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Abstract 

The rank of a partition is the largest part less the number of parts. We 
present several theorems concerning (i) the number of partitions with a 
given rank; (ii) the number of partitions into distinct parts with a given 
rank. 

1. Introduction 

For n is a natural number, let a partition, π, of n be given by: 
,321 rnnnnnn +++++=  where .321 rnnnn ≥≥≥≥  The rank of 

π, denoted ( ),πρ  is defined by 

( ) .1 rn −=πρ  

(This definition was first given by Dyson in [2].) 

Clearly, ( ) .1−≤πρ n  Furthermore, if ∗π  is the partition that is 

conjugate to π, then ( ) ( ).πρ−=πρ ∗  If ,1−≤ nm  let ( )nmN ,  denote the 
number of partitions of n whose rank is m, with ( ) .00,0 =N  (This is the 
notation used in [1].) Since ( ) ( ),,, nmNnmN =−  it suffices to consider 

.10 −≤≤ nm  We will also use the notation: ( ) ( )., nmNnm =ρ  In this 
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note, we present some results regarding the number of partitions of a 
given rank that are implicit in earlier works of others, as well as some 
new results. 

2. Preliminaries 

Definition 1. If ,Zk ∈  then ( ) ( )
2

13 −=ω kkk  (pentagonal numbers). 

Definition 2. ( )np  is the number of partitions of n. 

Definition 3. ( )nq0  is the number of self-conjugate partitions of n. 

Definition 4. ( ) ( )nmNnm ,=ρ  is the number of partitions of n that 

have rank m, where .10 −≤≤ nm  

Definition 5. ( )n+ρ  is the number of partitions of n with positive 

rank. 

Definition 6. ( )n−ρ  is the number of partitions of n with negative 

rank. 

Definition 7. ∗π  is the partition that is conjugate to π. 

Identities. Let ,Cx ∈  .1<x  Then 

 ( ) ( ),πρ−=πρ ∗  (1) 

 ( ) ( ) { ( ) ( )},111
1 1

∏ ∑
≥ ≥

−ωω +−+=−
n n

nnnn xxx  (2) 

 ( ) ( ) ,1
1 0

1∏ ∑
≥ ≥

− =−
n n

nn xnpx  (3) 

 ( ) ( ) ( )2mod0 nqnp ≡  for all ,0≥n  (4) 

 ( ) ( ) ( )( ) ( )( ){ }∑
≥

=−ω−+ω−−+
1

01
k

k knpknpnp  for all ,1≥n  (5) 

 ( ) ( ) ( ) ( ) ( ) .111
0 1 1

11∑ ∑ ∏
∞

=

∞

=

∞

=

−+ω− −−−=ρ
n n r

rnmnnnn
m xxxxn  (6) 
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Remarks. (1) is self-evident; (2) through (5) are well known; (6) is 
Equation 2.12 in [1]. 

3. Unrestricted Partitions with a Given Rank 

We begin with an explicit formula for ( )nmρ  in terms of ( ).np  

Theorem 1. If ,10 −≤≤ nm  then 

( ) ( ) ( )( ) ( )( ){ }.1
1

1∑
∞

=

− −−ω−−−ω−−=ρ
k

k
m mkknpmkknpn  

Proof. This follows directly from (6). 

In particular, we have 

Corollary 1. 

( ) ( ) ( )( ) ( )( ){ }.1
1

1
0 ∑

∞

=

− −ω−−ω−−=ρ
k

k knpknpn  

Proof. This follows from Theorem 1, with .0=m  

The next theorem states that ( )n0ρ  has the same parity as ( ).np  

Theorem 2. ( ) ( ) ( )2mod0 npn ≡ρ  for all .1≥n  

Proof. If π is a self-conjugate partition of π, that is, if ,π=π∗  then 
(1) implies ( ) .0=πρ  The partitions of n with rank 0 that are not               

self-conjugate (if any) occur in conjugate pairs. Therefore ( ) ≡ρ n0  

( ) ( ).2mod0 nq  The conclusion now follows from (4). 

The next theorem gives a formula for the number of partitions with 
positive rank. 

Theorem 3. If ,1≥n  then 

( ) ( ) ( )( )∑
∞

=

−
+ −ω−−=ρ

1

1 .1
k

k knpn  



NEVILLE ROBBINS 112 

Proof. (1) implies ( ) ( ),nn −+ ρ=ρ  so that ( ) ( ) ( ),20 nnnp +ρ+ρ=  that 
is, ( ) ( ) ( ).2 0 nnpn ρ−=ρ+  Now Corollary 1 implies 

( ) ( ) ( ) ( )( ) ( )( ){ }∑
∞

=
+ −ω−−ω−−+=ρ

1
,12

k

k knpknpnpn  

whereas (5) implies 

( ) ( ) ( )( ) ( )( ){ }∑
∞

=

−ω−+ω−−+=
1

.10
k

k knpknpnp  

The conclusion now follows if we subtract and divide by 2. 

Next, we present a recurrence for ( ).nmρ  

Theorem 4. If ,10 −≤≤ nm  then 

( ) ( ) ( )( ) ( )( ){ }
( ) ( )
( ) ( )
⎪
⎩

⎪
⎨

⎧

+−ω=−
+ω=−

=−ω−ρ+ω−ρ−+ρ

−
∞

=
∑

.,0
,,1

,,1
1

1

1 otherwise
mkknif

mkknif
jnjnn k

k

j
mm

j
m  

Proof. (6) implies 

( ) ( ) ( ) ( ) ( )∏ ∑∑
∞

=

∞

=

+ω−
∞

=

−−=−⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
ρ

1 0

1

0
.111

n n

nmnnnn

n

n
m xxxxn  

The conclusion now follows by invoking (2) and matching coefficients of 
like powers of x. 

4. Partitions into Distinct Parts with a Given Rank 

Theorem 5. If π is a partition of n into distinct parts, then ( ) ;0≥πρ  

furthermore, the inequality is strict unless n is triangular, that is, =n  
( ) ,21+kk  and n is partitioned as a sum of consecutive integers: 

 ( ) ( ) .12321 ++++−+−+= kkkn  (7) 

Proof. Let a partition, π, of n into distinct parts be given by; 

,321 knnnnn ++++=  
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where 1+> ii nn  for all i such that ,11 −≤≤ ki  hence ( ) .1 kn −=πρ  
Now 

( ) ∑∑
−

=

−

=
+ =+≥+−=

1

1

1

1
11 ,11

k

i

k

i
kii knnnn  

so that ( ) .01 ≥−=πρ kn  The inequality is strict unless 1=kn  and 

11 =− +ii nn  for all i. This implies ikni −+= 1  for all i, so ∑ =
=

k
i in 1  

( ) ,21+= kk  that is, n is triangular, and is partitioned as in (7), so that 

( ) .0=−=πρ kk  

Lemma 1. Let rnnnnn ++++= 321  with .321 rnnnn >>>>  

If k is the unique integer such that ( ) ( ) ,2121 +≤<− kknkk  then .kr ≤  

Furthermore, if n is not triangular, then .kr <  

Proof. 

( ) ( ) .2
1

2
1

1 1
∑ ∑
= =

≤→+≤=≤=+
r

i

r

i
i krkknnirr  

Now suppose that .kr =  If ,11 −≤ kn  then ikni −≤  for all i, and in 

particular, ,0≤kn  an impossibility. Therefore .1 kn ≥  Similarly, 

.1...,,2,1 32 ≥−≥−≥ knknkn  

Now 

( )∑∑
==

+=≥→=
k

i

k

i
i

kkinnn
11

.2
1  

But, since also ( ) ,21+≤ kkn  we have ( ) ,21+= kkn  that is, n is 

triangular. 

Theorem 6. If n is not triangular, then n has a unique partition, π, 
into distinct parts such that ( ) .1=πρ  

Proof. (Existence) If n is not triangular, let k be the unique integer 
such that ( ) ( ) .2121 +<<− kknkk  Therefore there exists a unique 
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integer, j, such that ( ) jkkn −+= 2
1  and .11 −≤≤ kj  Thus n may be 

represented as a sum of 1−k  consecutive integers, excluding j, of which 
the largest is k. It follows that ( ) ( ) .11 =−−=πρ kk  

(Uniqueness) Let n be partitioned as in the statement of Lemma 1. By 
hypothesis, we have .11 =− rn  Lemma 1 and the hypothesis imply ,kr <  

so that .1−≤ kr  If ,11 +≥ kn  then ,21 ≥− rn  an impossibility. Therefore 

.1 kn =  

Let ( )nk
∗ρ  denote the number of partitions of n into distinct parts, 

having rank k. Then Theorems 5 and 6 may be restated as follows: 

Theorem 5a. 

( )
⎩
⎨
⎧=ρ∗

.,0
,,1

0 otherwise
triangularisnif

n  

Theorem 5b. 

( )
⎩
⎨
⎧=ρ∗

.,1
,,0

1 otherwise
triangularisnif

n  
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