
 

Far East Journal of Applied Mathematics 
Volume 35, Number 1, 2009, Pages 89-95 
Published Online: April 24, 2009 
This paper is available online at http://www.pphmj.com
© 2009 Pushpa Publishing House 

 

2000 Mathematics Subject Classification: 26D15.
 Keywords and phrases: integral inequality, Hardy-Hilbert’s inequality. 

Received October 11, 2008 

 

NEW GENERAL FORM OF HARDY-HILBERT’S 
INTEGRAL INEQUALITY 

W. T. SULAIMAN 

Department of Mathematics 
College of Computer Science and Mathematics 
University of Mosul 
Mosul, Iraq 
e-mail: waadsulaiman@hotmail.com 

Abstract 

A new form of Hardy-Hilbert’s integral inequality in n-variables is given. 

1. Introduction 
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where the constant factor π is the best possible (cf. Hardy et al. [3]). 
Inequality (1) is well known as Hilbert’s integral inequality. This 
inequality had been extended by Hardy [2] as follows: 
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where the constant factor ( )pπ
π

sin  is the best possible. Inequality (2) is 

called Hardy-Hilbert’s integral inequality and is important in analysis 
and application (cf. Mitrinovic et al. [4]). 

Gradually, B. Yang gave the following extensions of (2) as follows: 
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possible, B is the beta function. 
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The following result is needed for our aim: 

Theorem C [1]. Let f be a nonnegative integrable function. Define 
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2. New Result 

The aim of this paper is to give a new general form of Hardy-Hilbert’s 
integral inequality using simpler new method. In fact, we prove the 
following: 
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which implies that 
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Also, we have 
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Making use of (7) and (8), we obtain 

 ( ) ( )
( )∫ ∫

∞ ∞

λ++0 0
1

1

11
n

n

nn dtdt
tt

tFtF  

( ) ( ) ( )∫
∞

−−λ
λΓ

=
0

1
11 dssLsLs n

n  



… HARDY-HILBERT’S INTEGRAL INEQUALITY 93 

( ) ( ) ( )∫
∞

−−λ−−λ

λΓ
=

0

1

1

1
11 dssLssLs n

p
n

p
n

n  

( ) ( ) ( )
n

n
p

p
n

n
p

pn dssLsdssLs
1

0
1

1

0 1
1

1
11

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
λΓ

≤ ∫∫
∞

−−λ
∞

−−λ  

( ) ( ) ( ) .11
1

1 0
1

i
ii

pn

i

p
i

pn
i dttftpn ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
−−λ+Γ

λΓ
≤ ∏ ∫

=

∞ −λ−+  

This completes the proof of the theorem. 
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