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Abstract

In this paper, we consider the problem of state time-delay feedback

robust H,, control for uncertain fuzzy discrete systems with time-delay.

Takagi-Sugeno (T-S) fuzzy model is used to describe this kind of systems.
Based on Lyapunov approach, a sufficient condition for the existence

of robust H, controller is obtained. The state time-delay feedback

controller gains are derived by solving some LMIs. A numerical example
is given to demonstrate the effectiveness of the proposed method.

1. Introduction

As it is well known, time-delay and system uncertainty are commonly
encountered and are often the sources of instability [11, 14]. The
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uncertainties may include modeling errors, parameter perturbations,
fuzzy approximation errors and external disturbances. In the past few
decades, the robust stability analysis problems for uncertain systems
with time-delay have gained much research attention ([6, 8, 10] for
continuous-time systems and [1, 3, 11] for discrete-time systems). This
kind of systems can be found in many real life systems such as electric
power systems, large electric networks, rolling mill systems, economic
systems, aerospace systems, different types of societal systems and
ecological systems. So we consider the nonlinear time-delay systems with
parameter uncertainties in this paper.

In the past two decades, the fuzzy logic theory [13] has been proven
to be a practical approach to deal with the analysis and synthesis
problems for nonlinear systems. There exist two different types of fuzzy
controllers: the Mamdani type [2] and the Takagi-Sugeno (T-S) type [5].
The T-S fuzzy model can represent nonlinear systems using fuzzy rules
with consequent part as local linear subsystems. This kind of model can
provide an effective representation of complex nonlinear systems. When
the nonlinear plant is represented by a so-called T-S type fuzzy model,
local dynamics in different state-space regions are represented by linear
models. The overall model of the system is achieved by fuzzy “blending”
of these fuzzy models. The control design is carried out based on the fuzzy

model via the so-called parallel distributed compensation (PDC) scheme.

The linear matrix inequality (LMI) theory is a new and fast growing
mathematical tool for optimization problems [4, 7]. Many control
problems can be transferred into a feasible problem of an LMI system or
into a convex optimization problem which has the LMI restriction. In [7],
Wang and Tanaka proposed an LMI approach to design the T-S fuzzy

controllers for nonlinear systems described by the T-S fuzzy models.

In this paper, our purpose is to present an LMI-based controller
design method for uncertain discrete systems with time-delay described
by the T-S fuzzy models. A sufficient condition for the existence of the

robust H, controller is derived by Lyapunov functional approach. The

state time-delay feedback gains can be obtained by solving some LMIs. A
numerical example will be given to show the effectiveness of our method.
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The paper is organized as follows: In Section 2, the T-S fuzzy model is
presented to model an uncertain discrete system with time-delay and an
assumption which the uncertainties should satisfy is introduced. In
Section 3, the existence condition of a state time-delay feedback robust

H_, controller is derived in an LMI form based on Lyapunov approach. In

Section 4, a numerical example is given to demonstrate the results.
Finally a conclusion is given in Section 5.

Notation. For a symmetric matrix X, the notation X > 0 means that

the matrix X is positive definite. I is an identity matrix of appropriate
dimension. X! denotes the transpose of the matrix X. For any
nonsingular matrix X, X! denotes the inverse of the matrix X. R”

denotes the n-dimensional Euclidean space. R™" is the set of all m x n

matrices. Ly[0, o) refers to the space of square summable infinite vector
sequences. |-[, stands for the usual Lg[0, ©) norm. * denotes the

transposed element in the symmetric position of a matrix.
2. System and Problem Description

Consider the following parameter uncertain discrete system with
time-delay described by Takagi-Sugeno fuzzy model, the ith rule of the
model is

Plant Rule i:
If

21(t) is My, 29(t) is Mg, ..., 24(t) is Mg,
then
x(t +1) = (A + A4 (£)x(t) + (Ajg + Ady(t))x(t - d)

+ (B; + AB;(1))u(t) + Byolt),
(1) = (G + AC;(£)x(t) + (Ciz + ACi2(1))x(t - d) ™
+(D; + AD;(t))u(?),

x(t) = o(t), tel[-d, 0],
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where i =1, 2, ..., n. nis the number of rules, z(t), z3(t), ..., 25(t) are
the premise variables and M;; (i=1,2,..,n;j=1,2,.., g) is the fuzzy set,
x(t) € R' is the state vector, u(t) € R™ is the input vector, of(f) is the

disturbance which belongs to Ly[0, »), Z(t) € R? is the controlled output.
A;, Ajo, B;, By, Ci1, C;9 and D; (i=1,2,...,n) are constant matrices of
appropriate dimensions, ¢(¢) is the initial condition of system (1), d > 0
is the upper bound of time-delay, AA;; (¢), AA;5(¢), AB;(t), AC;1(t), AC;q(t)
and AD;(t) (i=1,2,...,n) are realvalued unknown matrices representing

time-varying parameter uncertainties of (1) and satisfying the following
assumption:

Assumption 1.
[AA; (2), AAjo(t), AB;(t)) = U F;(t)[Eir, Eg, E;, 2
[AC;(t), ACjo(t), AD;(t)] = H;V;(t) |Gy, Gigs Gil, 3)

where U;, E;;, E;9, E;, H;, G;, G;5 and G; (i =1, 2, ..., n) are known
real constant matrices of appropriate dimensions. F;(¢) and V;(¢)
(=12, .., n) are unknown real time-varying matrices with Lebesgue
measurable elements satisfying

FEQ'Fe) <1, VoY vie)<1, i=12, .., n )

Let p;(z(t)) be the normalized membership function of the inferred

fuzzy set p;(z(t)), i.e.,

i(e) = —2iED)
> pile)

where 2(t) = [21(), 25(t), ... 2, (@)], p;(2(t)) = ﬁMij(Zj(t))- M;;(z;(2)) is
=1

the grade of membership of z;(¢) in M;;. It is assumed that

n
pi(2() >0, i=1,2.,n Y piat)>0, Vt=0.
i=1

Then it can be seen that

w(zt) =0, i=12 .., n, Zui(z(t))zl, Vvt = 0. (5)
=1
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By wusing the center-average defuzzifier product inference and
singleton fuzzifier, the T-S fuzzy model (1) can be expressed by the
following global model:

x(t+1) = D wi(2(0) (A + A ()x(t) + (Aig + AA)x(t - d)
=1

+(B; + AB;(t))u(t) + Byolt),

20)= > i(e0)(Cy + ACHO)x(0) + (Cig + ACi @)t ~d)  ©
i=1

+(D; + AD;(2))ul?),

x(t) = o(t), te[-d, 0]
In this paper, state time-delay feedback T-S fuzzy-model-based H,,
controller will be designed for the robust stabilization of T-S fuzzy

discrete system (6). The ith controller rule is

R' D If 2(t) is My, 25(t) is Myg, .., 2,(t) is Mg,

then u(t) = K;;x(t) + K;ox(t — d), (7)
where K;; and K;y (i =1, 2, ..., n) are the controller gains of (7) to be

determined. The defuzzified output of the controller rules is given by

n
ult) = D (@) [Kax(t) + Kigx(t - d)] ®
1=1
Combining (6) and (8), the closed-loop fuzzy system can be obtained
as

x(t+1) = Y > i) O Ay + BiK j1)x()

F
+(Ajg + BiK j9)x(t - d) + Byo(t)],

20 = Y. e ) [C + DK j)x() ©

=1 3
+(Cig + DiK jo)x(t - d)],

x(t) = ¢(t), te[-d, 0],
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where for i =1, 2, ..., n,

Aj +AA;(t), Ajg 2 Ajg + AAjp(t), B

~

A

Bi + ABi (t),

éil 2 Cil + ACil(t), 5i2 2 Ci2 + Aciz(t), ﬁi 2 Di + ADi(t).

Definition 1. For a prescribed scalar y > 0, define the performance

index as
N-1
J(0) 2 Z[ET(t)E(t)— Yol ()o)], VYN > 0. (10)
t=0

Remark 1. The purpose of this paper is to design a robust H

controller (8) for the T-S discrete system (6) such that for all admissible
uncertainties satisfying (2), (3), (4) and for a prescribed scalar y > 0,

(a) the closed-loop fuzzy discrete system (9) is asymptotically stable
when o(t) = 0;

(b) the closed-loop fuzzy discrete system (9) satisfies | Z(t)[, <

v] o(t) |, for all nonzero w(t) € Ly[0, «] under the zero initial condition.

3. Main Results
Two important lemmas should be introduced because they are the
key to prove the main theorem.
Lemma 1 [9]. For any two matrices X and Y, we have
XTy +YTx <eXTX +e7lvTy,
where X € R™",Y € R™", and ¢ is any positive constant.
Lemma 2 [12]. Giving the matrices Y, U and E of appropriate
dimensionsand Y = YT, then for any matrix F satisfying FTF <1,
Y + UFE + ETFTUT <0
holds if and only if there exists a constant € > 0 satisfying
Y +e0UT + ¢ 'ETE < 0.

In the following based on the Lyapunov approach, we will present a
new method to design the robust H, controller for uncertain discrete

system with time-delay.
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Theorem 1. For a prescribed scalar y > 0, discrete system (9) is

stable and satisfies |Z(t)|, < v]| o(t)|, for all nonzero w(t) € Lg[0, o]

under the zero initial condition if there exist matrices P > 0, S > 0, Kjl

and Ky (j =1, 2, .., n) of appropriate dimensions and positive constants

&ij> Mjj

simultaneously hold:

where

(i, 7=1,2,..,n) such that the following matrix inequalities

=11 * *
24, =i, o« |<0, 1<i<n, (11)
_5?1 0 =l
_E‘ijl + E{ll * % * % |
:gl 532 * * *
:éil 0 ?5‘2 * * | <0, 1<i<j<n, 12)
=5 -
= 0 0 o g
[ —-P+8S * * * * T
0 -S * * %
0 0 —2I * * ,
Aj+BKj Ap+BK;y B, -P+2,UUF" *
Cy+DiKj Cip+DiKjy 0 0 ~I+2n;H;H] |

E;

G

Es 0 0 0]
EK;, EKj; 00 0

Gy 00 0

GiKj GiKjs 0 0 0

—ij :
, EYy = diag{-g;I -

243 = diag{-n;I - n;I}, n; > 0.

Sijl}’ Sij > 0,
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Proof. Choose the Lyapunov functional as

d
V(x@) = 2T @) Px(t) + D 2T - m)Sx(t - m), (13)
m=1
where P > 0 and S > 0. From (9), we have

AV (x(t))

= V(x(t +1)) - V(x(t))

=xT(t +1)Px(t +1) - 7 (t)Px(t) + 27 (£)Sx(t) — x7 (¢ — d)Sx(t — d)
Z i (@) (2O pp (2(O)) (@) =7 (¢) (P + S)x(2)
=1 j 11=1
+ () Pouy(t) — x7' (¢ — d)Sx(t - d)}

ZZZZuL(Z(t))u,(Z(t))uk(Z(t))uz(Z(t)) {lo 0

=1 j=1 k=1 1=1

+ oy Plag @) + ap )] - x" () (4P + 48)x(t) - " (¢ - d) (4S)x(t — )}
<7 Z D O (0) o 0) + i@ Plos(0) + (0]
=1 j=1

— &L (t)(~4P + 48)x(t) - 2T (t — d) (4S)x(t — d)}

n

= > i) {ai(0)" Poys() + x (0) (=P + S)x(t) - x”' (¢ - d) Sx(t - d)}
1=1

n-1 n

+ %Z Z i (20 (2(0)) oty (0) + e @) Plog; (¢) + o0 (2)]

i=1 j>i

— &L (t)(~4P + 48)x(t) - xT (¢t — d) (4S)x(t — d)}

n -P+S * *
= > nf <z<t>>{ <t>{ o - ] + QiiJw)}
i=1 0 0 0

-2P + 28 * *
0 -28 *] + %FljJé(t)}, (14)

0 0 0

n-1 n
S INTCOINE0) {a%){

i=1 j>i
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where
aij(t) = (A + B;K;1)x(t) + (Ajy + B;K jo)x(t - d) + Byolt),
') =" «Tt-d) o @),
(A + BKy)"
Qi = | (A + BiKyy)" |P[Ay + BiKyy A + BiK;y By,
By
T, = ¥} Py,
¥ = [Eil + ]§in1 + ;1]1 + EjKil Ziz + Einz + Zxﬂ + EjKi2 By + Byl

By setting w(t) = 0, we can easily verify that AV(x(¢)) < 0 when (11) and
(12) hold.

From (9), we have

21020 - 70" @)el)

n n n

D @O () (2O GO B (€)Bra () — 0T (¢)olt))

1 /=1

~.

=1 1k

S

n

wi(2(@) (@) {[Bs (8) + B i @)]" [Bii (&) +Bji ()] - 4y2%6” (t)o(t)}

i=1 j=1

IA
| =

n

= D ui (=) B (0)Bis () — v 0" () e(0)}

i=1
n-1 n
WO COET ORI
i=1 j>i
+B (0] - 27" (ol0)]. (15)

where

Bij(t) = (Cy + ﬁin1)x(t) +(Cig + ﬁinQ)x(t - d).
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Assume that ¢(t) = 0. Then we consider the performance index (10) of

system (9)
N-1
J(0) = Z ET6)Z@) - Yo" ()alt) + AV(x(?)] - V(x(N))
t=0

-1
<) ET0)Z@) - 2ol @)olt) + AV(x(@)))
t=0

Combining (14) and (15), by using the Schur-complements, we can
prove that when (11) and (12) hold, J(w) < 0, i.e., |Z(t)[y < vl o) ],
This completes the proof.

Noting that (11) and (12) are not LMIs, we cannot solve them directly
by using MATLAB LMI Toolbox, so it is necessary to transfer them into

LMIs. The following theorem gives a sufficient condition for the existence
of robust H_ controller. State time-delay feedback gains can be derived

by solving some LMIs.

Theorem 2. For a prescribed scalar y > 0, discrete system (9) is stable
and satisfies | Z(t) |, < 7| o(t) |, for all nonzero w(t) € Ly[0, =] under the
zero initial condition if there exist matrices X >0, S > 0, Y, and Yjy
(j =1,2, .., n) of appropriate dimensions and positive constants &> Mij

(¢, j =1, 2, ..., n) such that the following LMIs simultaneously hold:

_(I)iil * *
oY, oY, o+ [<0, 1<i<n, (16)

P53 0 D33

_CDi'jl -i—(I){i1 * * * £ |
oY, oY, * *
I 0 ®f, * % |<0, 1<i<j<n, (17)
o}, 0 0 of =
of, 0 0o 0 of
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where
[ -x+S * * * * 1
0 -S * * *
o= 0 0 21 . : ,
ApX+BY;, ApX+BYj, B, -X+2:UU] *
|CaX+DY; CipX+DYjy O 0 ~I+2n;H;H} |
; [EpxX EpX 0 0 0 i
oY, = EY, E¥y 0 0 0], Y, = =4, = diag {~e;;}] —¢;I}, &; >0,
; [GaX GiyX 0 0 0 i
oY) = G¥, Gy 0 0 0], @Yy = 245 = diag{-n;I - n;I}, n; > 0.

Moreover, the state time-delay feedback controller gains of (8) are given by

Kj=Y3X"', Kjp=YpX', j=12 .,n (18)

Proof. Define x - p1 § = xSX, Yy =KjpX and Yy = Kj9X.
Then pre- and post-multiplying both sides of (11) with
diag{X X II I 1111}, pre- and post-multiplying both sides of (12) with

diag{X X ITIIIIIIIII} wecanobtain (16)and (17).

’

4. A Numerical Example

In this section, we present an example to illustrate the effectiveness

of the proposed robust H, controller design method. Consider an

Uncertain T-S Fuzzy Discrete System with Time-Delay as follows:
Plant Rule 1:
If x9(¢) is M;, then
x(t+1) = (A1 + AAyy)x(t) + (Arg + Adyo)x(t - d)
+(By +ABy )u(t) + By o(t),

Z(t) = (Cr1 + AC11)x(t) + (Crg + ACyg)x(t — d) + (Dy + ADy )ul?).
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Plant Rule 2:
If x9(t) is Mo, then
x(t +1) = (Agy + AAgq)x(t) + (Agg + Adgy)x(t - d)
+ (Bz + ABg)u(t) + Bmg(i)(t),

Z(t) = (Cg1 + ACg1)x(t) + (Cog + ACg9)x(t — d) + (Dg + ADg )ul?),

where
~0.01 0.1 0.5 -0.6
Ay = , Ay = ,
1 [—0.5 1} 12 {0.6 0.5}
-0.1 -05 ~0.01 -0.01
A = ,A = )
S L e

Cy; =005 1],Cpp =[-1 03], Cy =[0 0.2], Co5 =[0 0.2],

Choosing y =1, d = 2, by using MATLAB LMI Toolbox to solve the LMIs

(16) and (17), we can get the positive definite matrices X, S and matrices

Y11, Y19, Yo1, Yoo

0.1981 0.0706
X = , S

_ [0.1404 0.0350
0.0706 0.2023 0.0350 0.1040
Y;; =[0.0211 -0.1643], Y, =[-0.1053 -0.1571],

Yy, =[-0.0188 -0.0402], Y,y =[-0.0037 -0.0062].
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By (18), we can get the state time-delay feedback gains as

Ky, =[0.4514 -0.9685], K, =[-0.2913 -0.6741],
Koy =[-0.0277 -0.1889], Ky =[-0.0089 -0.0274]. (19)

From Theorem 2, we can see that the given T-S fuzzy discrete system is
robustly stabilizable under controller (8) with controller gains (19) and

satisfies | Z(¢)[, < v| o(t) |, for all nonzero w(t) € Lg[0, ) under the

zero 1nitial condition.
5. Conclusion

In this paper, we have studied the robust H, control for a class of

T-S fuzzy-model-based discrete systems with time-delay and norm-
bounded parameter uncertainties. A sufficient condition for the existence
of the robust H_, controller has been obtained in an LMI form by

Lyapunov functional approach. Finally, a numerical example has been
illustrated to show the effectiveness of the proposed design method. In
future, we will consider the output feedback control for this kind of
systems when the states are unmeasurable.
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