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Abstract 

We obtain the Dirichlet series of the Fourier expansion of the elliptic 

eta-product ( ) ( ) ( )30441,1
28

τη=τη
A

 of type ( ).1,1
28A  

1. Introduction 

In 1985, Saito [3] introduced the notion of an extended affine root system, and 
especially classified (marked) 2-extended affine root systems associated to the 
elliptic singularities, which are the root systems belonging to a positive semi-definite 
quadratic form I whose radical has rank two. Therefore 2-extended affine root 
systems are also called elliptic root systems. In the cases of 1-codimensional elliptic 
root systems, Saito [4] described elliptic eta-products and their Fourier coefficients 
at ∞. In the previous articles [5, 6, 7], we examined the elliptic eta-product of type 

( ) ( ),11,1 ≥lAl  and more concretely the cases of types ( )1,1
10A  and ( ).1,1

20A  In this 

article, we obtain the Dirichlet series of ( )304τη  of type ( )1,1
28A  according to the 

theory of Hecke operators due to van Lint [8], Rankin [2] and Rangachari [1]. 
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2. Elliptic Eta-product of Type ( )1,1
28A  

Dedekind’s η-function, defined by the infinite product ( ) ( )∏∞
=

−=τη 1
24
1

,1: n
nqq  

,2 τπ= ieq  H∈τ  =(  the upper half of the complex plane) is a modular form of 

weight .
2
1  The elliptic eta-product of type ( )1,1

28A  is given by [5]; ( ) ( )τη 41,1
28A

 

( ) ,4 30τη=  which is a cusp form of weight 15=k  and level .16=N  Therefore, 

( ) ( )( ),,164 015
30 εΓ∈τη S  and the space ( )( )ε,16015 ΓS  is 3-dimensional (see [1]). 

From the result of [1], ( ) ( )∑∞
=

=βη+ηα+η=τ 1
43018

6
62

6 n

n
qnrEEF  is a 

normalized eigenfunction of the Hecke operators nT  for some values  α and β. Here 

6E  is Eisenstein series given by ( ) ∑∞
= −

−=τ 1

5

6 .
1

5041 n n

n

q
qnE  We have 

( )∑
∞

=

=η
1

2430

n

n
qna  

( )∑
∞

=

+

+=
1

24
246

246
n

n
qna  

4
21

4
17

4
13

4
9

4
5

15660319040530 qqqqq +−+−=  

,4074545036 4
29

4
25

++− q  

( )∑
∞

=

=η
1

2418
6

n

n
qnbE  

( )∑
∞

=

+−

+−=
1

24
246

246
n

n
qnb  

4
19

4
15

4
11

4
7

4
3

3066751078507425522 qqqqq −+−−=  

,1743858490158 4
27

4
23

++− qq  
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( )∑
∞

=

=η
1

2462
6

n

n
qncE  

( )∑
∞

=

+−

+−=
1

24
2418

2418
n

n
qnc  

4
13

4
9

4
5

4
1

151855302268091014 qqqq ++−=  

.2378315520302379810 4
21

4
17

+++ qq  

We recall the result [8]. For Hecke operator ,pT  we set ( )
( )

2
1

1
−

−=
pk

pT  

( ),1 pTp−×  then for ( ) ( )∑∞
=

=τ 0
24 ,n

n
qnaf  we have ( ) ( ) { ( )∑∞

=
=|τ 0n

k pnappTf  

( )
( )

( )} ,1 242
1 npk

qnppa
−

−+  ( ) 0( =xa  if x is not an integer). From this, we obtain the 

following: 

Lemma 2.1. 

( ) ( ) ( ) ( )
( )

30
215

30
30

63030
η

−+
=|η

pa
pappcppappT  

( ) ( )( ),12mod5,16 62
6 ≡η+ pEppa  

( ) ( ) ( )( ),12mod11,718 18
6

30 ≡η−=|η pEppapT  

( ) ( ) ( ),5,118 18
6

18
6 ≡η=|η pEppbpTE  

( ) ( ) ( ) ( )
( )

30
215

18
6 18

61818
η

+−
=|η

pa
pbppcppbppTE  

( ) ( ),11,76 62
6 ≡η− pEppb  

( ) ( ) ( )( )
( ) ( ) ( ),5,16
6

66 62
6

30
2215

62
6 ≡η+η

−+
=|η pEppc

pa
pcpppcppTE  

( ) ( )
( ) ( ).11,7
6

6 18
6

215
62

6 ≡η
−

=|η pE
pb

ppcppTE  
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Proof. It is easily proved from the formula for ( )pT  and the expressions of 

,30η  18
6ηE  and .62

6ηE  □ 

From the fact that 3018
6

62
6 βη+ηα+η EE  is an eigenfunction for Hecke 

operators and Lemma 2.1, for ( ),12mod5,1≡p  we see that β+β 430082  

,081653339340 =−  that is, .151872,108864 −=β  If ,108864=β  then =α  

,339848 −±  and its eigenvalue is ( ).18 ppbα−  If ,151872−=β  then ,0=α  and 

its eigenvalue is ( ) ( ).66 ppappc β+  Further, from the action of ( ) ( ),11,7≡ppT  

we see that if ,108864=β  ,3398−±=α  then its eigenvalue is ( ),6 ppbα−  if 

,151872−=β  ,0=α  then its eigenvalue is 0. We choose ,339848 −=α  

,108864=β  ,151872~
−=β  and set ( )∑=βη+ηα+ ,41

3018
6

2
6

n
qnaEE  18

6
2
6 ηα− EE  

( )∑=βη+ ,42
30

n
qna  ( )∑=ηβ+η .~ 43

3062
6

n
qnaE  Then we obtain the following. 

Proposition 2.2. We have 

( ) ( ) ( ) ( ) ( ) ( )( ) ( )∑ ∑=−+=τη=τηβ−β ,:2521472~2 44321
3030

nn
qneqnanana  

and its Dirichlet series is given as follows: 

( ) ( ) ( ) ( )( )∑ ∑ −− −+=⋅ ,2 321
ss nnanananne  

where 

( ) ( ( ) )
( )

∑ ∏
≡

−−−− +−=⋅
12mod5,1

1214
1 181

p

sss pppbnna  

( ( ) )
( )
∏

≡

−−− −α−×
12mod11,7

1214 ,61
p

ss pppb  

( ) ( ( ) )
( )

∑ ∏
≡

−−−− +−=⋅
12mod5,1

1214
2 181

p

sss pppbnna  

( ( ) )
( )
∏

≡

−−− −α+×
12mod11,7

1214 ,61
p

ss pppb  
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( ) ( ( ( ) ( )) )
( )

∑ ∏
≡

−−−− +β+−=⋅
12mod5,1

1214
3 6~61

p

sss pppapcnna  

( )
( )
∏

≡

−−−×
12mod11,7

1214 ,1
p

sp  

(where p is prime number). 

Proof. It is easily proved from the following result [8]. If ( ) =τf  

( )∑∞
=0

24
n

n
qna  is eigenfunction for ( )pT  with eigenvalue c, then Dirichlet series 

( ) ( )∑∞
=

−=ϕ 1n
snnas  is given by 

 ( ) ( )
( )

( ( )
( )

( )
( )

) .111 1212
1

12
1

mod0

−−−
−

−−
−

− −+−−⎟
⎟
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⎞

⎜
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⎝

⎛
=ϕ ∑ sk
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s
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≢

 □ 
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