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Abstract

For modular lattices with unit element, the paper is on the basis of
deleting the conditions of 1va =1, aAl=a and simplifying equation

M54 in [4]. We give two much simpler equivalent conditions.

Definitions of two and three conditions of modular lattices with unit element
were given in paper [4]. According to flexibility of operations v and A, we again
obtain two more simplified definitions of modular lattices with unit element.

1. Original Definition with Unit Modular Lattice

Original definition (1) with unit modular lattice is denoted by the following six
conditions:

L : ava=a, aaa=a (idempotent law).
L, : avb=bva, aab=baa (commutative law).

Ly : (avb)vc=av(bvec) (aab)ac=an(bac) (associative law).
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Ly : av(aab)=a, ana(avb)=a (absorptive law).
Ls : aan(bv(anc))=(anrb)v(anc)(modularlaw).

Lg : beingunitelementlwith avli=1va=1 aanl=1ra=a Q)

2. Definition with Unit Modular Lattice Denoted by Three Conditions

The following is definition (2) with unit modular lattice denoted by three
conditions:

My; @ anbv(anc)=(cra)v(baa)
My @ (@aab)ac=ana(bac).
Mq3 : beingunitelementlwith av1l=1 1laa=a (2)

Lemma 2.1. Original definition (1) with unit modular lattice denoted by six
conditions is equivalent with definition (2) with unit modular lattice denoted by three
conditions (additional conditions 1va =1 and aAl=a), ie., (3) in proof of

Theorem 2.1.
Proof. See paper [4].

Theorem 2.1. The definition of a nonempty set with two binary operations v, A
is a modular lattice with unit if and only if condition (2) holds on L.

Proof. (2) = (1) Set a=1 b=c=a in My, we have 1n(av (lAra))=

(aAnl)v(anl), thenusing 1A a = a, we have
ava=(aal)v(anl). Q)
Setc=1 b=1in My, by 1A a=a, wehave
an(lv(@anal)=@ra)v(lra)=ava ()]
Setb=a, a=c=1in Mgy, byavl=1 1Aa=a, wehave
In(av(@al)=@1rdv(@nl)el=1v(anl). (1
In this case, by (1), we know that 1v (a A 1) can be substituted with 1 in (ll), then

we have anl=av a, by (l), wehave ava=(ava)v(ava) thenwe regard

avaas a, wehave a’' =a’ v a’, invoking it, we use (I) again, we get a = a A l,
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invoking it and (I11), we have 1=1v a. From the above, we can substitute M3

with M13, its form is as follows:

M1z : beingunitelementlwith avli=1va=1asnl=1rna=a,
we assume

Myp @ aan(bv(anc)=(cra)vibaa).

My, @ (@ab)ac=an(bnac)

Miz : beingunitelementlwith avli=1va=1ansnl=1Ara=a 3)
From the above proof, we know (2) < (3).

So we only need to prove (3) < (1), however it can easily be obtained from
Lemma 2.1.

(1) = (2) Because (1) = (2) is equivalent with (1) = (3), however the proof of
(1) = (3) can be obtained from Lemma 2.1. This completes the proof.

3. Definition with Unit Modular Lattice Denoted by Two Conditions

Definition (4) with unit modular lattice is denoted by two conditions:
Mo + an((bad)v(@an(cad))=(da(cra)v(dna(bnaa)).
M,, : beingunitelementlwith av1l=1 1aa=a. 4)

Theorem 3.1. The definition of a nonempty set L with two binary operations v,
A is a modular lattice with unit if and only if condition (4) holds on L.

Proof. In fact, we only need to prove that definition of two conditions is
equivalent with the definition of three conditions.

(2) = (4) In Theorem 2.1, if (2) holds, then we have proven that commutative
law holds. Invoking it, we have

an(bad)v(@anan(cad))=(@(cad)ra)v((bad)aa)(by M)
=((d Ac)ana)v((d Ab)Aa)(by commutative law)

=(d A(cra)v(dna(bnaa))(by Mpp).
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It means that equation M ,; holds, i.e., (4) holds.
4 =2)Seta=b=d=1c=ain My, by My, we have
IAN(@AAD)v(AA(@AL)=1A(@Al)v(@Aa@AaL) ie,lv(anl)=1 (5)
Setb=c=d=1in My, by My, we have

an(@adv@A@A)))=00Ar@ra)v(@a@naa)),

an(lv(anl)=ava,
by (5), we have
anl=ava (6)
Seta=b=c=1 d=a in My, wehave
In(@ra)v@a@aa)))=(@A@ad)v(@analal),
by My, we have
ava=(aalv(anl),
by (6), we have
ava=(ava)v(ava),
ifweregard av a as a’, we have
a'=ava,
again by (6), we have
anl=a 0
Set d =1 in My, by M,,, we have
an(bard)vian(cad))=an((barl)vi(ar(cal))=an(bv(anc)),
(da(cra)v(dabara)=@Lar(cra)v@abra)=(cra)v(baa),

so from the above, we know aAn(bv(aac))=(caa)v(bnaa), ie., equation
Mll holds.
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From the proof of Theorem 2.1, we know that Mq;; and Mq3 Yyield that
idempotent law, absorptive law and commutative law hold. Set ¢ =b in My, we

have
an(bard)v@ana(cad))=an(bard)v(@anabdad))=an(bnad),
(da(cra)v(dabra)=(dabdaa)v(da(ara)=(@rb)ad.
Thenwe know a A (b A d) = (a A b) A d, i.e., equation My, holds.

From the above, equation (2) holds. So we can conclude that definition of two
conditions is equivalent with the definition of three conditions. This completes the
proof.

References

[1] Jie Chen, Lattice preliminary, J. Inner Mongolia Univ., 1988.
[2] G. Grtzer, Lattice Theory, W. H. Freeman, San Francisco, Cal., 1971.
[3] G. Grtzer, General Lattice Theory, Academic Press, New York, 1978.

[4] Miaoling Wu and Kunlong Zhang, The other two equivalent definitions of modular
lattices with unit element, J. Inner Mongolia Univ. 21(5) (2007), 1-3.



