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Abstract 

In this paper, we study the generalized wave equation of the form 

( ) ( ) ( ) 0,, 2
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with the initial conditions 

( ) ( )xfxu =0,   and  ( ) ( ),0, xgxudt =∂  

where ( ) [ ),,0, ∞×∈ ntxu R  nR  is the n-dimensional Euclidean space, 
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is the ultra-hyperbolic. ,nqp =+  c is a positive constant, k is a 

nonnegative integer, f and g are continuous and absolutely integrable 
functions. We obtain ( )txu ,  as a solution for such equation. Moreover, 

by ε-approximation we also obtain the asymptotic solution ( ) =txu ,  

( ).2knO −ε  In particularly, if we put ,1=n  2=k  and ,0=p  then the 

( )txu ,  reduces to the solution of the biharmonic wave equation 

( ) ( ) ( ) .0,, 42
2

2
=Δ+

∂
∂ txuctxu
t

 

1. Introduction 

It is well known that for 1-dimensional wave equation 

( ) ( ),,, 2

2
2

2

2
txu

x
ctxu

t ∂

∂=
∂

∂  (1.1) 

we obtain ( ) ( ) ( )ctxgctxftxu −++=,  as a solution of the equation, where f and 

g are continuous. 

Also for n-dimensional wave equation 

( ) ( ) ,0,, 2
2

2
=Δ+

∂

∂ txuctxu
t

 (1.2) 

with the initial conditions 

( ) ( )xfxu =0,   and  ( ) ( ),0, xgxu
t

=
∂
∂  

where f and g are continuous functions. By solving the Cauchy problem for such 
equation, the Fourier transform has been applied and the solution is given by 

( ) ( ) ( ) ( ) ( )
,

2
2sinˆ2cosˆ,ˆ

ξπ
ξπ

ξ+ξπξ=ξ
t

gtftu  

where 22
2

2
1

222
2

2
1

2 , qpppp sr +++ ξ++ξ+ξ=ξ++ξ+ξ=  (see [1, p. 177]). 

By using the inverse Fourier transform, we obtain ( )txu ,  in the convolution form, 

that is, 
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( ) ( ) ( ) ( ) ( ),, xxgxxftxu tt Φ∗+Ψ∗=  (1.3) 

where tΦ  is an inverse Fourier transform of ( ) ( )
ξπ
ξπ

=ξΦ
2
2sinˆ t

t  and tΨ  is an 

inverse Fourier transform of ( ) ( ) ( ).ˆ2cosˆ ξΦ
∂
∂=ξπ=ξΨ
t

tt  

In 1997, Kananthai [2] introduced the Diamond operator ◊  defined by 
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or ◊  can be written as the product of the operators in the form ,Δ=Δ=◊  where 
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 is the ultra-hyperbolic. 

The Fourier transform of the Diamond operator has also been studied and the 
elementary solution of such operator, see [3]. Next, Sritantatana and Kananthai 
studied the equation 
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see [7, pp. 23-29], where 
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Next, Satsanit and Kananthai studied the equation 
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we obtain the solution related to the beam equation. 
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In this paper, we study the equation 

( ) ( ) ( ) 0,, 2
2

2
=◊+

∂

∂ txuctxu
t

k  (1.4) 

with ( ) ( )xfxu =0,  and ( ) ( ),0, xgxut =
∂
∂  where c is a positive constant, k is a 

nonnegative integer, f and g are continuous functions and absolutely integrable. 
Equation (1.4) is motivated by the heat equation of the form 

( ) ( ) ( )txuctxu
t

k ,, 2 ◊−=
∂
∂  

(see [4, 1-4]). We obtain 

( ) ( ) ( ) ( ) ( )xxgxxftxu tt Φ∗+Ψ∗=,  (1.5) 

as a solution of (1.4), where tΦ  is an inverse Fourier transform of ( )ξΦ t
ˆ  

( )

( )k

k

rsc

trsc
44

44sin

−

−
=  and tΨ  is an inverse Fourier transform of ( )ξΨt

ˆ  

( ) ( ) ,ˆcos 44 ξΦ
∂
∂=−= t

k
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trsc  where 22
2

2
1

2
pr ξ++ξ+ξ=  and 2

1
2

+ξ= ps  

.22
2 qpp ++ ξ++ξ+  Moreover, if we put 2=k  and 0=p  in (1.4), then (1.5) 

reduces to the solution of the n-dimensional biharmonic wave equation and also if 
,1=k  1=n  and 0=p  in (1.4), then (1.5) reduces to the solution of beam 

equation. 

We also study the asymptotic form of ( )txu ,  in (1.5) by using ε-approximation 

and obtain ( ) ( )., 2knOtxu −ε=  

2. Preliminaries 

We shall need the following definitions: 

Definition 2.1. Let ( )nLf R1∈  be the space of integrable function in .nR  The 

Fourier transform of ( )xf  is defined by 

( )
( )

( ) ( ) ,
2

1ˆ ,
2 ∫ ξ−

π
=ξ

n
dxxfef xi

n R
 (2.1) 
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where ( ) ( ) ( ) ++ξ+ξ=ξ∈=ξξξ=ξ 22112121 ,,...,,,,...,,, xxxxxxx n
nn R  

nn xξ  is the inner product in nR  and .21 ndxdxdxdx =  

Also, the inverse of Fourier transform is defined by 
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where Γ denotes the Gamma function. That is, ( )∫ n dxxf
R

 is bounded. 

Proof. First note that 
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Now, we transform to bipolar coordinates defined by 

,...,,, 2211 pp rxrxrx ω=ω=ω=  

pp rddxrddxrddx ω=ω=ω= ...,,, 2211  

and 

,...,,, 2211 qpqppppp sxsxsx ++++++ ω=ω=ω=  

,...,,, 2211 qpqppppp sddxsddxsddx ++++++ ω=ω=ω=  
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where 122
2

2
1 =ω++ω+ω p  and .122

2
2

1 =ω++ω+ω +++ qppp  Thus 

( ) [ ] ,exp 1144∫ ∫ ΩΩ−−= −−
n n qp

qp ddrdsdsrrsdxxf
R R

 

where ,11
qp

qp ddrdsdsrdx ΩΩ= −−  pdΩ  and qdΩ  are the elements of surface 

area on the unit sphere in pR  and ,qR  respectively. 

( ) [ ] .exp 1144∫∫ ΩΩ−−≤ −−
nn qp

qp ddrdsdsrrsdxxf
RR

 

By a direct computation, we obtain 

( ) [ ] ,exp
0 0

1144∫ ∫ ∫
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2 2
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q Γ
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0 0
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Put θθ=θ= dsrdrsr cos2,sin 222  and ,
2

0 π≤θ≤  to have 
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+
−

−θ−− θθθΩΩ≤
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∞ −
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=
0 0

2
21cos .cossin2

2s pqpsqp dsdse  
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θ
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s
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Thus it follows that ( )∫ n dxxf
R

 is bounded. 

3. Main Results 

Theorem 3.1. Given the equation 

( ) ( ) ( ) 0,, 2
2

2
=◊+

∂

∂ txuctxu
t

k  (3.1) 

with initial conditions 

( ) ( )xfxu =0,   and  ( ) ( ),0, xgxut =
∂
∂  (3.2) 

where ( ) [ ),,0, ∞×∈ ntxu R  k◊  is the Diamond operator iterated k-times, c is a 

positive constant, k is a nonnegative integer, f and g are continuous functions and 

absolutely integrable for .nx R∈  Then (3.1) has a unique solution 

( ) ( ) ( ) ( ) ( )xxgxxftxu tt Φ∗+Ψ∗=,  (3.3) 

and satisfies the condition (3.2), where tΦ  is the inverse Fourier transform of 
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t
rsc

trsc
44

44sinˆ
−

−
=ξΦ  

and tΨ  is the inverse Fourier transform of 

( ) ( ) ( ),ˆcosˆ 44 ξΦ
∂
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t

trsc k
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2
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2
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Let .rs >  Thus  

( ) ( ) ( ) ,0,ˆ,ˆ 442
2

2
=ξ−+ξ

∂

∂ tursctu
t

k  

( ) ( ) ( ) ( ) ( ) .sincos,ˆ 4444 trscBtrscAtu kk −ξ+−ξ=ξ  

By (3.2), ( ) ( ) ( ),ˆ0,ˆ ξ=ξ=ξ fAu  

( ) ( ) ( ) ( ) trscArsc
t

tu kk 4444 sin,ˆ
−ξ−−=

∂
ξ∂  

( ) ( ) ( ) ,cos 4444 trscBrsc kk −ξ−+  

( ) ( ) ( ) ( ),ˆ00,ˆ 44 ξ=ξ−+=
∂
ξ∂ gBrsc
t

u k  

( ) ( )

( )
,

ˆ
44 krsc

gB
−

ξ
=ξ  

( ) ( ) ( ) ( )

( )
( ) .sin

ˆ
cosˆ,ˆ 44

44
44 trsc
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gtrscftu k
k

k −
−

ξ
+−ξ=ξ  (3.4) 

By applying the inverse Fourier transform (3.4), we obtain the solution ( )txu ,  

in the convolution form of (3.1). Now, we need to show the existence of ( )xtΦ  and 

( ).xtΨ   

Consider the Fourier transforms 
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4 4
4 4

4 4
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−
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−
 

These are all tempered distributions not lying in the space ( )nL R1  of integrable 

functions. So we cannot compute the inverse Fourier transforms ( )xtΦ  and ( )xtΨ  

directly. Thus we compute the inverse ( )xtΦ  and ( )xtΨ  by using the method of 

ε-approximation. 
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4 4 4 4 4 4
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k k k
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c s r t
e e

c s r
 (3.5) 
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We see that ( ) ( )n
t Lx R1∈φε  and ( ) ( )t tx xεφ → φ  uniformly as .0→ε  So that 

( )xtφ  will be limit in the topology of tempered distribution of ( ).xt
εφ  Now 
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Putting θθ=θ= dsrdrsr cos2,sin 222  and ,
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−

θε−ε θθθ
π

ΩΩ
≤Ψ

0

2

0
12

2cos
2 cossin

22

2
dsdsex qppsc

n
qp

t
k

 

( )
( ) ( )∫ ∫

∞ π −
−+θε− θθθ

π

ΩΩ
=

0

2

0
2

21cos
2 .cossin

22

2
dsdse

pqpsc
n
qp k

 

Next, putting ( ) ,
2

,cos2
ky

dysdsscy k =θε=  we have 

( )
( )

( )∫ ∫
π ∞ −−

ε θθθ⎟
⎠
⎞

⎜
⎝
⎛

θεπ

ΩΩ
≤Ψ

2

0 0
2

22

2 cossin
cos24

dyd
c

y
y

e
k

x
pkn

k

y

n
qp

t  

( )
( ) ( )∫ ∫

π ∞ −−−−
θθθ

επ

ΩΩ
=

2

0 0
2

2
2

2

22

12

2 cossin
24

dyd
c

ye
k

np

knkn

kny

n
qp  

( )
( ) ( ) ,cossin

224

2

0
2

2
2

2

222 ∫
π −−

θθθ⎟
⎠
⎞⎜

⎝
⎛Γ

επ

ΩΩ
= d

k
n

kc

np

knknn
qp  

( )
( )

.

4
4

4
4

42
28 222

⎟
⎠
⎞

⎜
⎝
⎛ −

Γ

⎟
⎠
⎞⎜

⎝
⎛ −Γ⎟

⎠
⎞

⎜
⎝
⎛Γ⎟

⎠
⎞⎜

⎝
⎛Γ

επ

ΩΩ
≤Ψε

q

np
k

n

kc
x

knknn
qp

t  

Set 

( ) ( ) ( ) ( ) ( )xxgxxftxu tt
εεε Φ∗+Ψ∗=,  (3.7) 

which is an ε-approximation of ( )txu ,  in (3.7) for ,0→ε  ( ) ( )txutxu ,, →ε  

uniformly. Now 

( ) ( ) ( ) ( ) ( )∫ ∫ −Φ+−Ψ= εεε
n n

drrxrgdrrxrftxu tt
R R

.,  
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Thus 

( ) ( ) ( ) ( ) ( )∫ ∫−Φ+−Ψ≤ εεε
n n

drrgrxdrrfrxtxu tt
R R

,  

( )
M

q

np
k

n

kc knknn
qp

⎟
⎠
⎞

⎜
⎝
⎛ −

Γ

⎟
⎠
⎞⎜

⎝
⎛ −Γ⎟

⎠
⎞

⎜
⎝
⎛Γ⎟

⎠
⎞⎜

⎝
⎛Γ

επ

ΩΩ
≤

4
4

4
4

42
28 222  

( )
,

4
4

4
2

4
1

2
28 1222 N

q

np
k

n

kc knknn
qp

⎟
⎠
⎞

⎜
⎝
⎛ −

Γ

⎟
⎠
⎞⎜

⎝
⎛ −Γ⎟

⎠
⎞

⎜
⎝
⎛Γ⎟

⎠
⎞⎜

⎝
⎛ −Γ

επ

ΩΩ
+

−
 

( )
( )

M
q

np
k

n

kc
txu

knn
qpkn

⎟
⎠
⎞

⎜
⎝
⎛ −

Γ

⎟
⎠
⎞⎜

⎝
⎛ −Γ⎟

⎠
⎞

⎜
⎝
⎛Γ⎟

⎠
⎞⎜

⎝
⎛Γ

π

ΩΩ
≤ε ε

4
4

4
4

42
28

,
22

2  

( )
,

4
4

4
4

4
1

2
28 22 N

q

np
k

n

kc knn
qp

⎟
⎠
⎞

⎜
⎝
⎛ −

Γ

⎟
⎠
⎞⎜

⎝
⎛ −Γ⎟

⎠
⎞

⎜
⎝
⎛Γ⎟

⎠
⎞⎜

⎝
⎛ −Γ

π

εΩΩ
+  

where ( )∫= n drrfM
R

 and ( )∫= n drrgN
R

.  Since f and g are absolutely 

integrable, 

( )
( )

.

4
4

4
4

42
28

,lim
22

2
0

K
q

np
k

n

kc
txu

knn
qpkn =

⎟
⎠
⎞

⎜
⎝
⎛ −

Γ

⎟
⎠
⎞⎜

⎝
⎛ −Γ⎟

⎠
⎞

⎜
⎝
⎛Γ⎟

⎠
⎞⎜

⎝
⎛Γ

π

ΩΩ
≤ε ε

→ε
 

It follows that ( ) ( )knOtxu 2, −ε=  for kn ≠  as .0→ε  

In particular, if we put ,2=k  1=n  and ,0=p  then (3.1) reduces to the 

solution of the beam equation, see [5, p. 47], 

( ) ( )xfxu =0,   and  ( ) ( ),0, xgxut =
∂
∂  

where f and g are continuous and absolutely integrable for .nx R∈  

Thus we obtain ( ) ( )41, −ε= Otxu  which is a solution of such a biharmonic 

wave equation. 
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