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Abstract 

Introducing a concept of a noncommutative Banach space, we obtain 
several fixed point theorems for continuous or discontinuous ordered 
contractive maps in an ordered noncommutative Banach space. A 
sufficient condition for the fixed point to be unique is given. 

1. Preliminaries 

Amann [1] introduced the concepts of ordered topological linear space 
and ordered Banach space, and gave a number of solutions of nonlinear 
equations in ordered Banach spaces. Based on his work, many authors 
studied the properties of fixed points of nonlinear equations in ordered 
Banach spaces [2-5, 7-8]. Furthermore, Zhang [9] introduced some types 
of ordered contractive maps and obtained some fixed point theorems in 
ordered Banach spaces. Since these fixed point results are based on the 
existence of the ordered structures which are compatible with the related 
topological structures, illumined by [1] and [9], the paper defines the 
ordered contractive maps and obtains the corresponding fixed point 
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theorems for ordered contractive maps in noncommutative Banach spaces. 
We now give the definition of a noncommutative Banach space. 

Definition 1.1. Let E be a group. Then E is called a noncommutative 
Banach space if the following conditions are satisfied: 

1. There exists a metric d on E so that ( )dE,  is a complete metric 
space; 

2. The metric d is invariant under the translation operation. That is, 
,,, Ezyx ∈∀  ( ) ( );,, yxdyzxzd =  

3. There exists a binary continuous operation 

,: EEF →×R    ( ) ,, αα gg 6  

which extends the group multiplications in E; 

4. The metric d is sub-homogeneous, that is, for ,Ex ∈  there exists a 
constant 0>xC  such that for ,R∈α  

( ) ( ).,, exdCexd x α≤α  

It is clear that a Banach space is a noncommutative Banach space. 
The following is a nontrivial example on noncommutative Banach space. 

Example 1.1. Suppose that H is a Hilbert space and ( )HU  is the 
unitary group of H. As a subset of ( ),HL  ( )HU  is a complete metric 
space if one defines 

( ) TSISTTSd −=−= −1,    ( )( )., HUTS ∈  

Furthermore, for ( )HUT ∈  and ,R∈α  set 

∫
π

θ
αθα =

2

0
,dEeT i  

where θE  stands for the spectral measure associated with the operator T 
[6], then ( )HU  is a noncommutative Banach space. 

Proof. It suffices to prove that ( )HU  possesses Properties 3 and 4 of 
Definition 1.1. 
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First, suppose that ( ) ,0, →TTd n  where ( ).HUTn ∈  Since for ,N∈k  

( ) 1111, −−−− −+−= kk
n

k
n

k
nn

kk
n TTTTTTTTTTd  

,111 −−− −+−≤ kk
n

k
nn TTTTTT  

by using induction, we obtain for an arbitrary polynomial ( ),xP  that 
( ) ( )( ) .0, →TPTPd n  Since for ,0>ε  there exists a polynomial ( )xP0  

such that [ ] ( ) ,3sup 02,0
ε<− α

π∈ xxPx   

( ( ) ) ;3,0
ε≤αTTPd    ( ( ) ) .3,0

ε≤α
nn TTPd  

Also, for ,03 >ε  N∈∃N  so that if ,Nn >  then ( ) ( ) .300
ε<− TPTP n  

Thus, when ,Nn >  

( ) ( ) ( ) ( ) ( ) αααα −−++−≤ TTPTPTPTPTTTd nnnn ,  

( ) ( ) ( ) ( ) αα −+−+−≤ TTPTPTPTPT nnn  

.ε≤  

Therefore, for ,R∈α  ( ) 0, →TTd n  implies that ( ) .0, →αα TTd n  

Next, since the metric d is pseudo-homogeneous, we assume .IT ≠  
For ,R∈α  

( ) ( )∫
π

θ
θαα −=

2

0
1, dEeITd i  

[ ]
.1sup

2,0
−≤ θα

π∈θ

ie  

Since the exponential function is a periodic function, we consider only the 
case when [ ]1,0∈α  

[ ] ⎪
⎩

⎪
⎨

⎧

≤α≤απ≤−

>ααπ<
=−

πα
θπ

π∈θ .2
10if,21

,2
1if,22

1sup
22,0 i

i

e
e  

In all, set ( ) ,,
2

ITdCT
π=  then for any ,R∈α  ( ) ( ).,, ITdCITd T α≤α  
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Similarly, we prove that for ( ),HUT ∈  0
0lim αα

α→α = TT  and ( )HU  

is a noncommutative Banach space. 

2. Ordered Contractive Maps on Noncommutative 
Banach Spaces 

In this section, we introduce an order structure in a noncommutative 
Banach space and obtain basic properties of ordered contractive maps. 

Definition 2.1. Suppose that E is a noncommutative Banach space. 

A set EP ⊆  is called convex if ,, Pyx ∈∀  ,Pyx qp ∈  where +∈ Rqp,  

and .1=+ qp  Furthermore, EP ⊆  is called a cone if P is closed, convex 
and invariant under exponential operation by element of [ ),,0 ∞  and if 

{ },1 ePP =−∩  where { }.11 PxxP ∈|= −−  

It is easy to see that a cone is a semigroup. Each cone can induce a 

partial ordering in E through the rule yx 1  if and only if Pxy ∈β−β  for 
[ ].1,0∈β  This ordering is antisymmetry, reflexive and transitive. 

Definition 2.2. If there exists a constant 0>N  such that for any 
,yxe 11  ( ) ( ),,, eyNdexd ≤  P is called positive, and the constant N is 

called the positive constant of P. 

Let ”“1  be the partial ordering determined by a cone P. For ,, Evu ∈  
if one of vu 1  and uv 1  holds, then we say that u and v are comparable 
and write: 

( )
⎩
⎨
⎧=∨

.when,
,when,

,
vuv
uvu

vu
1

1  

Lemma 2.1. If u and v are comparable, then 1−uv  and 1−vu  are 
comparable, and 

( )., 11 −−∨ vuuve 1  

Proof.  Suppose that .uv 1  Then [ ],1,0∈α∀  

( ) ( ) ( ) (( ) ) ( ) .2111111 α−α−−−α−α−−α− == uvuvuvvuuv  
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Since 02 >α  and ,1 Puv ∈−  ( ) .21 Puv ∈α−  Thus, the elements 1−uv  and 
1−vu  are comparable, and .11 −− uvvu 1  Also, [ ],1,0∈α∀  ( ) =α−α− euv 1  

( ) ,1 Puv ∈α−  so ,1−uve 1  and ( )., 11 −−∨ vuuve 1  □ 

Definition 2.3. Let E be a noncommutative Banach space and P be a 
positive cone of E with the positive constant N. A map EEA →:  is 
called a β-ordered contractive map if there exists a constant 10 <β<  
such that for ,, Evu ∈  if u and v are comparable, then Au and Av are 
also comparable, and moreover 

( ( ) ( ) ) ( ) .,, 1111 β−−−− ∨∨ uvvuAvAuAuAv 1  

Here, the β is called the constant of the ordered contractive map. 

Remark 2.1. The ordered contractive map need not be continuous. 

Lemma 2.2. Suppose that for all ,N∈n  nu  and nv  are comparable. 
If ,0vvn →  ,0uun →  then 0u  and 0v  are comparable. That is to say, the 
ordering structure is compatible with the metric given in E. 

Proof. Since ,N∈∀n  one of nn vu 1  and nn uv 1  holds, there exist 

subsequences { }knv  and { }knu  such that for ,10 ≤β≤∀  either Pvu
kk nn ∈β−β  

or Puv
kk nn ∈β−β  holds. Without loss of generality, suppose that .Pvu

kk nn ∈β−β  

Then 

( ) ( ) ( )β−ββ−ββ−ββ−ββ−ββ−β +≤ 000000 ,,, vuvudvuvudvuvud
kkkkkk nnnnnn  

( ) ( ).,, 00
β−β−ββ += vvduud

kk nn  

The last equation holds because the metric is invariant under the 
translation operation. 

Because 0vv kn →  and ,0uu kn →  we have β−β− → 0vv
kn  and .0

β−β− → uu
kn  

Since the multiplication operation on E is continuous, 

( ) .0,lim 00 =β−ββ−β
∞→

vuvud
kk nnk
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Notice, the fact that the cone P is closed, .00 Pvu ∈β−β  This implies that 0u  

and 0v  are comparable. □ 

Lemma 2.3. If Pyx ∈,  and ,yx 1  then ,10 <β<∀  .ββ yx 1  

Proof. Since ,yx 1  [ ],1,0∈α∀  .Pxy ∈α−α  For ,10 <β<  

[ ],1,0∈αβ  so ,Pxy ∈αβ−αβ  namely .ββ yx 1  □ 

Lemma 2.4. If x and y are comparable, then ( ( ) )eyxxyd ,, 11 −−∨  
( )., yxd=  

Proof. Suppose ( ) ., xyx =∨  Then 

11 −− xyyx 1  

and 

( ) ., 111 −−− =∨ xyyxxy  

Since the metric d is invariant under the translation operation, 

( ) ( ) ( ( ) ).,,,, 1111 eyxxydyyxydyxd −−−− ∨==  

This completes the proof. □ 

3. Theorems about the Fixed Points 

Throughout this section, we suppose that E is a noncommutative 
Banach space which is partially ordered by a positive cone P with the 
positive constant N, and give several theorems on the fixed points of the 
ordered contractive maps on E. 

Theorem 3.1. Suppose that the β-ordered contractive map EEA →:  
is continuous. If there exists an element Ex ∈0  such that 0x  and 0Ax  

are comparable, then the sequence 0xAn  converges to some fixed point ∗x  
of A. Moreover, there is a number 0xC  depending on the choice of ,0x  so 

that 

( ) ( ).,11, 000
0 Axxd

NC
xxd x

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

β−

β⋅⋅
≤∗  
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Proof. Consider the sequence 

....,...,,, 11201 nn AxxAxxAxx === +  

Since 0x  and 01 Axx =  are comparable and the map A is a β-ordered 
contractive map, 1x  and 12 Axx =  are comparable, and hence, nx  and 

nn Axx =+1  are comparable. Since 

( ) ( ( ) ( ) )1
1

1
1

1
1

1
1 ,, −

−
−

−
−

+
−
+ ∨=∨ nnnnnnnn AxAxAxAxxxxx  

( ) ,, 1
1

1
1

β−
−

−
−∨ nnnn xxxx1  

using Lemma 2.3 

( ) ( )β−
−

−
−

−
+

−
+ ∨∨ 1

1
1

1
1

1
1

1 ,, nnnnnnnn xxxxxxxx 1  

( )
21

21
1

12 , β−
−−

−
−−∨ nnnn xxxx1  

...1  

( ) ., 1
01

1
10

n
xxxx β−−∨1  

Thus 

( ( ) ) ( ( ) ).,,,, 1
01

1
10

1
1

1
1 exxxxNdexxxxd

n
nnnn

β−−−
+

−
+ ∨≤∨  (1) 

Because the metric d is sub-homogeneous, there exists a constant ,0xC  

which depends on the choice of ,0x  so that 

( ( ) ) ( ( ) ).,,,, 1
01

1
10

1
01

1
10 0 exxxxdCexxxxd n

x
n −−β−− ∨β⋅≤∨  (2) 

Notice that the metric d is invariant under the translation operation 

( ( ) ) ( ).,,, 1
1

1
1

1 +
−

+
−
+ =∨ nnnnnn xxdexxxxd  (3) 

In the same way 

( ( ) ) ( ).,,, 10
1

01
1

10 xxdexxxxd =∨ −−  (4) 

So, the inequality (2) turns into 

( ) ( ( ) )exxxxdxxd nnnnnn ,,, 1
1

1
11

−
+

−
++ ∨=  

( ( ) )exxxxdN
n

,, 1
01

1
10

β−−∨⋅≤  
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( ( ) )exxxxdCN n
x ,, 1

01
1

100
−−∨β⋅⋅≤  

( )., 100 xxdCN n
x β⋅⋅=  

Thus, the sequence { }nx  is a Cauchy sequence since ( ).1,0∈β  Suppose 

that ,∗→ xxn  then 

,limlimlim 1
∗

+
∞→∞→∞→

∗ ==== xxAxxAAx nnnnnn
 

which implies that ∗x  is a fixed point of A. Moreover 

( ) ( ) ( ) ( ) "" ++++≤ +
∗

121100 ,,,, nn xxdxxdxxdxxd  

( ) ( )∑
∞

=
+ +=

1
101 ,,

n
nn xxdxxd  

( ) ( )∑
∞

=

+β⋅⋅≤
1

1010 ,,0
n

n
x xxdxxdNC  

( ).,11 00
0 Axxd

NCx
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

β−
β⋅⋅

=  □ 

Corollary 3.2. Conditions and assumptions are the same as in 

Theorem 3.1. Let x~  be another fixed point of A. If x~  and ∗x  are 

comparable, then .~ ∗= xx  

Proof. Since x~  and ∗x  are comparable, one can suppose that .~ ∗xx 1  
Using the definition of contractive map 

( ( ) ( ) ) ( ) ,~,~~,~ 1111 β−∗−∗−∗−∗ ∨∨ xxxxxAAxAxxA 1  

namely 

( ) ( ) .~,~~,~ 1111 β−∗−∗−∗−∗ ∨∨ xxxxxxxx 1  

Since ,~ ∗xx 1  ( ) ,~~,~ 111 −∗−∗∗− =∨ xxxxxx  then ( ) ,~~ 11 β−∗−∗ xxxx 1  ( ) 11~ −β−∗xx  

.P∈  Notice that [ ],1,01 ∈β−  ( ) .~ 11 Pxx ∈β−−∗  By ( ) Pxx ∈−β−∗ 11~  and 

( ) β−−∗ 11~xx  ,P∈  ,~ 1 exx =−∗  and .~xx =∗  □ 
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Theorem 3.3. Suppose that EEA →:  is a β-ordered contractive 

map. If there exists an element Ex ∈0  so that ,n∀  0x  and 0xAn  are 

comparable, then A has some fixed point, and the sequence { }0xAn  

converges to one fixed point ∗x  of A. Moreover, there exists a constant 0xC  

such that 

( ) ( ).,11, 000
0 Axxd

NC
xxd x

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

β−
β⋅⋅

≤∗  

Proof. Similar to the proof of Theorem 3.1, the sequence 
{ }0xAx n

n =  is a Cauchy sequence. By the completeness of E, let 

.Exxn ∈→ ∗  Now, we prove that ∗x  is a fixed point of A. 

For all m, n, suppose that ,nm >  using the given condition, 0x  and 

nmx −  are comparable. Then nAx  and nmAx −  are comparable, and so are 

0xAx n
n =  and .nm

n
m xAx −=  Let ,∞→m  using Lemma 2.2, ,n∀  nx  

and ∗x  are comparable, therefore nAx  and ∗Ax  are comparable, and so 

( ( ) ( ) ) ( ) .,, 1111 β−∗−∗−∗−∗ ∨∨ nnnn xxxxAxAxAxAxe 11  

Since P is a positive cone, 

( ( ( ) ( ) ) ) ( ( ) ),,,,, 1111
0 exxxxdNCeAxAxAxAxd nnxnn

−∗−∗−∗−∗ ∨β⋅⋅≤∨  

that is, 

( ) ( ) ( ) .0,,, 01 →β⋅⋅≤= ∗∗∗
+ xxdNCAxAxdAxxd nxnn  

Therefore, ∗∗ = Axx  and ∗x  is a fixed point of A. At last, similar to the 

proof of Theorem 3.1, we can get the estimation of ( )0, xxd ∗  and we omit 
it here. □ 

Theorem 3.4. Let EEA →:  be a continuous map and satisfy the 
following condition: 

(C1) If u and v are comparable, then Au and Av are comparable. Also, 
if u and Au are comparable, and v and Av are comparable, then there 
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exists a ⎟
⎠
⎞⎜

⎝
⎛∈λ 2

1,0  so that for [ ],1,0∈β∀  

( ( ) ( ) ) ( ( ) )λβ−−β−− ∨∨ 1111 ,, AuuuAuAvAuAuAv DD1  

( ( ) ) ., 11 λβ−−∨ AvvvAv DD  

If there exists an element ,0 Ex ∈  such that 0x  and 0Ax  are comparable, 

then the sequence { }0xAn  converges to a fixed point ∗x  of A. Moreover, 
there exists a constant 0xC  such that 

( ) ( ).,211, 000
0 Axxd

NC
xxd x

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
λ−

λ⋅⋅
+≤∗  

Proof. Set ,1 λ−
λ=β  then 

.21111
λ−

⋅λ+=
β−
β+ NN  

Consider the sequence: 

....,...,,, 10
2

1201 nn AxxxAAxxAxx ==== +  

Since 0x  and 0Ax  are comparable, for ,N∈n  nx  and nAx  are 
comparable, and 

( )1
1

1
1, −

+
−
+∨ nnnn xxxxe 1  

( ( ) ( ))1
1

1
1 , −

−
−

−∨= nnnn AxAxAxAx  

( ( ) ) ( ( ) )λ−−λ−
−−

−
−− ∨∨ 111

11
1

11 ,, nnnnnnnn AxxxAxAxxxAx1  

( ) ( ) .,, 1
1

1
1

1
1

1
1

λ−
+

−
+

λ−
−

−
− ∨∨= nnnnnnnn xxxxxxxx  

Therefore 

( ) ( ) ( ) ,,,, 1
1

1
1

1
1

1
1

1
1

1
1

λ−
+

−
+

λ−
−

−
−

−
+

−
+ ∨∨∨ nnnnnnnnnnnn xxxxxxxxxxxxe 11  

and [ ],1,0∈β∀  

( ) ( ) ( ) .,,, 1
1

1
1

1
1

1
1

1
1

1
1

βλ−
+

−
+

βλ−
−

−
−

β−
+

−
+ ∨∨∨ nnnnnnnnnnnn xxxxxxxxxxxx 1  
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That is, 

( ) ( ) ( ) ,,, 11
1

1
1

1
1

1
1 Pxxxxxxxx nnnnnnnn ∈∨∨ βλ−−−

+
−

+
βλ−

−
−
−  

and so 

( )( ) ( ) .,, 1
1

1
1

11
1

1
1

λ−
−

−
−

λ−−
+

−
+ ∨∨ nnnnnnnn xxxxxxxx 1  

Since ,2
10 <λ<  ,110 <

λ−
λ<  using Lemma 2.3 

( )1
1

1
1 , −

+
−

+ nnnn xxxxe 1  

( ) λ−λ−
−

−
−∨ 11

1
1

1, nnnn xxxx1  

...1  

( )( ) ., 11
01

1
10

n
xxxx λ−λ−−∨1  

Using inequality (2) in the proof of Theorem 3.1, there exists a constant 

0xC  such that 

( ( ) ) ( ).,1,, 1
01

1
10

1
1

1
1 0

−−−
+

−
+ ⎟

⎠
⎞⎜

⎝
⎛

λ−
λ⋅⋅≤∨ xxxxdNCexxxxd

n
xnnnn  

Since the metric d is invariant under the translation operation, 

( ) ( ).,1, 101 0 xxdNCxxd
n

xnn ⎟
⎠
⎞⎜

⎝
⎛

λ−
λ⋅⋅≤+  

This implies that { }nx  is a Cauchy sequence. By the completeness of E, 

let .Exxn ∈→ ∗  Then 

.limlim 1
∗

+∞→∞→
∗ === xxAxAx nnnn

 

Thus, A has a fixed point in E and the sequence { }xAn  converges to a 
fixed point of A. □ 

Theorem 3.5. Let EEA →:  be a map satisfying Condition (C1) of 
Theorem 3.4. If there exists an element Ex ∈0  so that ,N∈∀n  0x  and 

0xAn  are comparable, then A has a fixed point in E and the sequence 
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{ }0xAn  converges to a fixed point ∗x  of A. Moreover, there exists a 
constant 0xC  such that 

( ) ( ).,211, 000
0 Axxd

CN
xxd x

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
λ−
λ⋅⋅

+≤∗  

Proof. Similar to the proof of Theorem 3.3, { }0xAx n
n =  is a Cauchy 

sequence. Let .Exxn ∈→ ∗  Now, we prove that ∗x  is a fixed point of A. 

As found before, for all n, nx  and ∗x  are comparable. Using Condition 

(C1), for all n, 1−nx  and 1−= nn Axx  are comparable. Let .∞→n  Then 

using Lemma 2.2, ∗x  and ∗Ax  are comparable. Hence 

( ( ) ( ) )11, −∗−∗∨ nn AxAxAxAxe 1  

( ( ) ) ( ( ) ) .,, 1111 λ−∗∗−∗∗λ−− ∨∨ AxxxAxAxxxAx nnnn D1  

Let .∞→n  Then we obtain 

( ( ) ( ) )11, −∗∗−∗∗∨ xAxAxxe 1  

( ( ) ) ( ( ) ) ,,, 1111 λ−∗∗−∗∗λ−∗∗−∗∗ ∨∨ AxxxAxAxxxAx D1  

that is, 

( ( ) ( ) ) ( ( ) ) .,, 21111 λ−∗∗−∗∗−∗∗−∗∗ ∨∨ AxxxAxxAxAxxe 11  

Thus, ( ( ) ) ., 1211 PAxxxAx ∈∨ −λ−∗∗−∗∗  Since 012 <−λ  and (( ) ,1−∗∗∨ xAx  

( ) ) ,1 PAxx ∈−∗∗  ( ) ( ) ,11 exAxAxx == −∗∗−∗∗  namely .∗∗ = xAx  Therefore, 
∗x  is a fixed point of A. □ 

Remark 3.1. In Theorems 3.3, 3.4 and 3.5, the estimations of 

( )∗xxd ,0  are the same as that in Theorem 3.1. This is because { }nx  is 

the Cauchy sequence which makes ( ) ( )01,, 0 xxdNCxxd n
xn β⋅⋅≤∗  

holds. In Theorems 3.4 and 3.5, .1 λ−
λ=β  
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Theorem 3.6. Suppose that Evu ∈00 ,  with ,00 vu 1  and [ ] =00, vu  
{ }00 vuuEu 11|∈  is an ordered interval in E. If [ ] [ ]0000 ,,: vuvuA →  
is a β-ordered contractive map, then A has a unique fixed point. Moreover, 
for all [ ],, 00 vux ∈  the sequence { }xAn  converges to the only fixed point of 
A. 

Proof. Define sequences: 

...,,...,,, 11201 nn AuuAuuAuu === +  

...,,...,,, 11201 nn AvvAvvAvv === +  

then { } { } [ ].,, 00 vuvu nn ⊂  Since 00 vu 1  and A is a β-ordered contractive 
map, for all n, nu  and nv  are comparable, and 

( )11, −−∨ nnnn uvvue 1  

( ( ) ( ) )1
11

1
11 , −

−−
−

−−∨= nnnn AuAvAvAu  

( )β−
−−

−
−−∨ 1

11
1

11 , nnnn uvvu1  

...1  

( ) ., 1
00

1
00

n
uvvu β−−∨1  

Because P is positive, there exists a constant 1
00
−vuC  and a positive 

integer N such that 

( ) ( ) ( ) ( ).,,,, 00
11

1
00

vudNCeuvdevudvud n
vunnnnnn β⋅⋅≤== −

−−  

Since again 10 vu 1  for all n, nu  and 1+nu  are comparable, and 

( )1
1

1
1, −

+
−
+∨ nnnn uuuue 1  

( ( ) ( ))1
1

1
1 , −

−
−

−∨= nnnn AuAuAuAu  

( )β−
−

−
−∨ 1

1
1

1 , nnnn uuuu1  

...1  

( ) ., 1
01

1
10

n
uuuu β−−∨1  



NI FEI and JIANG LINING 46 

Thus 

( ) ( ).,, 101 uuNduud n
nn β≤+  

Notice that ,1<β  { }nu  is a Cauchy sequence with a limit point ∈∗u  
[ ]., 00 vu  Similarly, { }nv  is a Cauchy sequence with a limit point 

[ ]., 00 vuv ∈∗  Then 

( ) ( ) ( ) .0,lim,lim, 001
00

=β⋅⋅≤= −
∞→∞→

∗∗ vudNCvudvud n
vunnnn

 

This implies that .∗∗ = vu  

Now, we prove that ∗u  is a fixed point of A. For all ,nm >  since 0u  

and nmu −  are comparable, n
n uuA =0  and mnm

n uuA =−  are 

comparable. Let .∞→m  Then nu  and ∗u  are comparable, and nAu  and 
∗Au  are also comparable 

( ( ) ( ) ) ( ) .,, 1111 β−∗−∗−∗−∗ ∨∨ nnnn uuuuAuAuAuAue 11  

So 

( ) ( ) ( ) .0,lim,lim,lim 11 =β⋅⋅≤= ∗
∞→

∗
∞→

∗
+∞→

−∗ uudNCAuAudAuud nuunnnnn n
 

Thus, ,∗∗ = uAu  and ∗u  is a fixed point of A. 

For all [ ],, 00 vux ∈  since x and 0u  are comparable, xAn  and 0uAn  
are comparable, and 

( ( ) ( ) ) [ ( )] .,, 1
0

1
0

1
0

1
0 exuxuxAuAuAxAe

nnnnn →∨∨ β−−−− 11  

Therefore, .∗→ uxAn  

Now, we prove that the fixed point of A is unique. Suppose that v is 
another fixed point of A in [ ],, 00 vu  then 

( ) ( ) ( ).,,, 00 vAuAduAudvud nnn +≤ ∗∗  

Notice that ,0 vu 1  and therefore we have 

( ( ) ( ) )1
0

1
0 , −−∨ uAvAvAuAe nnnn1  

(( ) ( ) ( ) ( ) )1
0

1111
0

1 , −−−−−−∨= uAAvAAvAAuAA nnnn  
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( ( ) ( ) )β−−−−−−∨ 1
0

1111
0

1 , uAvAvAuA nnnn1  

...1  

( ) ., 1
0

1
0

n
vuvu β−−∨1  

Thus 

( ) ( ( ) ( ) )1
0

1
00 ,, −−∨= uAvAvAuAdvAuAd nnnnnn  

( ( ) )evuvuNd
n

,, 1
0

1
0

β−−∨≤  

( ).,1
0

vudNC n
vu

∗β≤ −  

Since ∗u  and v are fixed points, ( ) ( ),,,0 vudvAuAd nn ∗→  we have 

( ) .0, =∗ vud  The uniqueness is proved. □ 
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