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Abstract

The purpose of this paper is to discuss the connective stability of singular
time-invariant large-scale dynamical systems with self-interaction by
means of singular Lyapunov equations and vector Lyapunov functions. A
stable domain of connective parameters is given in the paper which is
simple in form. An example to illustrate usage and efficiency of the
method is provided at the end.

1. Introduction

With the development of modern control theory and the permeation into other
application area, one kind of systems with extensive form has appeared as follows:

IX(t) = f(X(t) 1),

where 1 is an nxn matrix, it is usually singular. X(t) € R" is an n-vector, f is an
n-vector function. This kind of system is generally called as the singular system. It
appeared largely in many areas such as the economy management, the electronic
network, robot, bioengineering, aerospace industry and navigation and so forth, and
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possesses more wide application background [7]. The concept of the singular system
was first proposed in the 1970s, within short twenty years, it has become an
independent branch of the modern control theory. Especially in later decades, more
and more scholars participated in the study of the singular system theory, and many
important results have been obtained as in [1, 2, 6, 7]. Singular system models exit in
many areas of social production activities. Known Dynamic Leontief Input Output
Models, Hopfield Neural Network Model, multi-robot Subject Coordinate Work
Dynamic Model and so on are all singular systems. It is far-reaching practical
significance to study the singular system theory.

The purpose of this paper is to discuss the connective stability of singular time-
invariant large-scale dynamical systems with self-interaction by means of singular
Lyapunov equation and vector Lyapunov function. A stable domain of connective
parameters is given in the paper which is simple in form. At last, we give an example
to show the usage of the method and its efficiency.

2. Basic Conception

We consider singular linear time-invariant large-scale dynamical system
described by equations of the form:

r

1L X;(t) = AiXi(t)+Zeiinij(t) (i=12 ..,r) 1)

J=1

where I and A; are all n; x n; constant matrices, Ay isan n; x n; constant matrix.

XjeRM (i,j=12 ..,7) Ajj represents action of the subsystem X; to X;

r
(i#]), A; represents self-interaction of the subsystem X;. Denote n = Zni,
i=1

X =(X{, X3, ... x])T € R", I = Block-diag(ly, I,, ..., I;). We assume that the
matrix | is a singular matrix, and there is one (and only one) solution x = x(t; tg, Xg)

of the equations (1) for any initial time t; and any initial state xg = x(tp).

is called an interconnection matrix associated with

A matrix E = (&} ),

E = (&), (denoted as E e E), if & =0 imply e =0, and if & =1 imply
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ej =0 or g; =1, where element &; of the fundamental interconnection matrix of

the system (1) is defined as

_ 1 Xj canacton Xj,
e =
10 X; cannot act on X;.

The isolated subsystems of the system (1) are
iXi(t) = AXi(t) (=12 ..,r). 2)
The system (2) is called as regular if there exists a constant sq, such that
det(sgl; — A) # 0.

The system (2) is called as impulsive-free if for any s € C (C is the domain of
complex number), it always holds that

deg det(sl; — A;) = rank(l;).

The system (2) is called to be compatible if it is regular, impulsive-free and is
asymptotically stable [2].

3. Main Results

We assume that for every isolated subsystem (2), there exists a positive definite
matrix Bj, such that it satisfies the following singular Lyapunov equation:

ATBil + 1T BiA = -1 1;, 3)
we take singular Lyapunov function as follows:
VilliXi@®)] = [X OF Billi X ()], ()
then
A B 1 X () [ < Vi1 X)) < am B[ 1 X (1) |12, (5)

where | o | represents Euclidean norm, A,,(B) and Ly, (B) represent respectively,

minimum and maximum eigenvalues of the positive definite matrix B, and the total
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derivative of V;[I; X;(t)] with respect to t along solutions of the system (2) is
VilliXi ] gy = =X O 5% )] (6)

Lemma [2]. For any pair of X,Y e R", a positive definite matrix B and a

constant number p > 0, the following inequality holds:
XTBY +YTBX < uX"BX +p~yTBY. ©)

Definition [6]. E is a fundamental interconnection matrix of the system (1).
The system (1) is called as uniformly connectively asymptotically stable, if the
equilibrium state of the system (1) is always uniformly asymptotically stable for any

EecE.

Theorem 1. The equilibrium state of the system (1) is uniformly connectively
asymptotically stable if the following conditions are satisfied:

(i) The isolated subsystem (2) is compatible, that is, the every isolated subsystem
(2) is regular, impulsive-free and there exists a positive definite matrix B; such that
(5) and (6) hold.

(i) For singular large-scale dynamical system (1), there exist positive numbers
8jj, such that

I A X @0 < 8l X1 G =22 .7). (8)

(iii) All successively principal minors C, (k =1, 2, ..., r) of the r x r matrix
C = (cjj) satisfy

G - Cik
ke = (D¢ o ][>0, 9)

Ck1 - Ckk

where

[-1+ 2 (Bi) (1 + &;5F)]
2hw (By) ’

_— (r = Dhw (Bi) &3] P
! Am(Bj) ’ ’

=]

Cij = (10)
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where

o 2(n — ;) &;35552% (1) L
P = N1+ hoy (B (L + &3%)]%m(B)) '

Proof. LetY; = ;X;(t)]| (i=1 2, .., r), forany E = (gj) € E, taking vector

singular Lyapunov function as follows:

VIIX(©)] = V[ 11X (0] Vo[ 1o X ()] oo Ve [1 X O

the total derivative of V;[l;X;(t)] with respect to t along solutions of the system (1)

is

VilliXi @]y = (X O Bi[1XG O]+ (13X OF Bil1 X (0]
] T
= [Aixi(t)+ Zeiinij(t)] Bi[1; X (t)]
=

+ X Bi[Aixi(t) + Zeiinij(t)}
=1
= X1 (A Bl + 17 BiA) X (1)
; T
+ leeiinij(t)] Bi[1i X; ()],
=1

by (7), we get

Vil X; (t)](l)

<VilliXi (O] ) + [ X O] Bil1 X (0]

r T r
+ [Z €ij Aj X j (t)} Bi [Z &j Aj X (t)]
=1 =
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Zeij A X (1)
=i

2
< =X @7 + 2 B 1 X (O + 2w (By)

] 2
< [-1+am (B)IYi + Ay (Bi){zéijsinjJ

1

< [-1+am (B)IY

2
r r
= o2y 2 = § E a
+ 7LM (BI) eiiSiiYi + ZeiiSiiYi 8”8 Y + [ e'JSUYJ\J

j=1, j#i =1, J#i

PR

[~1+ A (B)) (L + 8;85)]Yi® + 288w (By) 3y }
=L ]

r 2
+xM(Bi){ > e,lsuvl].

j=1, j=i

By the hypothesis (iii) of Theorem 1, from [-1+ Ay (Bj)(1+ &;5%)] < 0, and

the following inequality:

(04
—ax2+xy<—5x2+ y2,

where x, y € R, a € R", we get

VilliXi(®)]y

3 {n,-[—uxM(Bi)(uéna%)]Yz+ 2n - m)&5555 5 (B) ,}
I

=1 j=i 2(n-n) ! (14 Ay (By) (L + 885

H(r=Dhw (B) > &djYf

j=1, j=i
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L[ (B) A+ 5df)] v2
< : .

r 2(n - ny)&; 358523 (By) i NP
+ J ZJ;I{ 14y (B)(L+§52)] +(r =Dy (B,)eusu}yl

by (5), we have

[1+ 2 (Bi) (1 + &;i83)]

VilliXi ()] < 2oy (B1) VilliX;(t)]

: n - n;)g;35851 (B) (r=Drm (B)&SF | o o
+J;¢.{n - 1+>»M(B)(1+e..65)] 2B () Vil
that is,

r
Vi[IiXi(t)](l) < ZCUV][I]XJ(t)], (I =12, .. r),
j=1
the total derivative of V[IX(t)] with respect to t along solutions of the system (1)
holds the following inequality:
VIIX(t)]q) < CVLIX ()]

Since matrix C satisfies the hypothesis (iii) of Theorem 1, all eigenvalues of
matrix C have negative real parts. It follows from the Comparison principle [3] that

V[IX(H)] = 0 (t = +o0).
Therefore
Vi[liXit)] > 0 (t > +0) (i=12,..71)
and
iXi(t) >0 (t—>+0) (i=12..,7) (12)

Since every isolated subsystem (2) is regular and impulsive-free, so there exist
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nonsingular matrices B, Q;, such that

P - ['is) SJ (12)
W
PAQ - (”*0 I_(Oz)] 139

denote

Iy iy oo o [ ®O)
Qrxi = %0 = (0] =12 )

where Ii(l) and Ii(z) are, respectively, r; x r; and (n; — ;) x (n; — ;) unit matrices,
%a(t) € R, %ip(t) e R, AY isan r, x r; constant matrix.

By (11) and
oy g (10 0) (X)) (Kal)
f "X'“)‘( 0 Oj(fiz(t)j_( )

Xgt) >0 (t > +0) (=12 ..71)

we get

by (8) and (11), we have A;X(t) >0 (t — +o) (i, j=1 2, .., r). Since the

system (1) can be written as
10 0 x*ua)j_ AY 0 )(%al) AY AP (i,-l(t)J
(o o](zz(t) ‘[o @ (Xuz(t)) Ze” AP AP )X

1) (2)
where P71,Q; = [AIJ Aj J(i’ j

Aigs) AiSA) =12, .., 1), weget

Xio(t) = Zelj(AiSB))_(jl(t)"' Aig4)ij2(t)),

=1
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thus
Xio(t) >0 (t > +x) (i=12 ..,7),
we have
Xit) >0 (t > +0) (=12 ..,Tr),
Xi) >0 (t > +0) (i=12,..71),

finally, we have X(t) — 0 (t — +), that is, the equilibrium X = 0 of the system
(1) is uniformly connectively asymptotically stable.

Theorem 2. Assume that:

(a) There exist a positive definite matrix B; and a constant number p; >0

such that the total derivative of (4) with respect to t along the solution of the system
(2) satisfies

VilliXi O] gy = williXi O [ (0) (14)

(b) For singular large-scale system (1), there exist positive constant humbers
djj, such that

A X001 <80 15X,00 G i=%2.,1) (15)

(c) All successively principal minors C, of the r x r matrix C = (cij) satisfy

Cyk >0 (k=12 ..r), then the equilibrium X =0 of the system (1) is

connectively unstable, where

[ — Am (Bi) (@ + &;83)]

N R
‘i = (r = 1) Ay (B;)&;55 . 10
—PRij — km(Bj) ) *

where

o 2An—ny)Eaiaina (B) L
i = N1+ hoy (B (L + ;3% ]2 (B)) g




72 SUN SHUI-LING and PENG PING

Proof. LetY; = | I;X;(t)|| (i =1 2, ..., r), forany E = (g;) € E, taking vector

singular Lyapunov function as follows:
VIIX(®)] = Ma[lva(t), 1V (), - 1V (O]
the total derivative of V;[l;X;(t)] with respect to t along solutions of the system (1)
is
VilliXi (O]

= [ O Bi[; X (0] + [1 X (O B [1;X;(1)]

] T
= [Aixi(t)+ Zeiinij(t)] Bi[1; X; (t)]
=it

+ X Bi[AiXi(t)"‘ Zeiinij(t)]

=1

.
= [X; O] (AT B;1; + 1] BiA) X;(t) + Z{Zeiinjxj(t)] B;[1i X; (t)]

j=1
by (7), we get

r T r
2 Vi[1i X ()] o) - [ X O Bi[1; X; ()] - [Z ij Aijxj(t)] B [Z &ij Aijxj(t)]
=1 j=1

r 2

Zeiinij(t)

=1

> | X1 = 2w By 15X ()2 — A (B)

) 2
> [uj — 2w (B)]Yi2 = Ay (Bi){zéijsinj]

=1



CONNECTIVE STABILITY OF SINGULAR LINEAR ... 73

> [u; — Ay (By)IY{?

2
r r
_}‘M(B) e||6||Y + 280 Y Z |] j { Z eIJSIJYJJ
J

j=1, j=i j=1, j=i

> Zr: { —m (By) (L + &35V, 2§ii5ii7»M(Bi)5inin}
j=1, j=i

) 2
—%M(Bi)[_ Z _EjSinjJ :

J=1, j#i

By the hypothesis (c) of Theorem 2, from [p; — Ay (B;)(1+§;53)] > 0, and the

following inequality:

2 2 1 -
— >_ [ —
ox Xy 2 X 2 Yy,

where x, y € R, o e R™, we get

Villi Xi(t)](l)

v

S nil -2 B)@+ESD] o 20— m)ESHM(B) o
Z 2(n = nj) ' nj[_1+xM(Bi)(1+enaﬁ)] !

j=1, j=i

~(r =Dy (B) Y &gy}

j=1, j=i

[ — A (Bi) (@ + 8;55)] V.2
2 |

[\

r 2 .
Z { 2(n - n)eUSII ( i) (r—l)?uM(Bi)EijSizj}sz’

j=1, j=i 1+>\‘M (B )(1+e||65)]
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by (5), we have

Vil X)) = D B &L

2\m (By)
r )55 7% (B;) (r=Dhm (B)ESF | o
,2{ EFSWEATHET Wy R =y }V’['JXJ(‘”’
that is
vi[lixi(t)](l) 2 zCijVj“ij(t)] i=12..,r),
1
we have

V[IX(t)]q) = CVIX(1)]

by the condition (c), it follows from the Comparison principle that the equilibrium
point X = 0 of the system (1) is connectively unstable.

4. Example

Consider the following singular linear large-scale system which includes two
subsystems with order 5:

{|1X1(t) = A Xq(t) + e11 A1 Xq(t) + €A1 X5 (1),

) 17)
15X 5(t) = AgXo(t) + €21 A1 X1 (t) + €22 A0 X (1),

where

gl gl
gl gl

o Ul gk, o
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I 11
5 & 0 6 5
o= o A= 11,
"5 s 0 5 6
0 o0
we get positive definite matrices
1
1 > 0 0
- 0 1
B, = 2 , B,={0 < 0},
1 2
0 > 2
0 0 3

— (1 1 _
taking E = (1 1]. Let 8;; =8 (i, j =1 2). Then for any E € E, we have the

following matrix:

1,9 ? 45°
=" -1 3 [l+ J
2 8% —1
©=l4 252 1 1. |
2 2__
Rl ZA))
-3

1,2 __i _l . _1 . ..
we get 5(6 1) = 15 <0 and|C|_8l>0|f6_3, matrix C satisfies the

condition (iii) of Theorem 1, therefore, the equilibrium point X = 0 of the system
(17) is uniformly connectively asymptotically stable.

5. Conclusion

The item e;; in the paper is taken to be 0 or 1, in practice, the conclusions above
are adapted to the condition 0 < g;(t) <1, that is to say, for any moment t, under
the different intensities of connectivity among the subsystems, the conclusion still
holds.
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