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Abstract 

In the context of the axiomatic potential theory, we introduce the notions 
of polyharmonic Green domains and polyharmonic functions of order m 
on a Brelot space Ω. For these functions, we prove that if u is a positive 
polyharmonic function in a polyharmonic Green domain ω, then u has a 
representation analogous to the Riesz-Martin representation for positive 
harmonic functions on Ω. 

1. Introduction 

In [6], Anandam and Othman proved that in a biharmonic Green 
domain ω in a Riemannian manifold R, a locally dx-integrable function v 

on ω which satisfies the conditions ,0≥v  0≤Δv  and 02 ≥Δ v  has Riesz-
Martin representation. We initiate in this note a similar study in the 
framework of the axiomatic potential theory. After defining polyharmonic 
functions of order m on a Brelot harmonic space, we obtain Riesz-Martin 
representation for these functions analogous to those functions studied in 
Riemannian manifolds and Riemann surfaces. 
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2. Preliminaries 

Let Ω be a locally compact space provided with a sheaf of harmonic 
functions satisfying the axioms 1, 2 and 3 of Brelot [7]. Fix a Radon 
measure λ on Ω such that each superharmonic function on a domain ω in 
Ω is λ-integrable. Such measures can be constructed by using the 
harmonic measures on Ω (see [4]). Let us assume also that the axiom of 

local proportionality (see [7]) and the axiom ∗A  of quasi-analyticity (see 
de La Pradelle [9]) are verified on Ω, and the constants are harmonic on 
Ω. With these restrictions, we call ( )λΩ=Ω ,, H  a harmonic space. 

As examples of Brelot harmonic spaces, we can cite ,nℜ  :1≥n  
parabolic, hyperbolic Riemann surfaces and Riemannian manifolds, also 

domains in ,nℜ  ,2≥n  with harmonic functions as the solutions of 
second-order elliptic differential operators with smooth coefficients (see 
Hervé [10]). 

Among these harmonic spaces Ω, some have potentials 0>  in Ω (like, 

,nℜ  ,3≥n  hyperbolic Riemann surfaces and hyperbolic Riemannian 

manifolds) and some others do not have potentials 0>  in Ω (like 2ℜ  and 
parabolic Riemann surfaces). We say that a harmonic space Ω is a B.P. or 
B.S. space depending on whether there exist or not potentials 0>  in Ω. 

Lemma 2.1 [3]. Let μ be a positive Radon measure on an open set ω in 
a harmonic space ( ).,, λΩ=Ω H  Then there exists a superharmonic 

function s on ω such that μ is the measure associated with s in a local 
Riesz representation. (We represent this correspondence by the equation 
( ) μ=− sL  on ω.) 

A domain ω in Ω is called a Green domain if the Green function 
( )yxG ,  is well defined on Ω. On a Green domain ω in Ω, we can construct 

the Martin compactification Ω  of Ω as in [8]. Some of the important 
points to remember here are the following: fix a point 0y  in a Green 

domain ω. 

If ( )yxG ,  is the Green function on Ω, write 
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( ) ( ) ( )
( )0,

,, yxG
yxGyxkxky ==  

with the convention ( ) .1, 00 =yyk  Then there exists only one (metrizable) 

compactification Ω  up to homeomorphism such that 

  (i) Ω is dense open in the compact space ;Ω  

 (ii) ( ) ,, Ω∈yxky  extends as a continuous function of x on ;Ω  

(iii) the family of these extended continuous functions on Ω  separates 
the points .\ΩΩ=Δ∈x  

Ω  is called the Martin compactification of Ω and ΩΩ=Δ \  is called the 
Martin boundary. A positive harmonic function 0>u  is called minimal 
if and only if for any harmonic function v, ,0 uv ≤≤  we should have 

uv α=  for a constant α, .10 ≤α≤  It can be proved that every minimal 
harmonic function ( )yu  on Ω is of the form ( ) ( )yxkyu ,0  for some ,Δ∈x  
and the points Δ∈x  corresponding to these minimal harmonic functions 
are called the minimal points of Δ, and the set of minimal points of Δ is 
denoted by ,1Δ  called the minimal boundary. 

Martin Representation Theorem 2.2. For any harmonic function 
0≥u  on Ω, there exists a unique Radon measure 0≥μ  on Δ with support 

in the minimal boundary Δ⊂Δ1  such that ( ) ( ) ( )∫Δ μ=
1

., xdyxkyu  

Definition 2.3. Let ( ) 1≥≥imiu  be m functions defined on an open set 

ω in a harmonic space ( )λΩ=Ω ,, H  such that ( ) ,1 jj uuL =− +  ≤≤ j1  

.1−m  We say that ( ) 1≥≥= imiuu  is a polysuperharmonic function of order 

m or shortly m-superharmonic (resp., m-subharmonic, resp., m-harmonic) 
if 1u  is superharmonic (resp., subharmonic, resp., harmonic). We say that 

0≥u  if each .0≥iu  

Let ω be a Green domain in a harmonic space Ω, with ( )yxG ,  as the 
Green function on ω. For an integer ,2≥m  we will denote 

( ) ( ) ( ) ( )∫ −−−−= 111211 ,,,, mmmm
m dzdzyzGzzGzxGyxG  
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and say that a positive Radon measure μ on ω is in mπ  if ( ) =xu  

( ) ( )∫ ∞≡/μ ydyxGm ,  on ω, in which case u is a potential on ω and 

( ) ;μ=− uL m  also ( ) 0≥− uL j  for .0 mj ≤≤  

Let Ω  be the Martin compactification of Ω and let ( )yxk ,  be the 

Martin kernel. For any ,i  ,11 −≤≤ mi  let iΛ  denote the set of positive 

Radon measures iv  on ΩΩ=Δ \  with support in the minimal boundary 
,1Δ  such that 

( ) ( ) ( ) ( ) ( ) ( )∫ ∫ ⎥
⎦

⎤
⎢
⎣

⎡
=

Δ
− iiiii dzdzXdvzXkzzGzzGzxGxv 11121

1
,,,,  

.∞≡/  

In that case, ( )xvi  is a potential on ω, ( ) ;0≡− i
ivL  also ( ) 0≥− i

jvL  for 

.0 ij ≤≤  Let us write for 1Δ∈X  and ,ω∈x  

( ) ( ) ( ) ( )∫= .,,,, 1112 iii dzdzzXkzzGzxGxXk  

Then, if ,iv Λ∈  ( ) ( ) ( )∫Δ=
1

, XdvxXkxv ii  is well defined on ω with the 

above properties. 

Definition 2.4. A domain ω in Ω is called m-harmonic Green domain 
if there exists a polysuperharmonic function of order m in ω. 

Example. ,nℜ  ,12 +≥ mn  [2] is an m-harmonic Green domain since 

the function ( ) ( ) nm
mmm xxuuuuu −

− == 2
11 ,...,,,  is a polysuperharmonic 

function of order m. 

3. Integral Representation in a Harmonic Space 

Theorem 3.1. Let ω be an m-harmonic domain in a harmonic space 
Ω. Let 1≥m  be an integer. Then the following are equivalent: 

  (i) ( ) 0...,,, 11 ≥= − ssss mm  is a polysuperharmonic function of order 

m in ω. 
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 (ii) For any j, ,1 mj ≤≤  there exist unique measures jπ∈μ  and 

iiv Λ∈  for 10 −≤≤ ji  such that 

( ) ( ) ( ) ( ) ( )∫ ∑ ∫Ω

−

= Δ
+μ=

1

0 1
,,

j

i
ii

j
j XdvxXkydyxGxs  a.e. on ω. 

(iii) The above property (ii) is satisfied for .mj =  

Proof. )ii()i( ⇒  Fix j, .1 mj ≤≤  Then ( )11 ...,,, sss jj −  is a 

polysuperharmonic function of order j on Ω, since ( ) ii ssL =− +1  for 

11 −≤≤ ji  and 1s  is superharmonic. Moreover, since ( ) ,01 ≥− +isL  each 

is  is a positive superharmonic function. Write 111 hps +=  as the unique 

sum of a potential 1p  and a positive harmonic function .1h  Let ( ) ∗− 1pL  

1p=  and ( ) .11 hhL =− ∗  Then ∗
1p  and ∗

1h  are superharmonic on ω and 

( ) ( ) ( ) .11112
∗∗ −+−=+=− hLpLhpsL  

That is, ++= ∗∗
112 hps (a harmonic function) on ω. Since ,02 ≥s  ∗

1p  

has a subharmonic minorant on ω and hence =∗
1p  (a potential )2p  + (the 

greatest harmonic minorant of ,1
∗p  which may not necessarily be 

positive). 

Then ,222 ups +=  where 2u  is superharmonic on ω. Since ,02 ≥s  

.22 up −≥  Since 2p  is a potential and 2u−  is subharmonic, .02 ≤−u  

Hence ,222 ups +=  where 2p  is a potential on ω such that ( ) 12 ppL =−  

and 02 ≥u  is superharmonic such that ( ) .12 huL =−  

Thus proceeding, we can write 

( ) ( ) ( ),,...,,,...,,,...,,, 1211111 huuupppsss jjjjjj −−− +=  

where ( ) ii ppL =− +1  for ,11 −≤≤ ji  and jpp ...,,1  are all potentials; 

( ) ii uuL =− +1  for 12 −≤≤ ji  and ( ) .12 huL =−  

Now take ( )121 ,...,,, huuu jj −  and proceed as before. Note now 1h  is 

positive harmonic, so that we can write 
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( ) ( ) ( ),0,,...,,,...,,,,...,,, 23111121 hfffhqqhuuu jjjjjj −−− +=  

where ( ) ii qqL =− +1  for ,12 −≤≤ ji  ( ) ,12 hqL =−  and each iq  is a 
potential; ( ) 01 ≥=− + ii ffL  for ,13 −≤≤ ji  ( ) ,23 hfL =−  and ( ) 2hL−  

,0=  so that 2h  is positive harmonic. 

Then take ( )0,,...,,, 231 hfff jj −  and follow the same procedure, so 

that 

( ) ( ) ( ),0,0,,...,,,0,,...,,,0,,...,,, 341231231 hggghrrrhfff jjjjjj −−− +=  

where ( ) ii rrL =− +1  for ,13 −≤≤ ji  ( ) 23 hrL =−  and each ir  is a 
potential; ( ) 01 ≥=− + ii ggL  for ,14 −≤≤ ji  ( ) 34 hgL =−  and ( ) 3hL−  

,0=  so that 3h  is harmonic .0≥  

Thus proceeding, we finally arrive at the decomposition 

( ) ( ) ( )1211111 ,...,,,...,,,...,,, hqqqpppsss jjjjjj −−− +=  

( ) ( ).0...,,0,0,0,,...,,, 231 jjj hhrrr +++ −  

Let ( ) μ=− 1pL  and let ( )jivj ≤≤1  be the positive Radon measure 

on ,1Δ  associated with the positive harmonic function ih  in the                  
Martin representation. Then jjjjj hrqps ++++=  has the integral 

representation 

( ) ( ) ( ) ( ) ( )∫ ∑∫Ω

−

= Δ
+μ=

1

0 1
,,

j

i
ii

j
j XdvxXkydyxGxs  a.e. on ω. 

)iii()ii( ⇒  mj =  is a particular case of (ii). 

)i()iii( ⇒  By the assumption 

( ) ( ) ( ) ( ) ( )∫ ∑ ∫ω

−

= Δ
+μ=

1

0 1
,,

m

i
ii

m
m XdvxXkydyxGxs  a.e. 

Hence we can express ms  in the form ( ) ( ) ( )∑ −
=

+= 1
0 .m

j jmm xqxpxs  We 

can calculate to find that ( ) m
i pL−  is a potential for 11 −≤≤ mi  and 
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( ) ,μ=− m
m pL  a positive Radon measure; and ( ) j

i qL−  is a potential for 

11 −≤≤ ji  and ( ) .0=− j
jqL  

Write now ( ) ( ) ( ) ....,,, 12211 ssLssLssL mmmm =−=−=− −−−  We can 
see that each ( )misi ≤≤1  is a positive superharmonic function and 
( ) ii ssL =− +1  for .11 −≤≤ mi  

Hence ( ) 0...,,, 11 ≥= − ssss mm  is a polyharmonic function of order m. 
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