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Abstract 

We obtain the Dirichlet series of the Fourier expansion of the elliptic 

eta-product ( ) ( ) ( )42441,1
40

τη=τη
A

 of type ( ).1,1
40A  

1. Introduction 

In 1985, Saito [3] introduced the notion of an extended affine root system, and 
especially classified (marked) 2-extended affine root systems associated to the 
elliptic singularities, which are the root systems belonging to a positive semi-definite 
quadratic form I whose radical has rank two. Therefore, 2-extended affine root 
systems are also called elliptic root systems. In the cases of 1-codimensional elliptic 
root systems, Saito [4] described elliptic eta-products and their Fourier coefficients 
at ∞. In the previous papers [5-15], we examined the elliptic eta-product of type 
( ) ( ),11,1 ≥lAl  and more concretely the cases of types ( ) ,1,1

10A  ( ) ,1,1
20A  ( ) ,1,1

24A  ( ) ,1,1
26A  

( ) ,1,1
28A  ( ) ,1,1

30A  ( ) ,1,1
32A  ( ) ,1,1

34A  ( )1,1
38A  and ( ).1,1

42A  In this paper, we obtain the 



TADAYOSHI TAKEBAYASHI 98 

Dirichlet series of ( )424τη  of type ( )1,1
40A  according to the theory of Hecke operators 

due to van Lint [16], Rankin [2] and Rangachari [1]. 

2. Elliptic Eta-product of Type ( )1,1
40A  

Dedekind’s η-function, defined by the infinite product ( ) ( )∏∞
=

−=τη 1
24
1

,1: n
nqq  

,2 τπ= ieq  =∈τ (H  the upper half of the complex plane) is a modular form of 

weight .
2
1  The elliptic eta-product of type ( )1,1

40A  is given by [5]; ( ) ( )τη 41,1
40A

 

( ) ,4 42τη=  which is a cusp form of weight 21=k  and level .16=N  Therefore, 

( ) ( )( ),,164 021
42 εΓ∈τη S  and the space ( )( )ε,16021 ΓS  is 4-dimensional (see [1]). 

From the result of [1], 

( ) ( )∑∞

=
=γη+ηβ+ηα+η=τ

1
44230

6
182

6
63

6 n

n
qnrEEEF  

is a normalized eigenfunction of the Hecke operators nT  for some values α, β and γ. 

Here 6E  is Eisenstein series given by ( ) ∑∞
= −

−=τ 1

5
6 .

1
5041 n n

n

q
qnE  We have 

( )∑
∞

=

=η
1

2442

n

n
qna  

( )∑
∞

=

+

+=
1

24
2418

2418
n

n
qna  

4
23

4
19

4
15

4
11

4
7

78351975881942 qqqqq +−+−=  

,1650824437346 4
31

4
27

++− qq  

( )∑
∞

=

=η
1

2430
6

n

n
qnbE  
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( )∑
∞

=

+

+=
1

24
246

246
n

n
qnb  

4
21

4
17

4
13

4
9

4
5

19559881686741107534 qqqqq −+−−=  

,179727199719460 4
29

4
25

+−+ qq  

( )∑
∞

=

=η
1

24182
6

n

n
qncE  

( )∑
∞

=

+−

+−=
1

24
246

246
n

n
qnc  

4
15

4
11

4
7

4
3

124089782390311026 qqqq ++−=  

,450081846132490269 4
23

4
19

+−+ qq  

( )∑
∞

=

=η
1

2463
6

n

n
qndE  

( )∑
∞

=

+−

+−=
1

24
2418

2418
n

n
qnd  

4
13

4
9

4
5

4
1

823843347212331518 qqqq −+−=  

.76429940296521099924966 4
21

4
17

+−− qq  

We recall the result [16]. For Hecke operator ,pT  we set ( )
( )

( ),1 12
1

pTpT
pk

p
−

−

−=  

then for ( ) ( )∑∞
=

=τ 0
24 ,n

n
qnaf  we have 

( ) ( ) ( )
( )

( )∑∞

=

−

⎭
⎬
⎫

⎩
⎨
⎧

−+⎟
⎠
⎞⎜

⎝
⎛=|τ

0
242

1
,1

n

npk
k qnppap

nappTf  

0)(( =xa if x is not an integer). From this we obtain the following. 
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Lemma 2.1. 

( ) ( ) ( ) ( )
( )

42
221

42
42

421842 η−+=|η pa
pcppappappT  

( ) ( )( ),12mod5,118 182
6 ≡η+ pEppa  

( ) ( ) ( ) ( )( ),12mod11,7630 63
6

30
6

42 ≡η−η−=|η pEppaEppapT  

( ) ( ) ( ) ( )
( )

30
6

221
30

6 30
63030 η−+=|η Epb

pbppdppbppTE  

( ) ( ),5,16 43
6 ≡η+ pEppb  

( ) ( ) ( ) ( )
( )

42
221

30
6 30

301830 η+−=|η pa
pcppbppbppTE  

( ) ( ),11,718 182
6 ≡η− pEppb  

( ) ( ) ( )( )
( )

42
2221

182
6 18

1818 η−+=|η pa
pcpppcppTE  

( ) ( ),5,118 182
6 ≡η+ pEppc  

( ) ( ) ( ) ( )
( )

30
6

221
182

6 18
18618 η+−=|η Epb

pdppcppcppTE  

( ) ( ),11,76 63
6 ≡η− pEppc  

( ) ( ) ( )( )
( )

30
6

2221
63

6 6
66 η−+=|η Epb

pdpppdppTE  

( ) ( ),5,16 63
6 ≡η+ pEppd  

( ) ( ) ( ) ( )
( )

42
221

63
6 6

1866 η+−=|η pa
pdppcppdppTE  

( ) ( ).11,718 182
6 ≡η− pEppd  
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Proof. It is easily proved from the formula for ( )pT  and the expressions of 

,42η  ,30
6ηE  182

6ηE  and .63
6ηE   

From the fact that 4230
6

182
6

63
6 γη+ηβ+ηα+η EEE  is an eigenfunction for 

Hecke operators and Lemma 2.1, for ( ),12mod5,1≡p  we see that 

,00896871633184897224962 =−β−β  

i.e., ,613369134404861248 ±=β  γ+α=αβ 81912410496  and its eigenvalue    

is ( ) ( ).1818 ppappc
α
γ+  Further, for ( ),12mod11,7≡p  we have =α2  

,3486063168534 −β−  i.e., ( ),6133693563016853524 ±−±=α  and its eigenvalue 

is ( ) ( ).66 ppappc γ−α−  We choose 

,613369134404861248 +=β  

( ),6133693563016853524 +−=α  

( ) ( ),61336935630168535613369840226297273
128 +−+=γ  

,613369134404861248~
−=β  

( ),6133693563016853524~ −−=α  

and 

( ) ( ).61336935630168535613369840226297273
128~ −−−=γ  

We set 

,63
6η= EA   ,182

6η= EB   ,30
6η= EC   ,42η=D  

( )∑=γ+β+α+ ,41

n
qnaDCBA  
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( )∑=γ−β+α− ,42

n
qnaDCBA  

( ) ,~~~ 43∑=γ+β+α+
n

qnaDCBA  

( )∑=γ−β+α− .~~~ 44

n
qnaDCBA  

Then we obtain the following. 

Proposition 2.2. We have 

( )τη− 4261594948915513
2184806400  

( ) ( )τηγα−γα= 42~~2  

( ) ( )( ) ( ) ( )( )( )∑ −α−−α= 44321
~

n
qnananana  

( ) ,: 4∑=
n

qne  

and its Dirichlet series is given as follows: 

( ) ( ) ( )( ) ( ) ( )( )( )∑ ∑ −− −α−−α=⋅ ,~
4321

ss nnananananne  

where 

( ) ( ( ) ( ))
( )

∑ ∏
≡

−
−−− ⎟

⎠
⎞⎜

⎝
⎛ +

α
γ+−=⋅

12mod5,1

1
220

1 18181
p

sss pppapcnna  

( ( ( ) ( )) )
( )
∏

≡

−−− −γ+α−×
12mod11,7

1220 ,661
p

ss pppapc  

(where p is prime number). 

( )∑ − ,2
snna  ( )∑ −snna3  and ( )∑ −snna4  are similarly given. 
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Proof. It is easily proved from the following result [16]. If ( ) =τf  

( )∑∞
=0

24
n

n
qna  is eigenfunction for ( )pT  with eigenvalue c, then Dirichlet series 

( ) ( )∑∞
=

−=ϕ 1n
snnas  is given by 

( ) ( )
( )

( ( )
( )

( )
( )

) .111 1212
1

12
1

mod0

−−−
−

−−
−

− −+−−
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=ϕ ∑ sk

pk
s

pk

pn

s pcpnnas
≢
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