far East J. Appl. Math. 

33(3) (2008), 433-436. 

 [6] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
10A  Far East J. Appl. 

Math. 35(1) (2009), 125-128. 

 [7] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
20A  Far East J. Appl. 

Math. 35(3) (2009), 309-314. 

 [8] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
24A  Far East J. Appl. 

Math. 35(3) (2009), 321-326. 

 [9] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
26A  Far East J. Appl. 

Math. 36(1) (2009), 83-88. 

 [10] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
28A  Far East J. Appl. 

Math. 35(3) (2009), 315-319. 



ON THE ETA-PRODUCT OF THE ELLIPTIC ROOT SYSTEM ( )1,1
46A  131 

 [11] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
30A  Far East J. Appl. 

Math. 35(3) (2009), 327-331. 

 [12] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
32A  Far East J. Appl. 

Math. 35(3) (2009), 337-344. 

 [13] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
34A  Far East J. Appl. 

Math. 35(3) (2009), 333-336. 

 [14] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
36A  Far East J. Appl. 

Math. 36(1) (2009), 105-114. 

 [15] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
38A  Far East J. Appl. 

Math. 35(3) (2009), 345-350. 

 [16] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
40A  Far East J. Appl. 

Math. 36(1) (2009), 97-104. 

 [17] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
42A  Far East J. Appl. 

Math. 36(1) (2009), 89-95. 

 [18] T. Takebayashi, On the eta-product of the elliptic root system ( ),1,1
44A  Far East J. Appl. 

Math. 36(1) (2009), 115-126. 

 [19] J. H. van Lint, Hecke operators and Euler products, Thesis, Utrecht, 1957. 


