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Abstract 

We present two new normality tests for the error of a linear regression 
model. The tests are obtained by applying the normality tests in Arcones 
and Wang [3] to the residuals obtained using the least squares 
estimators. We show that the considered tests are omnibus. We also 
obtain the limit distribution of the considered tests under the null 
hypothesis. Simulations show that the power of the presented tests is 
competitive with common normality tests. 

1. Introduction 

In this paper, we apply the normality tests in Arcones and Wang [3] 
to the linear regression model. We consider the linear regression model: 

,,, jjnjn xY ε+β′=  ,1 nj ≤≤  where { }n
jj 1=ε  is a sequence of i.i.d. r.v.’s 

with mean zero; ,1,, njx jn ≤≤  are p dimensional vectors and pR∈β  is 



MIGUEL A. ARCONES and YISHI WANG 58 

an unknown parameter. jnx ,  is called the regressor or predictor variable. 

Depending on which characteristic of the linear regression we are 
interested in, there are different ways to select the regressor design 
{ }njx jn ≤≤1:,  (see Sections 1.8 and 1.9 in Draper and Smith [10]). 

That is why we allow the regressor design to depend on n. jnY ,  is called 

the response variable. jε  is an error variable with mean zero. Let F be 

the c.d.f. of the sequence { } .1
∞
=ε jj  We study the testing problem 

FH :0  has a normal distribution with mean zero, 

versus FH :1  does not. (1.1) 

Let X be the pn ×  matrix having by j-th row ., jnx ′  If XX′  is 

invertible, then the (LS) least squares estimator of β is uniquely 

determined and it is ( ) ,:ˆ 1 YXXX ′′=β −
n  where ( )′= nnn YY ,1, ...,,:Y  (see, 

e.g., Section 3.2 in Rao and Toutenburg [22]). The least squares estimator 
has several optimality properties (see, e.g., Section 3.3 in Rao and 

Toutenburg [22]). It is easy to see that ∑
=

′=′
n

j
jnjn xx

1
,, .XX  In order that 

the LS estimator of β is well uniquely defined, we assume that the design 
of regressors satisfies the following condition: 

(A) ∑
=

′=
n

j
jnjnn xxA

1
,,:  is a nonsingular pp ×  matrix. 

To estimate the distribution F of the errors we use the (OLS) 

ordinary least squares residuals .1,ˆ:ˆ ,,, njxY jnnjnjn ≤≤β′−=ε  

Observe that 

∑ ∑
= =

−− ε=β−=β−β
n

j

n

j
jnnjjnjnnn xAYxA

1 1
,

1
,,

1ˆ  (1.2) 

and 

( ) jnnjjnnjnjn xxY ,,,,
ˆˆˆ ′β−β−ε=β′−=ε  
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∑ ∑
= =

−− ′ε−ε=′ε−ε=
n

k

n

k
knnjnkjjnnknkj xAxxAx

1 1
,

1
,,

1
, ,  (1.3) 

where we have used that nA  is a symmetric matrix. Hence 

∑ ∑ ∑∑
= = = =

−′ε−ε=ε
n

j

n

j

n

j

n

k
knnjnjnkjnjjnjn xAxxxx

1 1 1 1
,

1
,,,,,ˆ  

.0
1 1

,,∑ ∑
= =

=ε−ε=
n

j

n

k
knkjnj xx  (1.4) 

This implies that the residual vector ( ) n
nnn R∈′εε ,1, ˆ...,,ˆ  lies in a 

subspace of dimension less than or equal to pn −  and { }n
jjn 1,ˆ =ε  are not 

independent r.v.’s. Most of the normality tests for the errors of regression 
model are obtained by applying classical normality tests to the residuals. 
An alternative to use the residuals is to use the Theil’s (BLUS) best 
linear unbiased scalar residuals. The Theil’s BLUS residuals are 
independent. Huang and Bolch [14] noticed that the power of the 
Shapiro-Wilk test is higher using the OLS residuals than the Theil’s 
BLUS residuals. Thus, we base our tests on the OLS residuals 

.1,ˆ , njjn ≤≤ε  Notice that if the term ∑ =
−′εn

k jnnknk xAx
1 ,

1
,  in (1.3) is 

asymptotically negligible, the distribution of a statistic based on the 
residuals is asymptotically equivalent to the distribution of the statistic 
based on the unknown errors. 

By the Lévy characterization of the normal distribution, a c.d.f. F 
with finite second moment has a normal distribution with mean zero and 

variance ,02 >σ  if and only if for some ,1≥m  

( ) ( ) ,0sup:
1

211 =Φ−












≤εσ= ∑
=

−−

∈
ttmPFD

m

j
jF

t
m

R
 (1.5) 

where Φ  is the c.d.f. of a standard normal distribution and FP  is the 

probability for which the i.i.d. r.v.’s mεε ...,,1  have distribution F. 
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Let 

 
( ) ( )

( )

,ˆˆ
!

!
sup:

...,, 1
,

211
,

1

∑ ∑
∈ =

−−

∈
Φ−













≤εσ−=

n
mm

j

Iii

m

j
inn

t
mn ttmI

n
mn

D
R

 (1.6) 

where 

{( ) }kjiiniiiI kjj
m

m
n
m ≠≠≤≤∈= if,1:...,,1 N  

and 

.ˆ1:ˆ
1

2
,

2 ∑ =
ε

−
=σ

n

j jnn pn
 

It is easy to see that the distribution of mnD ,  is invariant by changes of 

scale on the error variable. Given a design of regressors { } ,1,
n
jjnx =  the 

distribution of mnD ,  is the same for all normal distributions with mean 

zero. 

Given ,01 >α>  let 

{ { } },1:0inf ,,, α−≥λ<≥λ= Φα mnmn DPb  

where ΦP  is the probability measure for which the errors nεε ...,,1  are 

i.i.d. r.v.’s with a standard normal distribution. Notice that α,,mnb  

depends on the regressors design { } .1,
n
jjnx =  The proposed test rejects the 

null hypothesis if .,,, α≥ mnmn bD  Hence, the probability of type I error of 

the test is less than or equal to .α  

We also have that F has a normal distribution with mean zero if and 

only if for some ,2≥m  

 ( ) { } .0sup:~
1

1

21 =≤−












≤= ∑
=

−

∈
tXPtXmPFD F

m

j
jF

t
m

R
 (1.7) 

An estimator of the previous quantity is 
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( ) ( )
( )

.ˆ1ˆ
!

!
sup:

~

...,, 1
,

1
,

21
,

1

∑ ∑∑
∈ ==

−

∈
≤ε−













≤ε−=

n
mm

j

Iii

n

j
jn

m

j
in

t
mn tI

n
tmI

n
mn

D
R

 (1.8) 

Given ,01 >α>  let 

{ { } }.1
~

:0inf ,,, α−≥λ<≥λ= Φα mnmn DPc  

Then, the test rejects the null hypothesis if .
~

,,, α≥ mnmn cD  

The two tests above are constructed by doing a minor variation of the 
tests in Arcones and Wang [3]. These normality tests are based on 
distribution functions as several normality tests do, like the normality 
test in Lilliefors [16]. There exists a large literature applying empirical 
processes to goodness-of-fit tests (see Stephens [25], del Barrio et al. [9] 
and del Barrio [8]). 

The asymptotic distribution of the previous test statistics is similar to 
that of the empirical distribution based on the residuals. Pierce and 
Kopecky [20] obtained the asymptotic distribution of the empirical 
distribution function based on the OLS residuals, when ( ...,,,1 2,ii xx =′  

),, pix  for each .1 ni ≤≤  Pierce and Kopecky [20] obtained that the 

estimation of regression parameters has no additional effect on the 
limiting distribution of the normality test based on empirical process. 
Loynes [17] considered the asymptotic properties of the empirical 
distribution function obtained from the residuals from a generalized 
regression model. White and Macdonald [27] argued that for several 
normality tests (such as the D’Agostino’s test) the convergence of the test 
using the OLS residuals is quite fast. However, Weisberg [26] noticed 
that the effect of the regressors design is significative for the Shapiro and 
Wilk test. Jure�ková et al. [15] and Sen et al. [23] considered the 
asymptotics of normality tests for the residuals of a linear regression 
model using the approach in Shapiro and Wilk. 

In view of the remarks above, the cutpoints of each of our tests are 
based on a distribution of a test statistic which depends on the regression 
design. In Section 2, we prove that the two presented tests are omnibus. 
The power of these tests tends to one for any alternative hypotheses as 
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the sample size goes to infinity. We also obtain the limit distribution of 
the test statistics under the null hypothesis. As expected, under certain 
conditions, this limit distribution does not depend on the regressors 
design. In Section 3, we present the outcome of several simulations. The 
cutpoints and the power of the tests for several regression design 
matrices and for sample sizes 8, 16, 20 and 24 are presented. Our results 
show that the test based on mnD ,  is competitive with usual common 

normality tests. However, the test mnD ,
~

 seems to behave badly. Section 4 

contains several results on the asymptotics of U-processes, which are of 
independent interest. We study the asymptotic normality of U-processes 
based on independent (not necessarily identically distributed) r.v.’s and 
kernels varying from occurrence to occurrence. Our results generalize to 
the case of U-processes the work in Pollard [21] and Arcones [1]. The 
proofs of the theorems are given in Section 5. 

We will use the usual multivariate notation. For example, given 

( ) ,...,,1
d

duuu R∈′=  ⋅




= ∑ =

21

1
2n

j juu  pI  denotes the pp ×  identity 

matrix. c will denote a constant which may vary from occurrence to 
occurrence. 

We also will denote expectation and sample means using the 
functional notation common in empirical processes. Suppose that 
( )µ,, SS  is a measure space and f is an integrable function, then we 

denote ( )fµ  by ( ) ( )∫ µ
S

xdxf .  Given ,Sx ∈  xδ  denotes the Dirac 

measure on ( )., SS  In particular, given a random sample ,...,,1 nXX  nP  

denotes the empirical measure and fPn  denotes ( )∑ =
− n

j jXfn
1

1 .  

Given measurable spaces ( ) ( ),,...,,, 11 mmSS SS  













∏ ∏
= =

m

j

m

j
jjS

1 1

, S  

denotes the product space endowed of the product σ-field. If jµ  is a 

measure on ( ),, jjS S  for each ,1 mj ≤≤  then mµ⊗⊗µ1  denotes the 

product measure on .,
1 1











∏ ∏
= =

m

j

m

j
jjS S  
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2. Asymptotic Results for the Tests 

In this section, we present several results regarding the asymptotics 

of the considered tests. We obtain results similar to the ones in Arcones 

and Wang [3]. We assume the following condition: 

(B) ,0sup ,
21

1
→−

≤≤
jnn

nj
xA  as .∞→n  

Next theorem shows that the first test is omnibus. 

Theorem 2.1. Assume that regressors design satisfies Conditions (A) 

and (B). Suppose that the errors { }∞=ε 1jj  form a sequence of i.i.d. r.v.’s with 

mean zero, variance 02 >σ  and continuous c.d.f. F. Then, for each ,1≥m  

( ) ,sup
1

211
, ttmPD

m

j
jF

t

P
mn Φ−













≤εσ→ ∑
=

−−

∈R
   as .∞→n  

Theorem 2.1 implies that ,0,, →αmnb  as .∞→n  Theorem 2.1 also 

implies that if the c.d.f. F of the sequence of errors does not have a 

normal distribution, then for each ,01 >α>  { } ,1,,, →≥ αmnmnF bDP  as 

.∞→n  

Condition (B) is a sort of necessary condition in Theorem 2.1. Suppose 

that 01,
1

1, >→′ − cxAx nnn  and ,0sup ,
21

2
→−

≤≤
jnn

nj
xA  then the proof of 

Theorem 2.1 gives that the residuals are approximately ,1ε−ε cj  and 

( ) ( ) ,sup
1

1
211

, ttcmPD
m

j
j

t

P
mn Φ−













≤ε−εσ→ ∑
=

−−

∈R
   as .∞→n  

Next, we consider the asymptotic null distribution of the first test. 

We assume the following condition: 

(C) ∑
=

−− →′
n

kj
knnjn xAxn

1,
,

1
,

1 1  as .∞→n  
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Suppose that for each ( )....,,,1,1 ,,2,,, pininin xxxni =′≤≤  Then 

∑
=

−− =′
n

kj
knnjn xAxn

1,
,

1
,

1 .1  

Observe that 

∑
=

−− ′
n

kj
knnjn xAxn

1,
,

1
,

1  

is the (1, 1)-element of the matrix 

∑
=

−−− =′′
n

kj
nknknnjnjn AnxxAxxn

1,

1
,,

1
,,

1 ,  

which is 1. Hence, if ( )piii xxx ,2, ...,,,1=′  for each ,1 ni ≤≤  then 

condition (C) holds. 

Theorem 2.2. Assume that the regressors design satisfies (A), (B) and 

(C). Suppose that { }∞=ε 1jj  is a sequence of i.i.d. r.v.’s from a normal 

distribution with mean zero and variance .02 >σ  Then, for each ,2≥m  

( ( ) [ ( )]) ,0,,sup
1

1121
,

21 P
n

j
jj

t
mn tgEtgnDn →εσ−εσ− ∑

=

−−−

∈R
 (2.1) 

where 

( ) (( ) ( )) ( ( ) ) ( ),121, 21212121 ttmtmmmtg φ−ε+ε+ε−−Φ=ε −−  

and φ is the pdf of a standard normal distribution. 

Consequently 

( ) ,sup,
21 tUDn

t

d
mn

R∈
→  

where ( ){ }R∈ttU :  is a Gaussian process with mean zero and covariance 

given by 
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( ) ( )[ ] ( ) ( )( ) ,,,,,,Cov 11 R∈= tstZgsZgtUsUE  

where 1Z  is a standard normal r.v. 

Without assuming conditions (B) and (C), we may have that 

mnDn ,
21  converges in distribution. But, the limit could be different from 

the one in the previous theorem. The proof of Theorem 2.2 gives that if 
(A) and (B) hold, but (C) does not, then 

( ( ) [ ( )])∑
=

−−−

∈
εσ−εσ−

n

j
jj

t
mn tgEtgnDn

1

1121
,

21 ,~,~sup
R

 

( ) ,0
1,

,
1

,
2121

Pn

kj
kjnnkn txAxnm →φε′+ ∑

=

−−  (2.2) 

where 

( ) (( ) ( )) ( ) ( ).121,~ 212121 tttmmmtg φ−ε+ε−−Φ=ε −−  

We have that 

∑ =
−− ε′

n

kj kjnnkn xAxnm
1, ,

1
,

2121  

and 

∑ =
− ε

n

k knm
1

2121  

are asymptotically equivalent if only if (C) holds. Notice that by (5.8) 

∑ ∑
= =

−−− ε−ε′
n

kj

n

k
kkjnnkn nmxAxnm

1, 1

2121
,

1
,

2121  

has a normal distribution with mean zero and variance 

∑∑
= =

−− ′σ−σ
n

k

n

j
jnnkn xAxnmm

1 1
,

1
,

122 .  

For the second proposed test, we have asymptotics similar to those of 
the first test: 
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Theorem 2.3. Assume that the regressors design satisfies (A) and (B). 

Suppose that the errors { }∞=ε 1jj  form a sequence of i.i.d. r.v.’s with mean 

zero, variance 02 >σ  and continuous c.d.f. F. Then, for each ,1≥m  

{ } ,sup
~

1
1

21
, tPtmPD F

m

j
jF

t

P
mn ≤ε−













≤ε→ ∑
=

−

∈R
 

as .∞→n  

As before Theorem 2.3 implies that ,0,, →αmnc  as .∞→n  It also 

implies that if the distribution of the sequence of errors is not normal, 
then for each { } ,1,01 ,,, →≥>α> αmnmnF cDP  as .∞→n  

Theorem 2.4. Assume that the regressors design satisfies (A), (B) and 

(C). Suppose that { }∞=ε 1jj  is a sequence of i.i.d. r.v.’s from a normal 

distribution with mean zero and variance .02 >σ  Then, for each ,1≥m  

( ( ) [ ( )]) ,0,,sup
~

1

1121
,

21 P
n

j
jj

t
mn thEthnDn →εσ−εσ− ∑

=

−−−

∈R
 

where 

( ) (( ) ( )) ( ) ( ) ( ).11, 212121 tmtItmmmth εφ−+≤ε−ε−−Φ=ε −  

Consequently, ( ) ,sup
~

,
21 sVDn s

d

mn R∈→  where ( ){ }R∈ssV :  is a 

mean zero Gaussian process with covariance given by 

( ) ( )[ ] ( ) ( )( ) .,,,,,Cov 11 R∈= tstZhsZhtVsVE  

3. Simulations 

In this section, we present simulations of the presented normality 
tests. Besides the presented tests, we consider the test in (L) Lilliefors 
[16], in (SW) Shapiro and Wilk [24], in (BJ) Bera and Jarque [5, 6] and in 
(BHEP) Baringhaus and Henze [4] and Epps and Pulley [12]. The SW 
and the BJ normality tests are the most often used in the literature in 
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Statistics and Econometrics, respectively. We include the L test, because 
the presented tests appear as a modification of this test. The BHEP test 
is a common test. 

We use different regressors designs to see how the power varies with 
the cutpoints. We only consider regressors design for the simple linear 

regression model. We assume that ( ) ,,1 2,,,
′= jnjn xx  where 

.12,, ≤jnx  Our regressors design follows the discussion on Sections 1.8 

and 1.9 in Draper and Smith [10]. 

We only consider the case .2=m  By the results in Arcones and 

Wang [3], there is no gain in using higher order m’s. 

First, we use ( ( ) ( )) ,121,1 1
,

′−−−= − njnx jn  for .1 nj ≤≤  This 

regressors design is used when we would like to check whether there 
exists a linear relation between the variables. 

The following tables show the values of α,2,nna  and α,2,nnb  for some 

values of n. The tables were obtained by doing 10000 simulations from a 
standard normal distribution. 

α,2,nnb  10.0=α  05.0=α  01.0=α  

8=n  0.1431317074 0.1621240463 0.2086544447 

12=n  0.1065845579 0.1237184782 0.1640259523 

16=n  0.08653575281 0.09999083749 0.13250019197 

20=n  0.07497237684 0.08700437101 0.11447884146 

24=n  0.06597126745 0.07531215271 0.09620995402 
 

α,2,nnc  10.0=α  05.0=α  01.0=α  

8=n  0.2678571429 0.2678571429 0.2857142857 

12=n  0.2045454545 0.2272727273 0.2575757576 

16=n  0.1791666667 0.1958333333 0.2250000000 

20=n  0.1578947368 0.1710526316 0.2000000000 

24=n  0.1449275362 0.1576086957 0.1811594203 
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The following table shows the power when 05.0=α  of the mentioned 

tests of normality. 

 L SW BJ BHEP 2,nD  2,
~

nD  

8=n  0.0892 0.0932 0.1080 0.1046 0.1266 0.0399 

12=n  0.1140 0.1404 0.1727 0.1496 0.1680 0.0293 

16=n  0.1478 0.1108 0.2414 0.1846 0.2265 0.0302 

20=n  0.1653 0.2209 0.2648 0.2262 0.2510 0.0306 

24=n  0.2192 0.2864 0.3282 0.2701 0.3136 0.0258 

  Alternative: double exponential distribution 
 

 L SW BJ BHEP 2,nD  2,
~

nD  

8=n  0.2601 0.2974 0.3295 0.3206 0.3619 0.0953 

12=n  0.4534 0.5688 0.6086 0.5704 0.6032 0.1263 

16=n  0.6563 0.5920 0.7525 0.7286 0.7544 0.2007 

20=n  0.7507 0.8316 0.8377 0.8287 0.8447 0.2750 

24=n  0.8465 0.8947 0.8956 0.8842 0.9103 0.3111 

  Alternative: Cauchy distribution 
 

 L SW BJ BHEP 2,nD  2,
~

nD  

8=n  0.0973 0.1064 0.1228 0.1156 0.1385 0.0460 

12=n  0.1322 0.1806 0.2141 0.1917 0.1988 0.0269 

16=n  0.1857 0.1616 0.3043 0.2522 0.2777 0.0371 

20=n  0.2113 0.3023 0.3621 0.2936 0.3239 0.0383 

24=n  0.2665 0.3731 0.4259 0.3450 0.3886 0.0374 

 Alternative: Student’s t-distribution with three degrees of freedom 

 
 L SW BJ BHEP 2,nD  2,

~
nD  

8=n  0.0635 0.0599 0.0621 0.0646 0.0780 0.0427 

12=n  0.0612 0.0738 0.0829 0.0727 0.0823 0.0357 

16=n  0.0676 0.0612 0.1086 0.0852 0.0976 0.0439 

20=n  0.0673 0.0887 0.1096 0.0815 0.1008 0.0384 

24=n  0.0814 0.1123 0.1339 0.0937 0.1140 0.0368 

 Alternative: Student’s t-distribution with ten degrees of freedom 
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The following tables show the values of α,2,nnb  and α,2,nnc  for the 

regressors design ( ( ) ) ,1,1,
′−= j

jnx  for .1 nj ≤≤  This regressors design 

is used when we would like to estimate β with the best accuracy possible 
(assuming that a linear relation between the variables holds). 

α,2,nnb  10.0=α  05.0=α  01.0=α  

8=n  0.1386297968 0.1568467964 0.1936227425 

12=n  0.1050275466 0.1220525521 0.1589839848 

16=n  0.08652461426 0.10099724885 0.13081039783 

20=n  0.07504055901 0.08644431446 0.11339672468 

24=n  0.06596753173 0.07637168722 0.09794838675 

 

α,2,nnc  10.0=α  05.0=α  01.0=α  

8=n  0.2678571429 0.2857142857 0.2857142857 

12=n  0.2045454545 0.2272727273 0.2500000000 

16=n  0.1791666667 0.1958333333 0.2250000000 

20=n  0.1578947368 0.1710526316 0.200000000 

24=n  0.1449275362 0.1576086957 0.1811594203 

The following table shows the power when 05.0=α  of the mentioned 

tests of normality for the second regressors design. 

 L SW BJ BHEP 2,nD  
2,

~
nD  

8=n  0.0752 0.0788 0.1143 0.0871 0.1221 0.0385 

12=n  0.1162 0.1383 0.1670 0.1497 0.1642 0.0257 

16=n  0.1454 0.0983 0.2383 0.1840 0.2166 0.0301 

20=n  0.1765 0.2233 0.2653 0.2332 0.2554 0.0312 

24=n  0.2017 0.2596 0.3204 0.2570 0.2948 0.0264 

  Alternative: double exponential distribution 
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 L SW BJ BHEP 2,nD  
2,

~
nD  

8=n  0.2017 0.3426 0.4287 0.3576 0.4323 0.0417 
12=n  0.4914 0.5822 0.6116 0.5837 0.6212 0.1207 
16=n  0.6547 0.5780 0.7578 0.7395 0.7484 0.2498 
20=n  0.7629 0.8209 0.8356 0.8264 0.8481 0.3417 
24=n  0.8467 0.8934 0.8939 0.8902 0.8988 0.4038 

  Alternative: Cauchy distribution 
 

 L SW BJ BHEP 2,nD  2,
~

nD  

8=n  0.0822 0.0854 0.1356 0.1068 0.1416 0.0412 

12=n  0.1373 0.1850 0.2265 0.1867 0.2107 0.0297 

16=n  0.1761 0.1543 0.3075 0.2534 0.2674 0.0350 

20=n  0.2169 0.3006 0.3470 0.2999 0.3192 0.0390 

24=n  0.2525 0.3581 0.4211 0.3475 0.3772 0.1080 

 Alternative: Student’s t-distribution with three degrees of freedom 

 
 L SW BJ BHEP 2,nD  2,

~
nD  

8=n  0.0543 0.0597 0.0664 0.0611 0.0864 0.0503 

12=n  0.0602 0.0714 0.0823 0.0731 0.0845 0.0386 

16=n  0.0698 0.0570 0.1108 0.0791 0.0841 0.0392 

20=n  0.0710 0.0900 0.1023 0.0900 0.0991 0.0386 

24=n  0.0741 0.1009 0.1220 0.0906 0.1064 0.0387 

 Alternative: Student’s t-distribution with ten degrees of freedom 

The following tables show the values of α,2,nnb  and α,2,nnc  for the 

regressors design ( ( )( ) ( )( )) ,3412134,1 1
,

′−−−= − njnx jn  for ( ) ;431 nj ≤≤  

( ( ) ) ,1,1,
′−= j

jnx  for ( ) .143 njn ≤≤+  

α,2,nnb  10.0=α  05.0=α  01.0=α  

8=n   0.1391902200 0.1581479131 0.2032428016 

12=n  0.1067211036 0.1242696687 0.1626261962 

16=n  0.08794126414 0.10146586222 0.13323187698 

20=n  0.07506775110 0.08789944333 0.11266438443 

24=n  0.06637517220 0.07669306853 0.10063409877 
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α,2,nnc  10.0=α  05.0=α  01.0=α  

8=n  0.2678571429 0.2678571429 0.2857142857 

12=n  0.2121212121 0.2272727273 0.2575757576 

16=n  0.1791666667 0.1958333333 0.2208333333 

20=n  0.1578947368 0.1710526316 0.1973684211 

24=n  0.1449275362 0.1576086957 0.1811594203 

The following table shows the power when 05.0=α  of the mentioned 

tests of normality for the third regressors design. 

 L SW BJ BHEP 2,nD  2,
~

nD  

8=n  0.0766 0.0796 0.1081 0.0981 0.1281 0.0378 

12=n  0.1125 0.1358 0.1779 0.1436 0.1613 0.0302 

16=n  0.1453 0.1067 0.2363 0.1868 0.2190 0.0364 

20=n  0.1695 0.2412 0.2740 0.2200 0.2535 0.0287 

24=n  0.2131 0.2680 0.3237 0.2609 0.2973 0.0277 

  Alternative: double exponential distribution 
 

 L SW BJ BHEP 2,nD  2,
~

nD  

8=n  0.2341 0.2473 0.3678 0.2579 0.3239 0.0816 

12=n  0.4809 0.5670 0.6118 0.5670 0.6009 0.1109 

16=n  0.6418 0.5920 0.7479 0.7227 0.7478 0.1833 

20=n  0.7619 0.8278 0.8329 0.8279 0.8397 0.2524 

24=n  0.8416 0.8920 0.8982 0.8901 0.9035 0.3194 

  Alternative: Cauchy distribution 

 
 L SW BJ BHEP 2,nD  2,

~
nD  

8=n  0.0836 0.0901 0.1182 0.1029 0.1347 0.0433 

12=n  0.1389 0.1839 0.2253 0.1832 0.2017 0.0316 

16=n  0.1768 0.1498 0.3022 0.2450 0.2764 0.0415 

20=n  0.2154 0.3027 0.3590 0.2973 0.3172 0.0408 

24=n  0.2636 0.3580 0.4229 0.3513 0.3772 0.0404 

 Alternative: Student’s t-distribution with three degrees of freedom 
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 L SW BJ BHEP 2,nD  2,
~

nD  

8=n  0.0518 0.0563 0.0666 0.0584 0.0933 0.0457 

12=n  0.0634 0.0698 0.0875 0.0661 0.0821 0.0382 

16=n  0.0657 0.1498 0.1007 0.0809 0.0859 0.0397 

20=n  0.0672 0.0910 0.1148 0.0924 0.0954 0.0389 

24=n  0.0700 0.0996 0.1333 0.0938 0.0994 0.0359 

 Alternative: Student’s t-distribution with ten degrees of freedom 

Previous simulations show that the test based on 2,nD  is competitive 

with the other tests. However, the test based on 2,
~

nD  is a bad test. It 

seems that the BJ test is the best test overall. The test based on 2,nD  is 

the second best. The ranking of tests does not change with the regressors 

design. However, the power does. The power of the tests is slightly 

smaller for the second regressor design than for the first one. The third 

regressor design is a combination of the first and the second ones. Not 

surprisingly, the power of the tests for the third regressor design is 

between that of the first two regressor designs. 

4. Several Results on Limit Theorems for U-processes 

In order to obtain the asymptotic null distribution of the test 

statistics mnD ,  and mnD ,
~  we present several results on the central limit 

theorem for U-processes over a sequence of independent (not necessarily 

identically distributed) r.v.’s and over kernels varying from occurrence to 

occurrence. General references on U-processes are Arcones and Giné [2] 

and de la Peña and Giné [7]. 

Given r.v.’s nXX ...,,1  with values in a measurable space ( )S,S  and 

a measurable function ( ) ,,: R→mmSh S  the U-statistic with kernel h 

is defined by 

( ) ( ) ( )
( )
∑

∈

−=
n
mm

m

Iii

iimn XXh
n

mn
hU

...,,

,

1

1
....,,

!
!

:  
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We extend this definition by allowing the function h to vary from 
occurrence to occurrence. We present the following theorem: 

Theorem 4.1. Let { }1:...,, ,1, ≥nXX nnn  be a triangular array of 

row-wise independent r.v.’s with values in a measurable space ( )., SS  Let 

( ) ( )( )RR BS ,,:...,,, 1
→mm

iin Sh
m

 be a measurable function for each 

( ) ....,,1
n
mm Iii ∈  Suppose that the following conditions are satisfied: 

(i) There exists a sequence { }∞=δ 1nn  of positive numbers converging to 

zero such that for each 1≥n  and each ( ) ,...,,1
n
mm Iii ∈  

( ) nininiin nXXh
mm

δ≤,,...,,, ...,,
11

   a.s. 

(ii) ( ) ,Var 2 ∞<σ→nU  where 

( ( ) [ ( )])
( )
∑

∈

−=
n
mm

mmmm

Iii

ininiinininiinn XXhEXXhU

...,,

,,...,,,,,...,,,

1

1111
....,,...,,:  

Then, ( )2,0 σ→ NU
d

n  as .∞→n  

Next, we present a limit theorem for U-processes over a triangular 
array of row-wise independent r.v.’s satisfying a VC-like condition. 

Let ( )dT ,  be a metric space. Given ,TK ⊂  the packing number of K 

is defined as 

( ) { ,...,, are there:1max:, 1 KttmKuD m ∈≥=  

( ) } .0,for ,, that such >≠> uttuttd jiji  

The covering number of K is defined as 

( ) { ,...,, are there:1min:, 1 TttmKuN m ∈≥=  

( )} ,0,, that such
m

1j
>⊂

=
uutBK j∪  

where ( ) { ( ) }.,:, uttdTtutB jj ≤∈=  It is easy to see that for each 

,0>u  
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 ( ) ( ) ( ).,2,, 1 KuNKuDKuN −≤≤  (4.1) 

We will use the previous definitions, when nT R=  and d is the 

Euclidean distance. By Theorem II.3.1 in Marcus and Pisier [18] (see also 

Pollard [21, Theorem 3.5]), 

( ( ) ( ) ) ( )( )∫∑ ≤













−

=∈

Dn

j

jj
j

Kv
duKuDvvRE

0

21

1
0 ,,log9sup  (4.2) 

for any nK R⊂  and any ,0 Kv ∈  where { }n
jjR 1=  is a sequence of 

Rademacher r.v.’s, ( ( ) ( ) )nvvv ...,,1=′  and .sup: 0vvD Kv −= ∈  

We consider triangular arrays of functions satisfying the following 

condition: 

Definition 4.1. Let { }1:...,, ,1, ≥nXX nnn  be a triangular array of 

row-wise independent r.v.’s with values in a measurable space ( )., SS  

Suppose that for each ,mn ≥  each ( ) n
mm Iii ∈...,,1  and each ,Tt ∈  we 

have a measurable function ( ) ( ) ( )( ),,,:,...,,, 1
RR BS →⋅ mm

iin Sth
m

 where 

T is an index set. We say that the triangular array of U-processes 

{ ( ) ( ) }TtIiintXXh n
mmininiin mm

∈∈≤ ,...,,,1:,...,, 1,,...,,, 11
 

is manageable with respect to the envelope r.v.’s 

{ ( ) ( ) },...,,,1:...,, 1,,...,,, 11
n
mmininiin IiinXXH

mm
∈≤  

where ( ) ( )( )RR BS ,,:...,,, 1
→mm

iin SH
m

 is a measurable function if: 

(i) 

( ) ( )
mmmm ininiinininiin

Tt
XXHtXXh ,,...,,,,,...,,, ...,,,...,,sup

1111
≤

∈
 a.s. 

(ii) The function ( ),uM  defined on ( ]212,0  by 
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( )uM  

( ( ))
( )

( ) ,...,,,...,,sup: 1

21

...,,

2
...,,,

...,,,1
1

11
1 































= ∑

∈
∈≥

nn

Iit

iiiin
Sxxn

xxxxHuD
n
mm

mm
n

G  

satisfies that 

( )( )∫ ∞<
212

0

21 ,log duuM  

where 

( ) {( ( ))( ) n
mmmm Iiiiiiinnn txxhxx ∈= ...,,...,,,1 111

,...,,:...,,G  

( ) }.:!! Ttmnn ∈∈ −R  

Notice that in condition (ii) in Definition 4.1 ( )( ),...,,, 1 nn xxtD G  

,0>t  denotes the packing number of ( )nn xx ...,,1G  when the Euclidean 

distance of ( )!! mnn −R  is used. 

The last definition is an extension to the U-processes case of 
Definition 7.9 in Pollard [21]. Definition 7.9 in Pollard [21] generalizes to 
the triangular array case of the concept of VC subgraph classes, which 
has been studied by several authors (see for example Dudley [11]). 

Next, we present an analogous of (4.2) for our situation. Notice that 

(4.2) uses the entropy with respect to the 2L  of corresponding 

Rademacher process. In our case, by the Cauchy-Schwartz inequality, for 

each Tts ∈,  and each Sxx n ∈...,,1  

( ( ) ( ))
( ) 
















−∑
∈

2

...,,

...,,,...,,,
21

1

11111
,...,,,...,,

n
mm

mmmm

Iii

iiiiniiiini txxhsxxhRnE  

( ( ) ( ))
( ) ( )

2

1 ...,,:...,,

...,,,...,,,

1 12

1111
,...,,,...,,∑ ∑

= ∈ 














−=

n

i Iiiii

iiiiniiiin
n
mmm

mmmm
txxhsxxhn  
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( ( )
( ) ( )

∑ ∑
= ∈

≤
n

i Iiiii

iiiin
n
mmm

mm
sxxhn

1 ...,,:...,,

...,,,

1 12

11
,...,,  

( )) ( )!
!,...,, 2

...,,, 11 mnn
ntxxh

mm iiiin −
−  

( ) ( ( ) ( ))
( )
∑

∈

−
−

=
n
mm

mmmm

Iii

iiiiniiiin txxhsxxh
mn

n

...,,

2
...,,,...,,,

1

1111
.,...,,,...,,

!
!  (4.3) 

Hence, for a sequence of Rademacher r.v.’s { } ,1
∞
=jjR  for each 

Sxx n ∈...,,1  and each ,0 Tt ∈  

( ( ) ( ))
( ) 















−∑

∈
∈ n

mm

mmmm

Iii

iiiiniiiini
Tt

txxhtxxhREn

...,,

0...,,,...,,,
21

1

11111
,...,,,...,,sup  

( ( )( ) ( ))
( )( )

∫
−

−≤
nDmnn

nn duxxunmnD
21!!

0

21
1

21 ...,,,!!log9 G  

( ) ( )( )( )∫







−
≤

nD

nn duxxuD
mn

n
0

21
1

21
,...,,,log

!
!9 G  (4.4) 

where 

( ( ) ( ))
( )
∑

∈
∈

−=
n
mm

mmmm

Iii

iiiiniiiin
Tt

n txxhtxxhD

...,,

2
0...,,,...,,,

2

1

1111
.,...,,,...,,sup  

Theorem 4.2. Under the notation on Definition 4.1, suppose that for 

each ,Tt ∈  there exists a measurable function ( ) ( )mm
iin Stf
m

S,:,...,,, 1
⋅  

( )( )RR B,→  such that: 

(i) For each Sxx n ∈...,,1  and each ( ) ,...,,1
n
mm Iii ∈  

( ) ( ( ) ).0,...,,,...,,
1111 ...,,,...,,, ≥= txxfItxxh

mmmm iiiiniiiin  

(ii) For each ,...,,1 Sxx n ∈  

{( ( ))( )
( ) }Tttxxf mnn

Iiiiiiin n
mmmm

∈∈ −
∈ :,...,, !!

...,,...,,, 111
R  

lies in a subspace of dimension d of ( ) .!! mnn −R  
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Then, the triangular array of U-processes 

{ ( ) ( ) }TtIiintXXh n
mmininiin mm

∈∈≤ ,...,,,1:,...,, 1,,...,,, 11
 

is manageable with respect to the envelope r.v.’s 

{ ( ) ( ) },...,,,1:...,, 1,,...,,, 11
n
mmininiin IiinXXH

mm
∈≤  

where .1...,,, 1
≡

miinH  

The previous theorem follows from Lemma 4.4 and Corollary 4.10 in 
Pollard [21]. 

Theorem 4.3. With the above notation, suppose that: 

(i) The conditions in Definition 4.1 hold. 

(ii) There exists a finite constant a such that for each ( ) ,...,,1
n
mm Iii ∈  

( ) aXXH
mm ininiin ≤,,...,,, ...,,

11
   a.s. 

(iii) For each ,0>δ  there are a positive number 0n  and TT →π :  

such that ( ) ,# ∞<π T  ( )( ) ( ),tt π=ππ  for each ,Tt ∈  and for each 0nn ≥  

and each ,Tt ∈  

( ) [( ( )
( )
∑

∈

−

n
mm

mm

Iii

ininiin tXXhE
n

mn

...,,

,,...,,,

1

11
,...,,

!
!

 

( ( ))) ] .,...,, 22
,,...,,, 11

δ≤π− tXXh
mm ininiin  

(iv) For each permutation σ of { },...,,1 m  each ( ) ,...,,1
n
mm Iii ∈  each 

,...,,1 Sxx m ∈  and each ,Tt ∈  

( ) ( ) ( ) ( ( ) ( ) ).,...,,,...,, 1...,,,1...,,, 11
txxhtxxh miinmiin mm σσσσ=  

(v) For each ,, Tts ∈  

( ) ( )( )tUsUn nnn
,Covlim

∞→
 

exists, where 
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( ) ( ) ( )
( )
∑

∈

−=
n
mm

mm

Iii

ininiinn XXh
n

mn
tU

...,,

,,...,,,

1

11
....,,

!
!

:  

Then 

{ ( ) ( )[ ]( ) } ( ){ },::21 TttZTttUEtUn
w

nn ∈→∈−  

where ( ){ }TttZ ∈:  is a Gaussian process with mean zero and 

covariance, 

( ) ( )( ) ( ) ( )( ) .,,,Covlim,Cov TtstUsUntZsZ nnn
∈=

∞→
 

Theorem 4.4. Let { }∞=1jjX  be a sequence of i.i.d. r.v.’s. Let p be a 

positive integer. Let RR →mh :  be a measurable function. Let 

RR →m
iikn m

f :...,,,, 1
 be a measurable function for each ( ) n

mm Iii ∈...,,1  

and each integer .1 dk ≤≤  Let 

( )tbUn ,  

( ) ( )
( )∑ ∈ 







−= n
mm

mIii ii XXhI
n

mn
...,,1

1
...,,

!
!

 

( ) ( )


−




≤+∑ = mmm ii

p

k kiiiikn XXhPtbXXf ...,,...,,
1111 ...,,,,  

( ) ,...,,
1 ...,,,, 11 







≤+∑ =

p

k kiiiikn tbXXf
mm

 

where ( ) .,...,,1 RR ∈∈′= tbbb p
p  Suppose that: 

  (i) The function ( ){ } ,,...,,1 R∈≤ ttXXhP m  is continuous. 

 (ii) There exists a sequence of positive numbers { }∞=δ 1nn  converging to 

zero such that for each 1≥n  and each ( ) n
mm Iii ∈...,,1  

( ) ,...,,1...,,,, 1 nmiikn XXf
m

δ≤    a.s. 
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(iii) For each permutation σ of { }m...,,1  and each ,...,,1 R∈mxx  

( ) ( ( ) ( ) )....,,...,, 11 mm xxhxxh σσ=  

(iv) For each permutation σ of { },...,,1 m  each ( ) ,...,,1
n
mm Iii ∈  each 

,...,,1 Sxx m ∈  each ,1 dk ≤≤  and each ,Tt ∈  

( ) ( ) ( ) ( ( ) ( ) ).,...,,,...,, 1...,,,,1...,,,, 11
txxftxxf miiknmiikn mm σσσσ=  

Then, for each ,0 ∞<< M  

{ ( ) ( )[ ]( ) }RR ∈≤∈− tMbbtbUEtbUn d
nn ,,:,,21  

converges weakly to a mean zero Gaussian process { ( ) btbZ :,  

}R∈≤ tM ,  with covariance given by 

( ) ( )( ) ( ) ( )( )tbUsbUntdZsbZ nnn
,,,Covlim,,,Cov

∞→
=  

( ) ( )( ),,,,Cov 11 tXsX φφ=  

for each ,,,,,, Mdbdbts p ≤∈∈ RR  where 

( ) { ( ) }∑
=

+− ≤=φ
m

j
mjj tXXxXXhPtx

1
111 ....,,,,...,,,  

5. Proofs 

Proof of Theorem 2.1. By (1.3) 

( )

( )
∑ ∑

∈ =

−−













≤εσ−

n
mm

j

Iii

m

j
in tmI

n
mn

...,, 1

211

1

ˆˆ
!

!
 

( ) ( )
( )
∑ ∑ ∑

∈ = =

−













σ+′β−β≤ε−=

n
mm

jj

Iii

m

j

m

j
ninnnni mtxAAI

n
mn

...,, 1 1

21
,

2121

1

.ˆˆ
!

!
 

 (5.1) 

First, we prove that for each ,0 ∞<< M  
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( ) ( )
( )

,0
!

!
supsup

..

...,, 1 1
,

21

1

sa

Iii

m

j

m

j
inni

tMb n
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jj
tHtxAbI

n
mn →−














+′≤ε− ∑ ∑ ∑

∈ = =

−

∈≤ R
 

 (5.2) 

where 

( ) .,
1

R∈






 ≤ε= ∑ =

ttPtH
m

j j  

Since the c.d.f. of 1ε  is continuous, so is H. Hence, H is uniformly 

continuous and for each 0>ε  there exists 0>δ  such that if ,δ≤− ts  

then ( ) ( ) .ε<− tHsH  By condition (B), there exists a positive integer 

0n  such that if ,0nn ≥  then .max ,
21

1 δ≤−
≤≤ jnnnj xAmM  If ,0nn ≥  

then we have 

( ) ( )
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supsupsup  
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where 

( ) ( )
( )∑ ∑∈ =

∈





 ≤ε−= n

mm
jIii

m

j in ttI
n

mn
tH

...,, 11
.,

!
!

: R  

Hence 

( ) ( )
( )
∑ ∑ ∑

∈ = =

−

∈≤
−














+′≤ε−

n
mm

j

Iii

m

j

m

j
jnni

tMb
tHtxAbI

n
mn

...,, 1 1
,

21

1

!
!

supsup
R

 

( ) ( ) .sup ε+−≤
∈

tHtHn
t R

 

By the strong law of the large numbers for U-processes, 

( ) ( ) .0sup
a.s.→−

∈
tHtHn

t R
 

Hence, with probability one 

( ) ( )
( )
∑ ∑ ∑

∈ = =

−

∈≤∞→
−













+′≤ε−

n
mm

j

Iii

m

j

m

j
jnni

tMbn
tHtxAbI

n
mn

...,, 1 1
,

21

1

!
!

supsupsuplim
R

 

ε≤  a.s. 

Since 0>ε  is arbitrary, (5.2) follows. 

By (1.2) 

( ) ∑ =
−ε=β−β

n

j jnnjnn xAA
1 ,

2121 ,ˆ  

[ ( )] [ ]∑ =
− =ε=β−β

n

j jnnnn xAEAE
1 ,

21
1

21 ,0ˆ  

( ( )) .ˆVar 221
pnn IA σ=β−β  

Hence 

( ) ( ).1ˆ21
pnn OA =β−β  (5.3) 

Plugging ( )β−βnnA ˆ21  into b and tm nσ̂
21  into t in (5.2) and using (5.1) 

and (5.3), we get that 
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( ) ( )
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sup
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j
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∈ =
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 (5.4) 

By (1.3) 
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−
=σ

n

j jnnjn x
pn 1

2
,

2 ˆ1ˆ  

( )∑ ∑= =
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j

n

j jnnjj x
pnpn 1 1 ,

2 ˆ21  

(( ) )∑ =
′β−β

−
+

n

j jnn x
pn 1

2
, .ˆ1  

By the law of the large numbers 

( )∑
=

ε→ε
−

n

j
jpn

1
1

.a.s
2 .Var1  

By (1.2) 

( ) ( ) ( )∑
=

β−β′β−β
−

=′β−βε
−

n

j
nnnjnnj A

pn
x

pn
1

, .ˆˆ1ˆ1  

By the definition of nA  

(( ) ) ( ) ( )∑∑
==

β−β′′β−β
−

=′β−β
−

n

j
njnjnn

n

j
jnn xx

pn
x

pn
1

,,
1

2
,

ˆˆ1ˆ1  

( ) ( ).ˆˆ1 β−β′β−β
−

= nnn A
pn

 

Hence, by (5.3) 

( ) (( ) )∑∑
==

′β−β
−

+′β−βε
−

−
n

j
jnn

n

j
jnnj x

pn
x

pn
1

2
,

1
,

ˆ1ˆ2  

( ) ( ) ( ).1ˆˆ1
Pnnn oA

pn
=β−β′β−β

−
−=  
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Therefore 

[ ].ˆ 2
1

2 ε→σ E
P

n  (5.5) 

Using (5.5) and the uniformly continuity of H 

( ) ( ) .0ˆsup 2121
P

n
t

tmHtmH →σ−σ
∈R

 

Therefore, the claim follows. 

Lemma 5.1. Let { }∞=ε 1jj  be a sequence of i.i.d. r.v.’s from a normal 

distribution with mean zero and variance .02 >σ  Assume that conditions 

(A) and (B) hold. Let 

( )TbUn ,  

( )
( )∑ ∑ ∑∈ = =

−









 +′≤ε−= n

mm
jjIii

m

j

m

j inni tmxAbI
n

mn
n

..., 1 1
21

,
2121

1!
!

:  

,
1

1
,

21121 








 σ+′σΦ− ∑ =

−−−− m

j inn txAbm
j

 

where pb R∈  and .R∈t  Then, for each ,0 ∞<< M  

{ ( ) }RR ∈≤∈ tMbbtbU p
n ,,:,  

converges weakly to a mean zero Gaussian process { ( ) bbtbW p ,:, R∈  

}R∈≤ tM ,  with covariance given by 

( ) ( )[ ] ( (( ) ( )),1,, 1
21121

21 ε−σ−Φ= −− smmmCovtbWsbWE  

(( ) ( ))),1 1
21121 ε−σ−Φ −− tmmm  

for each .,,, 21 R∈≤ tsMbb  

Proof. The lemma follows directly from Theorem 4.4. 

Lemma 5.2. Under the notation and conditions in the previous 

lemma, for each ,0 ∞<< M  
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( ) ( ) .0,0,supsup 21 P
nn

tMb
tUstntbU

Ms

→−+ −

∈≤
≤

R
 

Proof. By Theorem 3.7.2 in Dudley [11] for each ,0>τ  

{
( ) ( )( )

( ) ( ) } ,0,,supsuplimlim 21
,,,0 11

=τ≥−
δ≤∞→→δ

tbUsbUP nn
tbsbdn

 

where 

( ) ( )( )tbsbd ,,, 21
2  

( (( ) ( )) (( ) ( )))1
21121

1
21121 11Var: ε−σ−Φ−ε−σ−Φ= −−−− tmmmsmmm  

[ (( ) ( )) (( ) ( )) ]2
1

21121
1

21121 11
1

ε−σ−Φ−ε−σ−Φ≤ −−−−
ε tmmmsmmmE  
































 ≤ε−






 ≤ε≤ ∑∑ ==εεε

2

1
21

1
21

...,,
2

11

m

j j
m

j j tmIsmIEEm
n  


























 ≤ε−






 ≤ε≤ ∑∑ ==

2

1
21

1
212 m

j j
m

j j tmIsmIEm  

( ) ( ) .112 tsm −− σΦ−σΦ=  

Hence 

(( ) ( ))tstntbd
tMb

Ms

,0,,supsup 212 −

∈≤
+

≤
R

 

( ( )) ( ) ,0supsup 1211 →σΦ−+σΦ≤ −−−

∈≤
tstnt

tMs R
 

as .∞→n  Hence, the claim follows. 

Lemma 5.3. There exists a universal constant c such that for each 
22−≤s  and each ,1≤h  

 ( ) ( ) ( ) ( ) ( ).sup 22 hscthstthstt
t

+≤φ+−Φ−++Φ
∈R

 (5.6) 
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Proof. By Taylor theorem, for each ,, R∈ts  

( ) ( ) ( ) ( ) ( ) ( )∫ φ′−=φ−−Φ−Φ
s

t
duuusttsts  

( ) ( )∫
−

+φ′−−=
ts

dutuuts
0

 

( ) ( ){ }.:sup2 21 tsuutts −≤+φ′−≤ −  

Hence, for each 22, −≤∈ st R  and ,1≤h  

( ) ( ) ( ) ( )thstthstt φ+−Φ−++Φ  

( ) ( ){ }.:sup2 21 hstuuthst +≤+φ′+≤ −  

If ,2≤t  then 

( ) ( ){ }hstuuthst +≤+φ′+− :sup2 21  

( ) ( ) ( ) ( ) .sup4sup 0
22222 xhsxhts xx φ′+≤φ′+≤ ≥∈R  

If ,hst ≤  then 

( ) ( ){ }hstuuthst +≤+φ′+− :sup2 21  

( ) ( ) ( ) .sup2sup 0
2222 xhxhts xx φ′≤φ′+≤ ≥∈R  

If 2>t  and ,hst >  then 

( ) ,22 2222221 tshtshst ≤+≤+−  

tsthsthst 122 −≤≤+≤+  

and 

.12 1 ≥≥+−≥−≥+ − thsttutut  

φ′  is an odd function and it is negative and increasing in ( ).,1 ∞  Hence 

( ){ } ( ) .2:sup 1 thstuut −φ′≤+≤+φ′  

Therefore, if 2>t  and ,hst >  then 
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( ) ( ){ } ( )ttshstuuthst 12221 22:sup2 −− φ′≤+≤+φ′+  

( ) .sup8 2
0

2 xxs x φ′≤ ≥  

The claim follows from the previous estimations. 

Lemma 5.4. For each ,0 ∞<< M  

( )
( )∑ ∈∈

≤
≤

−
n
mm Iiit

Ms
Mb n

mnn
...,,

21

1!
!supsup R  

( ( ) ( ))∑ =
−−−−−−− σΦ−σ+σ+σΦ×

m

j inn ttstnxbAm
j1

11121
,

21121  

( ) ,01
1

1
,

2112121 →σφ





 σ+′σ− −

=
−−−− ∑ tstxAbmn

n

j jnn    as .∞→n  

Proof. By Lemma 5.3, for n large enough, 

( )

( )
∑

∈
∈≤

−

≤
n
mmMs Iii

tMb n
mn

n

...,,

21

1

!
!

supsup
R

 

( )













σΦ−














σ+σ+′σΦ× −

=

−−−−−− ∑ ttstnxAbm
m

j
inn j

1

1

1121
,

21121  

( )

( )

( )tstxAbm
n

mn
n

n
mm

j

Iii

m

j
inn

1

...,, 1

1
,

2112121

1

!
! −

∈ =

−−−− σφ















σ+′σ−− ∑ ∑  

( )

( )
∑ ∑

∈

−−

=

−−−

≤ 














σ+′σ−≤

≤
n
mm

j

Ms Iii

m

j
inn

Mb
snxAbm

n
mn

nc

...,,

221
2

1
,

2112121

1

!
!

sup  

( ) ( )
( )
∑ ∑

∈ =

−

≤

− ′−+≤
n
mm

j

Iii

m

j
inn

Mb
xAb

n
mn

nccn

...,, 1

2
,

212121

1

!
!

sup  

∑
=

−−−−

≤

− =′′+=
n

j
njnjnn

Mb
cnbAxxAbnccn

1

2121
,,

212121 .sup  
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We also have that 

( )

( )
∑ ∑

∈ =

−−− ′σ−

n
mm

j

Iii

m

j
inn xAbm

n
mn

n

...,, 1
,

2112121

1

!
!

 

∑
=

−−− ′σ=
n

j
jnn xAbmn

1
,

2112121 .  

Proof of Theorem 2.2. By Lemmas 5.2 and 5.4, for each ,0 ∞<< M  

( )
( )∑ ∈∈≤

−

≤
n
mmiMs

IiitMb n
mn

n
...,,

21
!

!
supsup R  











 ++≤ε× ∑ ∑= =

−−m

j

m

j inni stmntmxbAI
jj1 1

212121
,

21  










 ≤ε− ∑ =

m

j i tmI
j1

21  

( ) .01
1

1
,

2112121 Pn

j jnn tstxAbmn →σφ





 σ+′σ− −

=
−−−− ∑  

Plugging ( )β−βnnA ˆ21  into ( )σ−σσ− nnb ˆ, 211  into s and σt into t in the 

previous expression, we get 

( )

( )
∑ ∑∑

∈ =

−−

=

−−

∈ 


























≤εσ−














≤εσ−

n
mm

jj

Iii

m

j
i

m

j
in

t
tmItmI

n
mn

n

...,, 1

211

1

21121

1

ˆˆ
!

!
sup

R
 

( ) ( ) ( ) .0ˆˆ

1

21
,

12121 P
n

j
njnn ttnxmn →φ














σ−σ+′β−βσ− ∑

=

−−  (5.7) 

By (1.2) 

( )∑ ∑
= =

−−− ε′=′β−β
n

j

n

kj
kjnnknjnn xAxnxn

1 1,
,

1
,

21
,

21 .ˆ  

We have 
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 ε−ε′∑ ∑= =

−−− n

kj

n

k kkjnnkn nxAxn
1, 1

21
,

1
,

21Var  

∑ ∑= =
−− 






 −′σ=

n

k

n

j jnnkn xAxn
1

2

1 ,
1

,
12 1  

∑ ∑= =
−− 






 ′σ=

n

k

n

j jnnkn xAxn
1

2

1 ,
1

,
12  

∑ ∑= =
−− σ+′σ−

n

k

n

j jnnkn xAxn
1 1

2
,

1
,

122  

∑ ∑ ∑= = =
−−− ′′σ=

n

k

n

j

n

l lnnknknnjn xAxxAxn
1 1 1 ,

1
,,

1
,

12  

∑ ∑= =
−− σ+′σ−

n

k

n

j jnnkn xAxn
1 1

2
,

1
,

122  

∑ ∑= =
−− →′σ−σ=

n

k

n

j jnnkn xAxn
1 1 ,

1
,

122 ,0  (5.8) 

using condition (C). Hence 

( )∑ ∑
= =

−−− =ε−ε′
n

kj

n

k
Pkkjnnkn onxAxn

1, 1

21
,

1
,

21 .1  (5.9) 

By a computation in the proof of Theorem 2.1, 

( ) ( ) ( )∑ =
=β−β′β−β−=ε−σ− n

j Pnnnjn oA
nnn

pn
1

22 .1ˆˆ11ˆ  

We have 

( ) ( ) ( )221211211 ˆˆˆ σ−σσ−σσ=σ−σσ −−−
nnn nn  

( ) ( ( ) ).ˆˆˆ 212211211
nnn pnpnnn σ+σ−σ−σ+σσ= −−−−  

Hence 

( ) ( )∑ =
−−−− σ−εσ−σ−σσ

n

j jn nn
1

222121211 2ˆ  

( ) ( ) 





 ε−σ−σ−σσ= ∑ =

−−−− n

j jnn npnnn
1

21211211 ˆˆ  
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( ( ) ) 212111 2ˆ −−−−− σ−σ−σσ+ nn  

( ) ( )∑ =
−−− →σσ+σσ+σ−ε×

n

j

P
nnj pnn

1
21121122 .0ˆˆ  (5.10) 

By Corollary 4.2 in Arcones and Giné [2], a U-process is 
asymptotically equivalent to the first term in its Hoeffding 
decomposition: 

( ) ( )
( )
∑ ∑

∈ =

−−

∈ 












Φ−














≤εσ−

n
mm

j

Iii

m

j
i

t
ttmI

n
mn

n

...,, 1

12121

1

!
!

sup
R

 

( (( ) ( )) ( )) .01
1

121211
Pn

j
j ttmmmn →Φ−εσ−−Φ− ∑

=

−−−  (5.11) 

Observe that 













 ≤εσ∑ =

−−
εε

m

j j tmIE
m 1

121
...,,2

 













 εσ−≤εσ= ∑ =

−−
εε

m

j j tmIE
m 2 1

1211
...,,2

 

(( ) ( )).1 1
12121 εσ−−Φ= −− tmm  

(The previous argument is exactly (4.4) in Arcones and Wang [3]. We 
have included it for the reader’s convenience.) 

From (5.8)-(5.11), we get 

( ) ( )
( )∑ ∑∈ =

−−
∈ 






 Φ−






 ≤εσ−

n
mm

jIii

m

j int ttmI
n

mn
n

...,, 1
21121

1
ˆˆ

!
!

sup R  

( (( ) ( )) ( ))∑ =
−−− Φ−εσ−−Φ−

n

j j ttmmmn
1

121211 1  

( ) ( ) ,02
1 1

221211211 Pn

j

n

j jj ttnmn →φ





 σ−εσ+εσ− ∑ ∑= =

−−−−−  (5.12) 

which implies Theorem 2.2. 
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The proof of Theorem 2.3 is similar to that of Theorem 2.1 and it is 
omitted. 

Proof of Theorem 2.4. Equation (5.7) with 1=m  gives that 

( ( ) ( ))∑
=

−−−

∈
≤εσ−≤εσ

m

j
jjn

t
tItIn

1

1121 ˆˆsup
R

 

( ) ( ) ( ) .0ˆˆ

1

21
,

121
Pn

j
njnn ttnxn →φ














σ−σ+′β−βσ− ∑

=

−−  

Using the previous limit, (5.9) and (5.10), we get 

( ( ) ( ))∑ =
−−−

∈
≤εσ−≤εσ

n

j jjn
t

tItIn
1

1121 ˆˆsup
R

 

( ) ( ) .02
1 1

222211121
Pn

k

n

j jk ttnn →φ





 σ−εσ+εσ− ∑ ∑= =

−−−−−  (5.13) 

 (5.12) and (5.13) imply the claim. 

We will need the following theorem for triangular arrays. Recall that 

a triangular array { }1,1:, ≥≤≤ nkjX njn  is infinitesimal if for each 

,0>ε  

{ } ,0max ,
1

→ε≥
≤≤

jn
kj

XP
n

   as .∞→n  

Theorem 5.1 (Gnedenko and Kolmogorov, see, e.g., Theorem 4.3 in 

Petrov [19]). Let { }1,1:, ≥≤≤ nkjX njn  be a triangular array of row-

wise independent r.v.’s. Let { }na  be a sequence of real numbers. Let .0>τ  

Then, ( )2, σµ→− NaS
d

nn  and the triangular array is infinitesimal if 

and only if 

(i) For each { }∑ =∞→ =ε≥>ε nk
j jnn XP

1 , .0lim,0  

(ii) ( ( ))∑ =∞→ σ=τ<nk
j jnjnn XIX

1
2

,, .Varlim  
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(iii) [ ( )]∑ =∞→ µ=−τ<nk
j njnjnn aXIXE

1 ,, .lim  

Proof of Theorem 4.1. Let inP ,  be the distribution of ., inX  Then 

( ) (( )
( )
∑

∈

δ⊗⊗δ−=
n
mm

mminin

Iii

iinXXn h
n

mn
U

...,,

...,,,

1

1,1,!
!:  

( ) )
mm iininin hPP ...,,,,, 11

⊗⊗−  

( ) ((( )
( )
∑

∈

⊗⊗+−δ−=
n
mm

n

Iii

ininiX PP
n

mn

...,,

,,,

1

111!
!

 

( ))
mmmmn iinininiX hPP ...,,,,,, 1

+−δ  

( ) )
mm iininin hPP ...,,,,, 11

⊗⊗−  

( ) ( ) ( )
( )

∑ ∑
= ∈

−=
m

k Iii

inin
k

iin
n
kk

kk
XXf

n
mn

1 ...,,

,,...,,,

1

11
,...,,

!
!

 (5.14) 

where 

( ) ( )k
k

iin xxf
k

...,,1...,,, 1
 

( )
( )

∑∑
==∈≤<<≤

µ⊗⊗µ=

kkpp
n
km

m
k ijijIij

jjnm
mpp

h

...,,:...,,

...,,,
,,,,

1
1

111

1
1

,jipjip  (5.15) 

where 

kkk inxpinxp PP ,
,,

,
,, ...,,

111
−δ=µ−δ=µ jipjip  

and ,,
,,

qjnq P=µ jip  for { }....,,1 kppq ∉  Notice that (5.15) is obtained 

by collecting all summands with exactly k summands of the form 
( ).,, inX P

in
−δ  The first summand in (5.15) takes care of the choice of the 









k

m
 places, where these products are. The second summand in (5.15) 

takes care of the choice of the places where the products of the form inP ,  

are. In (5.14), nU  is decomposed into orthogonal summands. If ,21 kk ≠  
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( ) n
kk Iii
11

...,,1 ∈  and ( ) ,...,,
221

n
kk Ijj ∈  then 

[ ( ) ( ) ( ) ( )] .0...,,...,,
21

2

2111
1

11 ,,...,,,,,...,,, =
kkkk jnjn

k
iininin

k
iin XXfXXfE  

We also have that if { } { },...,,...,, 11 kk jjii ≠  then 

[ ( ) ( ) ( ) ( )] .0...,,...,, ,,...,,,,,...,,, 1111
=

kkkk jnjn
k

jjninin
k

iin XXfXXfE  

Hence, only when ( )kii ...,,1  is a permutation of ( )kjj ...,,1  

[ ( ) ( ) ( ) ( )]
kkkk jnjn

k
jjninin

k
iin XXfXXfE ,,...,,,,,...,,, ...,,...,,

1111
 

may be different from zero. 

Since there are 







k

m
 ways to choose the p’s in (5.15) and 

( )
( )!

!
mn
kn

−
−

 to 

choose the free j’s in (5.15), we have 

( ) ( ) ( )
( ) n

mn
kn

k

m
XXf n

k
inin

k
jjn kk

δ
−
−







≤ 2

!
!

...,, ,,...,,, 11
   a.s. (5.16) 

By (5.15) and (5.16), for each ,2≥k  

( ) ( ) ( )
( ) 















− ∑

∈ n
kk

kk
Iii

inin
k

iin XXf
n

mn

...,,

,,...,,,

1

11
...,,

!
!

Var  

( ) ( )
( ) .02

!
!

!
!

! 22
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→δ≤





 δ

−
−























 −≤ −k

nn
k ncn

mn
kn

k

m
k
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n
n

mn
 

By Theorem 5.1 

( ) ( ) ( ) ( )∑
=

σ→−
n

i

d
inin NXf

n
mn

1

2
,

1
, .,0

!
!

 

Notice that for each ,1 ni ≤≤  

( ) ( )( ) ( ) ( )
( ) n

m
n

m
in

k
in mn

mn
nm

n
mn

Xf
n

mn δ≤δ
−
−







−≤− −− 11

,, 22
!
!1

1!
!

!
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 a.s. 
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In the proof of the next theorem, we will use the following lemma: 

Lemma 5.5. Let { }1:...,, ,1, ≥nXX nnn  be a triangular array of row-

wise independent r.v.’s with values in a measurable space ( )., SS  Let 

( ) ( )( )RR BS ,,:...,,, 1
→mm

iin Sh
m

 be a measurable function for each 

( ) ....,,1
n
mm Iii ∈  Suppose that for each ( ) n

mm Iii ∈...,,1  

[( ( )) ] ....,, 2
,,...,,, 11

∞<
mm ininiin XXhE  

Then 

( ( ) [ ( )])
( ) 
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∈ n
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Iii

ininiinininiin XXhEXXh

...,,

,,...,,,,,...,,,

1

1111
...,,...,,Var  
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n
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−
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≤  

[( ( )) ]
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Iii

ininiin XXhE

...,,

2
,,...,,,

1

11
....,,  

Proof. Without loss of generality, we may that 

[ ( )] ,0...,, ,,,...,, 11
=

mm ininiin XXhE  

for each ( ) ....,,1
n
mm Iii ∈  We have 
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mm

Iii

ininiin XXh

...,,
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[ ( ) ( )]
( ) ( )
{ } { }

∑
∅≠

∈

=

mjjmii

n
mmm

mmmm

Ijjii

jnjnjjnininiin XXhXXhE

...,,1...,,1
11

1111

...,,,...,,

,,...,,,,,...,,, ...,,...,,
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−
−

−−
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[( ( )) ]
( )
∑

∈ n
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Iii

ininiin XXhE
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2
,,...,,,

1

11
....,,  

Notice that there are ( ) ( )!
!

!
!

mn
n

mn
n

−−
 summands in ( ),...,,1 mii  

( ) n
mm Ijj ∈...,,1  and there are ( )!2

!
mn

n
−

 possible ways to get { }mii ...,,1  

{ } ....,,1 ∅=mjj∩  Hence, the total number of summands in 

( ) ( )
{ } { }

∑
∅≠

∈
mjjmii

n
mmm Ijjii

...,,1...,,1
11 ...,,,...,,

∩

is ( ) ( ) ( ) .
!2

!
!

!
!

!








−
−

−− mn
n

mn
n

mn
n  By symmetry 

each of [( ( )) ]2
,,...,,, ...,,

11 mm ininiin XXhE  appears the same number of 

times. Hence, the last inequality in the last display follows. 

Proof of Theorem 4.3. By Theorem 4.1 the finite dimensional 

distributions of { ( ) ( )[ ]( ) }TttUEtUn nn ∈− :21  converge to those of 

( ){ }.: TttZ ∈  

Hence, it suffices to show tightness of the process 

{ ( ) ( )[ ]( ) },:21 TttUEtUn nn ∈−  
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i.e., it suffices to show that for each ,0>τ  there exists a finite partition π 

of T such that 

{ ( ) ( )( ) ( ) ( )( )[ ] } ,supsuplim 21 τ≤τ≥π−−π−
∈∞→

ctUtUEtUtUnP nnnn
Ttn

 (5.17) 

where c is some universal constant. 

Take 0>δ  small enough such that ,12 123 <δ−− a  

 ( )( )∫
δ−−

τ≤
1232

0

221log288
a

duuMa  (5.18) 

and 

 ,132 232 ≤δτ− mmcb  (5.19) 

where 

( )
( ) ( ) ( ) .

!2
!

!
!

!
!

!
!

sup:
2









−
−

−−





 −=

≥ mn
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n

n
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m  

Notice ( ) ( ) ( )!2
!

!
!

!
!

mn
n

mn
n

mn
n

−
−

−−
 is a polynomial on n of degree 

.12 −m  Hence, .∞<mb  Take a finite partition π of T satisfying (iii) for 

this .δ  

Let ( ( ) ( ) ) ,1,...,, ,1, mkXX k
nn

k
n ≤≤  be m independent copies of ( ...,,1,nX  

)., nnX  By Theorem 3.4.1 in de la Peña and Giné [7], 

{ ( ) ( )( ) ( ) ( )( )[ ] }τ≥π−−π−
∈

tUtUEtUtUnP nnnn
Tt

21sup  

{ ( )( ) ( ) ( )( ) [ ( )( ) ( ) ( )( )] },sup 1decdecdecdec21 τ≥π−−π−≤ −

∈
mnnnn

Tt
m ctUtUEtUtUnPc  

 (5.20) 
where 

( )( ) ( ) ( ( ) ( ) )
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n
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m
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n
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tU

...,,
,

1
,...,,,
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.,...,,

!
!

:  
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By Lemma 5.5 and (5.19), for each ,Tt ∈  

{ ( )( ) ( ) ( )( ) [ ( )( ) ( ) ( )( )] }τ≥π−−π− −−

∈

11decdecdecdec21 2sup mnnnn
Tt
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!
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!
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∑

∈

− ×−τ≤
n
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Iii

m
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n
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,

1
,...,,,
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1

11
,...,,

!
!

4  

( ( ) ( ) ( ))) ]2
,

1
,...,,, ,...,,

11
tXXh m

ininiin mm
π−  

.216 1232 −− ≤δτ≤ mmcb  (5.21) 

Hence, by Lemma 2.1 in Giné and Zinn [13], 

{ ( )( ) ( ) ( )( ) [ ( )( ) ( ) ( )( )] }τ≥π−−π− −

∈

1decdecdecdec21 sup mnnnn
Tt

m ctUtUEtUtUnPc  

{ ( )( ) ( ) ( )( ) ( ( )( ) ( ) ( )( )) },2
~~

sup2 11decdecdecdec21 τ≥π−−π−≤ −−

∈
mnnnn

Tt
m ctUtUtUtUnPc  

(5.22) 

where 

( )( ) ( ) ( ( ) ( ) )
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∈
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n
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Iii

m
ininiinn tYYh

n
mn

tU

...,,
,

1
,...,,,

dec

1

11
,...,,

!
!

:
~

 

and ( ( ) ( ) ) ,...,,1,...,, ,1, mkYY k
nn

k
n =  are independent copies of ( ( ) ...,,1,

k
nX  

( ) ) ....,,1,, mkX k
nn =  

By Theorem 3.4.1 in de la Peña and Giné [7], 

{ ( )( ) ( ) ( )( ) ( ( )( ) ( ) ( )( )) }τ≥π−−π− −−

∈

11decdecdecdec21 2
~~

sup2 mnnnn
Tt

m ctUtUtUtUnPc  
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{ ( )( ) ( ) ( )( ) }τ≥π−= −−

∈

11symdouble,dec,symdouble,dec,21 2sup2 mnn
Tt

m ctUtUnPc  

{ ( )( ) ( ) ( )( ) }τ≥π−≤ −−

∈

12symdec,symdec,21 2sup4 mnn
Tt
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{ ( )( ) ( ) ( )( ) ( ) },2sup4 112symsym21 τ′≥π−′≤ −−−

∈
mmnn

Tt
mm cctUtUnPcc  (5.23) 

where 
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−=
n
mm

mm

Iii

m
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m
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and { }n
jjR 1=  is a sequence of Rademacher’s i.i.d. r.v.’s independent of 

( ),...,, ,1, nnn XX  ( ( ) ( ) ),...,, ,1,
k
nn

k
n XX  ,1 mk ≤≤  and ( ( ) ( ) ),...,, ,1,

k
nn

k
n YY  .1 mk ≤≤  

Notice that hypothesis (iv) is used in (5.23) in order to apply the reverse 
decoupling inequality. 

We have that 
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where nG  and M are as in Definition 4.1. By (5.18) and (5.25), 
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Proof of Theorem 4.4. We apply Theorem 4.3, with 
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( ) ( )
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lies in a subspace of dimension 2+p  of ( ) .!! mnn −R  
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If [ ),, 1+∈ jj ttt  for some ,11 −≤≤ mj  
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