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Abstract

As a limiting case of the theorem, various types of logarithmic Sobolev
inequalities have been obtained with different techniques and were related
to other analytic inequalities. Here, from regular logarithmic Sobolev
inequality, we try to demonstrate the connection with the log Sobolev
inequality which was proved by Beckner.

1. Introduction

As a part of the study of relations between a function and its partial derivatives,
many results have been introduced with functions in the Sobolev space which

consist of all functions on R" whose derivatives up to and including higher order

belong to Lp(R").

As a useful tool in a variety of problems in this type of study, Sobolev theorem
gives a simple way how restrictions on the size of partial derivatives control
corresponding restrictions on the related functions [5]. Also, as a limiting case of the
Sobolev theorem, the logarithmic Sobolev inequality was studied. It was first
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observed by Weissler [6] and in [2], Gross formulated the logarithmic Sobolev
inequality

IRH|G|2 In|G|dusIRn|VG Pdu

as an infinite dimensional estimate with respect to Gaussian measure du. And the
linearized form on the two dimensional sphere with sharp constant played an
important role in some geometric analysis and nonlinear PDE problems. Similarly,
various types of logarithmic Sobolev inequalities, as a limiting case of the theorem,
have been obtained with different techniques and were related to other analytic
inequalities such as Nash inequality and the Hardy’s inequality. Here, from regular
logarithmic Sobolev inequality, our result demonstrates the connection with the log
Sobolev inequality which was proved by Beckner.

2. Preliminary Result

Essential part of the theory in the Sobolev space is detailed in the following
Sobolev theorem:

Theorem 1 [Sobolev]. If p < E then

LP(R") = LY(R"), £

(1)

S| =

1
p

For smooth F with 1< p <n and % = %—% the above embedding (1) can

be observed as the inequality with the sharp constant in the following (see [1]):
(IF Juarn))® < CpJRnWF [P, )

where

_ l( P -1)"‘1 I(n)T(L+ m/2)
Ponin=p) a2y pyras np)

Beckner used asymptotic structural argument to show that the Sobolev
imbedding inequality (2) implies the log Sobolev inequality

P m p
JRH|F| In|F|dxsFln[CpIRn|VF| dxj. ®)
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By using the product structure on R", the concaveness of logarithmic function and
asymptotics for sharp Sobolev embedding, he was able to derive the logarithmic
Sobolev inequality (3) with more explicit form. In the proof, he used the product
structure of Euclidean space and the following lemma about functional inequalities

on LP over a manifold M to get the log Sobolev inequality as the infinite
dimensional limit of the inequality (2).

Lemma 1. Consider an inequality of the form
(I f llagu))” < quM O(f)dm,

where 1/q=1/p-1/Q for Q > p and @ is homogeneous of degree p. If this

inequality holds and f e LP(M) with | f I, =1 then

F1PIn) £ [dm < - In jd)fdmj. 4
J 17w tlam < S (1) @
When p = 2, the inequality (3)
2 n 2 2
_[Rn|f| |n|f|dxszln(EJ'Rn|Vf| dxj 5)

holds and the constant % is optimal. But, for other p, the constant C, is non-

optimal. So, the sharp constant played a fundamental role in the study of these types
of inequalities. Nash’s inequality

1+2/n
U |f|2dxj anI | vf |2de |f|dxj
R" R" R"

which is equivalent to the Poincaré inequality, was reproved by Beckner by using
the inequality (3).

4/n

3. Main Result

From (3), by letting

FOO =TT F(x),
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| 1, =1 x e R" and m = nl, Beckner obtained the inequality

2
n 2 -2
'[Rn|f|P|n|f|dx§2—p(%J‘Rn|Vf||f|p dxj (6)

and gave a connection with the logarithmic Sobolev inequality (5) by letting
f = gz/ID (see [1]). On the reverse, by direct calculation using the inequality (5),

we obtain the following inequality which was also mentioned by Beckner.

Theorem 2. For f e Ly(R"), | f I, =1, the logarithmic Sobolev inequality

p n p
J'Rn In| £ || f [Pdx sFln(Aijnwf | dx]

holds with the constant given by

()

Lemma2. For f e Ly(R") with || [, =1,

2
- P
-[R”|Vf 1 P 2dngRn|Vf|P) : (7

Proof. Suppose that f is such that f e Lp(R”). Then

2 P2
j | vf |2|f|p_2dst |Vf|pdxij |f|pdxj P ®)
R" R" R"
by using Holder’s inequality and since | f ||p =1, it makes the proof here complete.

Proof of Theorem. By Lemma 2, we have

; :
j Ik |2dx§U |t |dej
R R

P
for || f ||p =1. Thus, by letting f = g2, the logarithmic Sobolev inequality (5) can
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be reduced to

2 —_—
i) p 2 (p Py |
2_|.Rn|g| In| g [dx < In nen(Z) URnwgl dx] :

So, we have

_[ Iglplnlgldxslln( P )pj | Vg |Pdx
R" p? 2men ) JR"

and the desired inequality is attained. O
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