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Abstract

We obtain the Dirichlet series of the Fourier expansion of the elliptic

eta-product nA% y(dr) = n(4‘r)42 of type A%l).

1. Introduction

In 1985, Saito [3] introduced the notion of an extended affine root system, and
especially classified (marked) 2-extended affine root systems associated to the
elliptic singularities, which are the root systems belonging to a positive semi-definite
quadratic form | whose radical has rank two. Therefore, 2-extended affine root
systems are also called elliptic root systems. In the cases of 1-codimensional elliptic
root systems, Saito [4] described elliptic eta-products and their Fourier coefficients
at oo. In the previous papers [5-15], we examined the elliptic eta-product of type

A1(1'1) (I = 1), and more concretely the cases of types Al%'l), %1), Agl’l), Aéls'l),

A%l), A:%l), A%l), A&'l), A%l) and Az(llz’l). In this paper, we obtain the
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Dirichlet series of n(4r)42 of type A‘%l) according to the theory of Hecke operators

due to van Lint [16], Rankin [2] and Rangachari [1].

2. Elliptic Eta-product of Type A%l)

1

Dedekind’s n-function, defined by the infinite productn(t):=q24 H:zl(l—q”),

g= e Tl (= the upper half of the complex plane) is a modular form of
weight % The elliptic eta-product of type Af,})‘l) is given by [5]; nA(l’l)(4T)
40

= n(4r)42, which is a cusp form of weight k = 21 and level N =16. Therefore,

n(41)* e S,1(IH(16), €), and the space S,1(I(16), €) is 4-dimensional (see [1]).
From the result of [1],

n
2.1 42 ® T
F(x) = Egn® + oE¢n'® + BEgn’” +m* = anl r(n)q*

is a normalized eigenfunction of the Hecke operators T,, for some values o, § and y.

5.n
Here Eg is Eisenstein series given by Eg(t) = 1—504 zoo N9 We have
n=1 1— qn
i n
n* = amg®
n=1
® 18+24n
=Y a8+ 24n)q %
n=1
7 u 3 19 23
=q4 —42q4 +819q4 —9758q 4 +78351q 4

2z kil
~ 4373460 4 +16508249 4 + -,

0 n
Egn® = ) b(n)q?

n=1
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0 6+24n
= Zb(B +24n)q 24
n=1
5 9 13 17 A
=4 - 53494 - 110794 +168674q 4 —1955988q 4

2 2
+9719460q 4 —17972719q 4 +---,

0 n
Egn'® = c(n)g?
n=1

00 —6+24n
= Zc(—G +24n)q 24
n=1
3 7 u 15
= q4 —1026q4 + 239031q4 + 12408978q 4

19 23
+132490269q 4 — 4500818469 4 +---,

o0 n
e3P = > d(n)g?
n=1

o ~18+24n
=) d(-18+24n)q 2%
n=1
1 5 9 13
=4 —-1518q4 + 721233q4 —82384334q 4
17 21

— 109992496627 4 — 429940296576G 4 + ---.

k(p-1)

99

We recall the result [16]. For Hecke operator T,,, we set T, = (-1) 2 p7iT(p),

n

then for f(t) = z:;o a(n)q24, we have

k(p-1)

(e = 3 {ota( )7 patom)) .

(a(x) = 0if x is not an integer). From this we obtain the following.
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Lemma 2.1.

12T (p) = p* + pa(42 Da()42 ICf’)fv\(lsp)c(dfz p) 42

+ pa(18p)E2 18 (p =1, 5(mod12)),
n*|T(p) = —pa(30p)Egn*® - pa(6p)EZn® (p = 7,11 (mod12))

Ecn® T (p) = p?! + pb(30 pb()30 pF)Jd (30p)b(6p) Egn™®

+ pb(6p)Egn* (p=1,5),

Egn® | T(p) = P = PP(0 pa()Bg ID|0)b(18 P)c(30p) , 42

— pb(18p)E2nt® (p=7,11),

p*! + pc(18p?) - p(c(8p))® 2

+ pc(18p)Egn'®  (p=1,5),

~ pc(18p®) + pc(6p)d(18p)
2 18|T(p) b(lgp) E 30

~ pc(6p)EN®  (p=7,11),

p" + pd(6p%) ~ p(d(ER))’ ¢ 30

E63n6 |T(p) b(6p)
+pd(6p)ESN° (p=1,5),
E3n® | T(p) = pd(6pa)(gp§6(6p)d(18p) 42

~ pd(18p)E&nt®  (p =7, 11).
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Proof. It is easily proved from the formula for T(p) and the expressions of

n42, E6n30, Eén18 and Egn6. O

From the fact that EJ n + ocE2 18 + BEg 1130 + yn is an eigenfunction for

Hecke operators and Lemma 2.1, for p =1, 5 (mod12), we see that
B2 — 9722496p — 87163318480896 = 0,

e., B = 4861248 £134404613369, off =12410496a + 819y and its eigenvalue

is pc(18p)+%pa(18p). Further, for p=7,11(mod12), we have o =

—534p — 3486063168, i.e., o = J_r24\/ —35(301685 + 356+/613369 ), and its eigenvalue
is —apc(6p) — ypa(6p). We choose

= 4861248 + 13440v613369,

o= 24x/—35(301685 + 356+613369),

_ 128

= 5 (226297 + 840613369 )A/-35(301685 + 356+/613369),

E = 4861248 — 13440v613369,

& = 244/-35(301685 — 356613369 ),

and

~ 128

7 = 575 (226297 - 840V/613369 )4/~35(301685 — 356613369 ).

We set

A=E® B=En® C=Em® D=n%

n
A+aB +BC +D = Zal(n)q4,
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n

A—oB+pC—yD = Zaz(n)qz,
_ n
A+aB+BC+yD = Za3(n)q4,

n
A-aB+BC-yD = Za4(n)q4.
Then we obtain the following.

Proposition 2.2. We have

- 2184530400 /504948915561 12 x)
= 2(ay - o¥)™(x)

= D @@y (n) - ap(n) - a(ag(n) - ag(n)) g

= Ze(n)qz,
and its Dirichlet series is given as follows:
D en)-n =) (@ay(n) - a(n) - oag(n) - ag()n”,

where

Zal(n) .nS = H (1 — (c(18p) + %a(pr))p_s n p20_25)_1

p=1, 5 (mod12)

x ]  @-(oc6p)+rap)p - p? 2y,

p=7, 11 (mod12)

(where p is prime number).

D ap(Mn~, D ag(n)n~® and Y a,(n)n~° are similarly given.
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Proof. It is easily proved from the following result [16]. If f(z)=

n

Z::o a(n)q2* is eigenfunction for T(p) with eigenvalue c, then Dirichlet series

o(s) = Z:;l a(n)n~S is given by

k(p-1) k(p-1)
o)=| D amnT|a-() Z e te(-) Z ptE)h O
n =0 (mod p)
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