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Abstract 

The purpose of this paper is to discuss the connective stability of singular 
time-invariant large-scale dynamical systems with self-interaction by 
means of singular Lyapunov equations and vector Lyapunov functions. A 
stable domain of connective parameters is given in the paper which is 
simple in form. An example to illustrate usage and efficiency of the 
method is provided at the end. 

1. Introduction 

With the development of modern control theory and the permeation into other 
application area, one kind of systems with extensive form has appeared as follows: 

( ) ( )( ),, ttXftXI =  

where I is an nn ×  matrix, it is usually singular. ( ) nRtX ∈  is an n-vector, f is an                 

n-vector function. This kind of system is generally called as the singular system. It 
appeared largely in many areas such as the economy management, the electronic 
network, robot, bioengineering, aerospace industry and navigation and so forth, and 
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possesses more wide application background [7]. The concept of the singular system 
was first proposed in the 1970s, within short twenty years, it has become an 
independent branch of the modern control theory. Especially in later decades, more 
and more scholars participated in the study of the singular system theory, and many 
important results have been obtained as in [1, 2, 6, 7]. Singular system models exit in 
many areas of social production activities. Known Dynamic Leontief Input Output 
Models, Hopfield Neural Network Model, multi-robot Subject Coordinate Work 
Dynamic Model and so on are all singular systems. It is far-reaching practical 
significance to study the singular system theory. 

The purpose of this paper is to discuss the connective stability of singular time-
invariant large-scale dynamical systems with self-interaction by means of singular 
Lyapunov equation and vector Lyapunov function. A stable domain of connective 
parameters is given in the paper which is simple in form. At last, we give an example 
to show the usage of the method and its efficiency. 

2. Basic Conception 

We consider singular linear time-invariant large-scale dynamical system 
described by equations of the form: 

 ( ) ( ) ( ) ( ),...,,2,1
1

ritXAetXAtXI
r

j
jijijiiii =+= ∑

=

 (1) 

where iI  and iA  are all ii nn ×  constant matrices, ijA  is an ji nn ×  constant matrix. 

in
i RX ∈  ( )....,,2,1, rji =  ijA  represents action of the subsystem jX  to iX  

( ),ji ≠  iiA  represents self-interaction of the subsystem .iX  Denote ∑
=

=
r

i
inn

1
,  

( ) ,...,,, 21
nTT

r
TT RXXXX ∈=  ( )....,,,diag-Block 21 rIIII =  We assume that the 

matrix I is a singular matrix, and there is one (and only one) solution ( )00 ,; xttxx =  

of the equations (1) for any initial time 0t  and any initial state ( ).00 txx =  

A matrix ( ) rrijeE ×=  is called an interconnection matrix associated with 

( ) rrijeE ×=  (denoted as ),EE ∈  if 0=ije  imply ,0=ije  and if 1=ije  imply 
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0=ije  or ,1=ije  where element ije  of the fundamental interconnection matrix of 

the system (1) is defined as 

⎩
⎨
⎧

=
.onactcannot0

,onactcan1

ij

ij
ij XX

XX
e  

The isolated subsystems of the system (1) are 

 ( ) ( ) ( )....,,2,1 ritXAtXI iiii ==  (2) 

The system (2) is called as regular if there exists a constant ,0s  such that 

( ) .0det 0 ≠− ii AIs  

The system (2) is called as impulsive-free if for any Cs ∈  (C is the domain of 
complex number), it always holds that 

( ) ( ).rankdetdeg iii IAsI =−  

The system (2) is called to be compatible if it is regular, impulsive-free and is 
asymptotically stable [2]. 

3. Main Results 

We assume that for every isolated subsystem (2), there exists a positive definite 
matrix ,iB  such that it satisfies the following singular Lyapunov equation: 

 ,i
T
iii

T
iii

T
i IIABIIBA −=+  (3) 

we take singular Lyapunov function as follows: 

 ( )[ ] ( )[ ] ( )[ ],tXIBtXItXIV iii
T

iiiii =  (4) 

then 

 ( ) ( ) ( )[ ] ( ) ( ) ,22 tXIBtXIVtXIB iiiMiiiiiim λ≤≤λ  (5) 

where •  represents Euclidean norm, ( )Bmλ  and ( )BMλ  represent respectively, 

minimum and maximum eigenvalues of the positive definite matrix B, and the total 
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derivative of ( )[ ]tXIV iii  with respect to t along solutions of the system (2) is 

 ( )[ ]( ) ( )[ ] ( )[ ].2 tXItXItXIV ii
T

iiiii −=  (6) 

Lemma [2]. For any pair of ,, nRYX ∈  a positive definite matrix B and a 

constant number ,0>μ  the following inequality holds: 

 .1 BYYBXXBXYBYX TTTT −μ+μ≤+  (7) 

Definition [6]. E  is a fundamental interconnection matrix of the system (1). 
The system (1) is called as uniformly connectively asymptotically stable, if the 
equilibrium state of the system (1) is always uniformly asymptotically stable for any 

.EE ∈  

Theorem 1. The equilibrium state of the system (1) is uniformly connectively 
asymptotically stable if the following conditions are satisfied: 

(i) The isolated subsystem (2) is compatible, that is, the every isolated subsystem 
(2) is regular, impulsive-free and there exists a positive definite matrix iB  such that 

(5) and (6) hold. 

(ii) For singular large-scale dynamical system (1), there exist positive numbers 
,ijδ  such that 

 ( ) ( ) ( )....,,2,1, rjitXItXA jjijjij =δ≤  (8) 

(iii) All successively principal minors kC  ( )rk ...,,2,1=  of the rr ×  matrix 

( )ijcC =  satisfy 

 ( ) ( ) ,011

1

11
>−=−

kkk

ik
k

k
k

cc

cc
C  (9) 

where 

 

[ ( ) ( )]
( )

( ) ( )
( )⎪

⎪
⎩

⎪
⎪
⎨

⎧

≠
λ

δλ−
+

=
λ

δ+λ+−

=

,,
1

,,2
11

2

2

jiB
eBr

p

jiB
eB

c

jm

ijijiM
ij

iM
iiiiiM

ij  (10) 
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where 

( ) ( )

[ ( ) ( )] ( )
.,

11

2
2

222
ji

BeBn

Benn
p

jmiiiiiMj

iMijiiiji
ij ≠

λδ+λ+−

λδδ−
=  

Proof. Let ( )tXIY iii =  ( ),...,,2,1 ri =  for any ( ) ,EeE ij ∈=  taking vector 

singular Lyapunov function as follows: 

( )[ ] [ ( )] [ ( )] ( )[ ]{ } ,...,,, 222111
T

rrr tXIVtXIVtXIVtIXV =  

the total derivative of ( )[ ]tXIV iii  with respect to t along solutions of the system (1) 

is 

 ( )[ ]( ) [ ( )] ( )[ ] ( )[ ] [ ( )]tXIBtXItXIBtXItXIV iii
T

iiiii
T

iiiii +=1  

( ) ( ) ( )[ ]tXIBtXAetXA iii

Tr

j
jijijii

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+= ∑

=1
 

( )[ ] ( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++ ∑

=

r

j
jijijiii

T
ii tXAetXABtXI

1
 

( )[ ] ( ) ( )tXABIIBAtX iii
T
iii

T
i

T
i +=  

( ) ( )[ ],2
1

tXIBtXAe iii

Tr

j
jijij

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+ ∑

=

 

by (7), we get 

( )[ ]( )1tXIV iii  

( )[ ]( ) ( )[ ] ( )[ ]tXIBtXItXIV iii
T

iiiii +≤ 2  

( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+ ∑∑

==

r

j
jijiji

Tr

j
jijij tXAeBtXAe

11
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( ) ( ) ( ) ( ) ( )
2

1

22 ∑
=

λ+λ+−≤
r

j
jijijiMiiiMii tXAeBtXIBtXI  

( )[ ] ( )
2

1

21 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
δλ+λ+−≤ ∑

=

r

j
jijijiMiiM YeBYB  

( )[ ] 21 iiM YBλ+−≤  

( )
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
δ+δδ+δλ+ ∑ ∑

≠= ≠=

r

ijj

r

ijj
jijijjijijiiiiiiiiiiiM YeYeYeYeB

,1

2

,1

22 2  

[ ( ) ( )] ( )∑
≠= ⎭

⎬
⎫

⎩
⎨
⎧

δλδ+δ+λ+−
−

≤
r

ijj
jiijiMiiiiiiiiiiM

i

j YYBeYeBnn
n

,1

22 211  

( ) .

2

,1
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
δλ+ ∑

≠=

r

ijj
jijijiM YeB  

By the hypothesis (iii) of Theorem 1, from [ ( ) ( )] ,011 2 <δ+λ+− iiiiiM eB  and 

the following inequality: 

,2
1

2
222 yxxyx

α
+α−≤+α−  

where ,, Ryx ∈  ,+∈α R  we get 

 ( )[ ]( )1tXIV iii  

[ ( ) ( )]
( )

( ) ( )

[ ( ) ( )]∑
≠= ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

δ+λ+−

λδδ−
+

−
δ+λ+−

≤
r

ijj
j

iiiiiMj

iMijiiiji
i

i

iiiiiMj Y
eBn

Benn
Y

nn
eBn

,1

2
2

222
2

2

11

2
2

11
 

 ( ) ( ) ∑
≠=

δλ−+
r

ijj
jijijiM YeBr

,1

221  



CONNECTIVE STABILITY OF SINGULAR LINEAR … 69 

[ ( ) ( )] 2
2

2
11

i
iiiiiM YeB δ+λ+−

≤  

 
( ) ( )

[ ( ) ( )]
( ) ( )∑

≠= ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

δλ−+
δ+λ+−

λδδ−
+

r

ijj
jijijiM

iiiiiMj

iMijiiiji YeBr
eBn

Benn

,1

22
2

222
1

11

2
 

by (5), we have 

( )[ ]( )
[ ( ) ( )]

( ) ( )[ ]tXIVB
eBtXIV iii

iM
iiiiiM

iii λ
δ+λ+−

≤ 2
11 2

1  

( ) ( )

[ ( ) ( )] ( )

( ) ( )
( ) [ ( )]∑

≠= ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

λ
δλ−

+
λδ+λ+−

λδδ−
+

r

ijj
jjj

jm

ijijiM

jmiiiiiMj

iMijiiiji tXIV
B

eBr

BeBn

Benn

,1

2

2

222
,

1

11

2
 

that is, 

( )[ ]( ) [ ( )] ( ),...,,2,1,
1

1 ritXIVctXIV
r

j
jjjijiii =≤ ∑

=

 

the total derivative of ( )[ ]tIXV  with respect to t along solutions of the system (1) 

holds the following inequality: 

( )[ ]( ) ( )[ ].1 tIXCVtIXV ≤  

Since matrix C satisfies the hypothesis (iii) of Theorem 1, all eigenvalues of 
matrix C have negative real parts. It follows from the Comparison principle [3] that 

( )[ ] ( ).0 ∞+→→ ttIXV  

Therefore 

( )[ ] ( ) ( )rittXIV iii ...,,2,10 =∞+→→  

and 

 ( ) ( ) ( )....,,2,10 rittXI ii =∞+→→  (11) 

Since every isolated subsystem (2) is regular and impulsive-free, so there exist 
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nonsingular matrices ,iP  ,iQ  such that 

( )
,

00
01

1
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=− i

iii
IQIP  (12) 

( )

( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=−

2

1
1

0
0

i

i
iii I

AQAP  (13) 

denote 

( ) ( )
( )
( )

( ),...,,2,1
2

11 ri
tx
tx

tXtXQ
i

i
iii =⎟

⎠

⎞
⎜
⎝

⎛==−  

where ( )1
iI  and ( )2

iI  are, respectively, ii rr ×  and ( ) ( )iiii rnrn −×−  unit matrices, 

( ) ,1 iri Rtx ∈  ( ) ,2 ii rn
i Rtx −∈  ( )1

iA  is an ii rr ×  constant matrix. 

By (11) and 

( )
( ) ( )

( )
( )

,
000

0 1

2

1
1

1 ⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=− tx

tx
txItXIP i

i

ii
iii  

we get 

( ) ( ) ( ),...,,2,101 rittxi =∞+→→  

by (8) and (11), we have ( ) 0→tXA jij  ( )∞+→t  ( )....,,2,1, rji =  Since the 

system (1) can be written as 

( ) ( )
( )

( )

( )
( )
( )

( ) ( )

( ) ( )
( )
( )∑

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ r

j j

j

ijij

ijij
ij

i

i

i

i

i

ii
tx
tx

AA

AA
e

tx
tx

I
A

tx
txI

1 2

1
43

21

2

1
2

1

2

1
1

,
0

0
00
0  

where 
( ) ( )

( ) ( ) ( ),...,,2,1,43

21
1 rji

AA

AA
QIP

ijij

ijij
iii =

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=−  we get 

( ) ( ( ) ( ) ( ) ( )),
1

2
4

1
3

2 ∑
=

+−=
r

j
jijjijiji txAtxAetx  
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thus 

( ) ( ) ( ),...,,2,102 rittxi =∞+→→  

we have 

( ) ( ) ( ),...,,2,10 rittX i =∞+→→  

( ) ( ) ( ),...,,2,10 rittX i =∞+→→  

finally, we have ( ) ( ),0 ∞+→→ ttX  that is, the equilibrium 0=X  of the system 

(1) is uniformly connectively asymptotically stable. 

Theorem 2. Assume that: 

(a) There exist a positive definite matrix iB  and a constant number 0>μi  

such that the total derivative of (4) with respect to t along the solution of the system 
(2) satisfies 

 ( )[ ]( ) ( )[ ] ( )[ ].2 tXItXItXIV ii
T

iiiiii μ=  (14) 

(b) For singular large-scale system (1), there exist positive constant numbers 
,ijδ  such that 

 ( ) ( ) ( )....,,2,1, rjitXItXA jjijjij =δ≤  (15) 

(c) All successively principal minors kC  of the rr ×  matrix ( )ijcC =  satisfy 

0>kC  ( ),...,,2,1 rk =  then the equilibrium 0=X  of the system (1) is 

connectively unstable, where 

 

[ ( ) ( )]
( )

( ) ( )
( )⎪

⎪
⎩

⎪
⎪
⎨

⎧

≠
λ

δλ−
−−

=
λ

δ+λ−μ

=

,,
1

,,2
1

2

2

jiB
eBr

p

jiB
eB

c
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ijijiM
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iM
iiiiiMi

ij  (16) 
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Proof. Let ( )tXIY iii =  ( ),...,,2,1 ri =  for any ( ) ,EeE ij ∈=  taking vector 

singular Lyapunov function as follows: 

( )[ ] ( ) ( ) ( )[ ]{ },...,,, 22111 tVItVItVIVtIXV rr=  

the total derivative of ( )[ ]tXIV iii  with respect to t along solutions of the system (1) 

is 

( )[ ]( )1tXIV iii  

[ ( )] ( )[ ] ( )[ ] [ ( )]tXIBtXItXIBtXI iii
T

iiiii
T

ii +=  

( ) ( ) ( )[ ]tXIBtXAetXA iii
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⎥
⎦
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⎡
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( )[ ] 2
iiMi YBλ−μ≥  
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By the hypothesis (c) of Theorem 2, from [ ( ) ( )] ,01 2 >δ+λ−μ iiiiiMi eB  and the 

following inequality: 

,2
1

2
222 yxxyx

α
−α≥−α  

where ,, Ryx ∈  ,+∈α R  we get 

( )[ ]( )1tXIV iii  

[ ( ) ( )]
( )

( ) ( )

[ ( ) ( )]∑
≠= ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

δ+λ+−

λδδ−
−

−
δ+λ−μ

≥
r

ijj
j

iiiiiMj

iMijiiiji
i

i

iiiiiMij Y
eBn

Benn
Ynn

eBn

,1

2
2

222
2

2

11

2
2

1
 

 ( ) ( ) ∑
≠=

δλ−−
r

ijj
jijijiM YeBr

,1

221  

[ ( ) ( )] 2
2

2
1

i
iiiiiMi YeB δ+λ−μ

≥  

 
( ) ( )

[ ( ) ( )]
( ) ( )∑

≠= ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

δλ−+
δ+λ+−

λδδ−
−

r

ijj
jijijiM

iiiiiMj

iMijiiiji YeBr
eBn

Benn

,1

22
2

222
,1

11

2
 



SUN SHUI-LING and PENG PING 74 

by (5), we have 

( )[ ]( )
[ ( ) ( )]
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eBtXIV iii
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iiiiiMi
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that is, 

( )[ ]( ) [ ( )] ( ),...,,2,1
1

1 ritXIVctXIV
r

j
jjjijiii =≥ ∑

=

 

we have 

( )[ ]( ) ( )[ ]tIXCVtIXV ≥1  

by the condition (c), it follows from the Comparison principle that the equilibrium 
point 0=X  of the system (1) is connectively unstable. 

4. Example 

Consider the following singular linear large-scale system which includes two 
subsystems with order 5: 

 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )⎩

⎨
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, 1 1 0 ,
1 1

0 0 1
A A

− −⎛ ⎞
− −⎛ ⎞ ⎜ ⎟= = −⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎜ ⎟

⎝ ⎠

 

11 22

1 1 01 1 5 6
5 5 , ,1 1 01 1 5 6
5 5 0 0 0

A A

⎛ ⎞
⎛ ⎞ ⎜ ⎟
⎜ ⎟ ⎜ ⎟

= =⎜ ⎟ ⎜ ⎟−⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎜ ⎟
⎝ ⎠
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12 21

1 1
1 1 6 50
6 5 , ,1 1
1 1 5 60
6 5 0 0

A A

⎛ ⎞
⎛ ⎞ ⎜ ⎟− −⎜ ⎟ ⎜ ⎟

= =⎜ ⎟ ⎜ ⎟−⎜ ⎟ ⎜ ⎟−⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎜ ⎟
⎝ ⎠

 

we get positive definite matrices 

,

3
200

02
10

002
1

,

2
10

02
1

21

⎟⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜

⎝

⎛

=
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
= BB  

taking .
11
11
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=E  Let ( ).2,1, =δ=δ jiij  Then for any ,EE ∈  we have the 

following matrix: 

( )

( )
,

2
1

2
1

3
1

213
4

1
4112

1

2
2

2
2

2

2
22

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

−δ
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−δ

δ+δ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−δ

δ+δ−δ

=C  

we get ( ) 018
112

1 2 <−=−δ  and 081
7 >=C  if ,3

1=δ  matrix C satisfies the 

condition (iii) of Theorem 1, therefore, the equilibrium point 0=X  of the system 
(17) is uniformly connectively asymptotically stable. 

5. Conclusion 

The item ije  in the paper is taken to be 0 or 1, in practice, the conclusions above 

are adapted to the condition ( ) ,10 ≤≤ teij  that is to say, for any moment t, under 
the different intensities of connectivity among the subsystems, the conclusion still 
holds. 
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