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Abstract
A new form of Hardy-Hilbert’s integral inequality in n-variables is given.
1. Introduction
Let f, g > 0 satisfy
* 22 * 2
0<j f2(t)dt < o and O<J g4 (t)dt < oo.
0 0
Then

J on flx )g(y) dxdy < nU: f2(t)dt IOOO gZ(t)dtjl/Z, (1)

where the constant factor m is the best possible (cf. Hardy et al. [3]).
Inequality (1) is well known as Hilbert’s integral inequality. This
inequality had been extended by Hardy [2] as follows:

If p>1,1p+1/qg =1, f, g > 0 satisfy

0 <J fP(t)dt < o and I gi(t)dt < oo,
0 0
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then
/p 1/q
f)s) n P
o D gy < 2 ([ o) ([T er0a) L @
where the constant factor ———— is the best possible. Inequality (2) is
sin(n/p)

called Hardy-Hilbert's integral inequality and is important in analysis

and application (cf. Mitrinovic et al. [4]).
Gradually, B. Yang gave the following extensions of (2) as follows:

Theorem A [5]. If A > 2 - min{p, q}, f, g > 0 satisfy

0 < J 1 fP(t)dt < o and I 1 g9 (t)dt < oo,
0 0

then
o Yp/ 2o 1/q

[7 [0 gy < mp)[ [7 xfp(t)ou] ( [ t“g%)dtj L ®)
0 (x+ y 0

where the constant factor k;(p) = B(p +;; — 2, q +2'_ 2) is the best

possible, B is the beta function.

Theorem B [6]. If n e N - {1}, p; > 1, Z?ﬂ% =1, A>0, f;>0
l
satisfy
® pi-1-\ /D :
0 < jo PR P ) d < o0 (i =1, 2, . ),

then

© e . n
Jo jo mgﬂ(xi)dxlmdxn

n 0 l/pi
< %H r(piij UO (Pl P (t)dtj : 4)

where the constant factor — H F( : j is the best possible.
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The following result is needed for our aim:

Theorem C [1]. Let f be a nonnegative integrable function. Define

Flx) = I a f(t)dt.

J: (@]pdx < (ﬁjp‘.‘: fP(x)dx, p>1. 3)

2. New Result

Then

The aim of this paper is to give a new general form of Hardy-Hilbert’s
integral inequality using simpler new method. In fact, we prove the
following:

Theorem 1. Let f; 20, p; >1, A>n+p; -1, i=1,..,n, n2=2,
Zn 1 1. Define
1=1 pl
X
Fix) = [ f@)d.

Then
j J'OOFl(h) Fy(ty )dtl"'dtn

0 (tl "'tnyL
<1 1+ VP ePi () gy v 6
_mli;[ L+r-n- pL)J. f7H(e) : (6)

Proof. Define
Lifx) = j: e (t)dt.
Observe that
Li(x) = I:e*th;(t)dt

S TR + j O°° (1) dt

= xj e " F,(t)dt,
0
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which implies that

J B s* L (s) - Ly (s)ds
0

- sx_n_l(sj‘ e_tlsFl(tl)dtlj'--(sJ‘ et”an(tn)dtnjds
J0 0 0

(* 00

= I Fl(tl)"'Fn(tn)dtl"’dth. g Lomsli++tn) g
0 0 0

_ j Mdtr“dtnj e Ttdu, (s(t; +--+1t,) = u)
0

J0 0 (t1+...+tn)k
® F F,
—r(x)j JO (tll(tl) +t(t)k)dt1---dtn. @)

Also, we have

o0 @ 00 [e'e} P
I s* P (s)ds sknlu etsf(t)dtj ds
0 J0 0

::sk‘”‘l J.O _tsfp(t)dtU ‘tsdtj

_ fp(t)dtj § Pl g

p-1

IA

N 1fp(t)dtJ. 2Pz (ts = z)
0

rl+xr-n- p)J t”+p_)‘_lfp(t)dt. 8
0
Making use of (7) and (8), we obtain

F@t) - F,(t,)
J' J'O (tl1 1 o dt, ---dt,

1 [ on
= mj.o s L (s) -+ Ly (s)ds
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A—-n-1 A—n-1
1

=WJ.O s P Li(s)-s Pr L,(s)ds

< ! (J hn= 1Lpl(s)dsj1/pl '-~U‘ws7‘_”_le"(s)dsj
() 0 "

n 1/p;
1 H * n+pi-A-1,p;

This completes the proof of the theorem.

1/ DPn

Theorem 2. Let f; 20, q; >0,i1=1,..,n,n2>22, p; =1 +qi(x;:1)’

A+n+1>0, Z lp = 1. Define

My () = [ e f)a

Then

I:SKM(il(S)...Mé’:(S)dS<1"(7»+n+1)H ( ) J' fPit)dt. (9)

A+n+l

Proof. Define
X
Flx) = j £(¢)dt.
0

Then we have

—tq

M, (x) = j: e f()dt = IO *F(t)dt
=[RS + j: et e B (1) dt

= qxj tqflefthF(t)dt,
0
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which implies that

p-1

Mg’(x)s(qx)pj tq‘le‘thFp(t)dtU tq_le_thdtJ
0

0
o0

= qxI tq_le_thFp(t)dt.
0

Making use of the inequality

a +--+a
nalan SM, ai>0,

* Aagh1 DPn

jo s"M, (s) M (s)ds
0 0 a1 o n

< J.o sk(qlsj.o tflfle i ‘FP (tl)dtll”'(QnSJ.o t,‘{"_le_tg SFPn (tn)dtnjds

* * g1 an-l1pp
= qrean[ [ R )T )

0 q1 an
—s(tP 4tt
dth. Sk+ne 5(1 n )d.S‘
0

0 0 thlepl ¢ _,,thlepn t
- q an' J' 1 1() n n()dtl

0 0 (t{h T tg” )k+n+1

dtj e ?dz (2 = s(tM + -+ tdn))

r(h+n+1 o ot EPL ()t T R (1)
—( n+1) 1 nJ' I 1 1 (6)--tn n dt, ---dt,

A+n+l q1(A+n+1) q,(A+n+1)
n 0 0 tl AL

I CINE ST
. F(X;Z:lr 1) H ( jpi J~: £Pi (1) dt.
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