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Abstract

In this paper, we obtain fixed point theorems without the continuity

condition, and completeness of X is weakened.

Let ( )dX ,  be a metric space. Two maps S and T are said to be

compatible if, ( ) 0,lim =
∞→ nnn

TSxSTxd  whenever { } Xxn ⊆  is such that

.limlim XtSxTx nnnn
∈==

∞→∞→
 Two maps S and T are said to be weakly

compatible if they commute at coincidence points.

Let A, B, S and T be selfmaps of a metric space ( )dX ,  such that

( ) ⊆XA  ( )XT  and ( ) ( ).XSXB ⊆  Define { }nx  by ,0 Xx ∈  1x  such that

,01 AxTx =  2x  such that ,12 BxSx =  and, in general, define { }nx  so that

., 1222212 +++ == nnnn BxSxAxTx  Define { }ny  by ,22 nn Sxy =  =+12ny

.12 +nTx
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Theorem 1. Let A, B, S and T be selfmaps of a metric space ( )dX ,

satisfying ( ) ( ) ( ) ( ),, XSXBXTXA ⊆⊆  and for each ,, Xyx ∈  either

( ) ( ) ( )
( ) ( ) ( )TySxd

TyBydSxAxd
TyBydSxAxd

ByAxd ,
,,
,,,

22
β+













+
+α≤ (1)

if ( ) ( ) ,1,0,,0,, <β+α>βα≠+ TyBydSxAxd  or

( ) ( ) ( ) .0,,0, =+= TyBydSxAxdifByAxd (2)

If one of ( ),XA  ( ),XB  ( )XS  or ( )XT  is complete subspace of X, and

{ },, SA  { }TB,  are weakly compatible, then A, B, S and T have a unique

common fixed point.

Proof. In (1) set 122 , +== nn xyxx  to get

( ) ( ) ( )
( ) ( ) 











+
+α≤

++
++

+
121222

2
1212

2
22

122 ,,
,,

,
nnnn

nnnn
nn TxBxdSxAxd

TxBxdSxAxd
BxAxd

( )12, +β+ nn TxSxd

or

( ) ( ) ( )
( ) ( ) 











+
+

α≤
+++

+++
++

1222212

2
1222

2
212

2212 ,,
,,

,
nnnn

nnnn
nn yydyyd

yydyyd
yyd

( )., 122 +β+ nn yyd

Setting 122 , +== nn xyxx  in (1) gives

( ) ( ) ( )
( ) ( ) ( ).,

,,
,,

, 122
122212

2
122

2
212

212 −
−+

−+
+ β+













+
+

α≤ nn
nnnn

nnnn
nn yyd

yydyyd
yydyyd

yyd

Therefore, for all n,

( ) ( ) ( )
( ) ( ) ( ).,

,,
,,

, 1
11

2
1

2
1

1 nn
nnnn

nnnn
nn yyd

yydyyd
yydyyd

yyd −
+−

+−
+ β+













+
+

α≤ (3)

From the argument of Theorem 4 of [6], if 1+= nn yy  for some n, then

A, B, S and T have a common fixed point.



w
w

w
.p

ph
m

j.c
om

SOME FIXED POINT THEOREMS UNDER WEAK CONDITIONS 85

Suppose now that 1+≠ nn yy  for all n. With ( ),,: 1+= nnn yydd  it

follows from (3) that

( ) ( ) ( ) .011 2
11

2 ≤β+α−β−+α− −− nnnn dddd

The corresponding quadratic equation has one positive solution k with

.10 << k  Therefore the above inequality implies that .1−≤ nn kdd  Then

( ) ( )1001 ,, yydkdkdyyd nn
nnn =≤=+  and hence { }ny  is Cauchy.

Now suppose that ( )XS  is complete. Then the subsequence { }ny2  has

a limit in ( )XS  since { }ny2  is contained in ( ).XS  Let .lim 2nn
yu

∞→
=

Since ,0lim =
∞→ nn

d  the subsequence { }12 −ny  also converges to u. There

exists a Xv ∈  such that uSv =  since ( ).XSu∈  To prove that ,uAv =

let =1r  ( ),, uAvd  and suppose that .01 >r  Setting 12, −== nxyvx  in

(1) gives, since 1+≠ nn yy  for each n,

( ) ( )122 ,, −= nn BxAvdyAvd

( ) ( )
( ) ( ) ( )12

1212

2
1212

2
,

,,
,,

−
−−
−− β+













+
+α≤ n

nn

nn TxSvd
TxBxdSvAvd
TxBxdSvAvd

( ) ( )[ ] ( ).,,, 12122 −− β++α≤ nnn yudyydSvAvd

Taking the limit as ∞→n  yields ( ) ( ) =α≤= SvAvduAvdr ,,1

( ),, uAvdα  a contradiction. Therefore ;01 =r  i.e., .SvuAv ==

Since ( ) ( )XTXA ⊆  and ,uAv =  ( ),XTu ∈  there exists a Xw ∈

such that .uTw =  To prove that ,uBw =  let ( ),,2 uBwdr =  and assume

that .02 >r  Setting 22 −= nxx  and wy =  in (1) gives

( ) ( )BwAxdBwyd nn ,, 2212 −− =

( ) ( )
( ) ( ) ( )TwSxd

TwBwdSxAxd
TwBwdSxAxd

n
nn

nn ,
,,
,,

22
2222

22
2222

−
−−

−− β+












+
+α≤

( ) ( )[ ] ( ).,,, 222212 uyduBwdyyd nnn −−− β++α≤
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Taking the limit as ∞→n  yields ( ) ( ),,,2 uBwdBwudr α≤=  a

contradiction. Therefore ;02 =r  i.e., .TwuBw ==

If we assume that ( )XT  is complete, then, by the same argument, A

and S have a coincidence point, and B and T also have a coincidence

point.

If ( )XB  is complete, then ( ) ( ).XSXBu ⊆∈  Similarly if ( )XA  is

complete, then ( ) ( ).XTXAu ⊆∈  Thus, by the previous cases, A and S

have a coincidence point, and B and T also have a coincidence point.

Therefore .BwTwAvSvu ====

Since A and S are weakly compatible, they commute at a coincidence

point v. Thus .SuSAvASvAu ===  Since B and T are weakly

compatible, we get .TuTBwBTwBu ===  Since ( ) ( )TuBudSvAvd ,, +

( ) ( ) ,0,, =+= TuBuduud  we obtain, from (2), that ( ) ( )BuudBuAvd ,, =

.0=  Hence .uBu =  Since ( ) ( ) ,0,, =+ TuBudSuAud  from (2),

( )BuAud ,  ( ) .0, == uAud  Hence .uAu =

Therefore u is a common fixed point of A, B, S and T.

The uniqueness of u follows from (2).

Theorem 1 of Ahmad and Imdad [1] is a special case of Theorem 1,

since weakly commuting implies compatibility. We have improved

Theorem 4 of Jeong and Rhoades [6] by removing any assumption of

continuity and by not assuming that X is complete.

Theorem 2. Let A, B, S and T be selfmaps of a metric space ( )dX ,

satisfying ( ) ( ) ( ) ( ),, XSXBXTXA ⊆⊆  and, for each ,, Xyx ∈  either

( ) ( ) ( ) ( ) ( )
( ) ( ) 








+
+α≤

AxTydBySxd
AxTydTyBydBySxdSxAxd

ByAxd
,,

,,,,,

( )TySxd ,β+ (4)

if ( ) ( ) ,1,0,,0,, <β+α>βα≠+ AxTydBySxd  or

( ) 0, =ByAxd  if ( ) ( ) .0,, =+ AxTydBySxd (5)
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If one of ( ),XA  ( ),XB  ( )XS  or ( )XT  is complete subspace of X, and

{ },, SA  { }TB,  are weakly compatible, then A, B, S and T have a unique

common fixed point.

Proof. From (4) we get, for all n,

( ) ( ) ( )
( ) ( ).,

,
,,

, 1
11

111
1 nn

nn

nnnn
nn yyd

yyd
yydyyd

yyd −
+−

+−−
+ β+







α≤ (6)

If, as in the proof of Theorem 5 of [6], 1+= nn yy  for some n, then A,

B, S and T have a common fixed point.

If 2+= nn yy  for some n, then ( ) ( ) ,0,, 112 =+ +++ nnnn yydyyd  and,

from (5), ( ) ;0, 21 =++ nn yyd  i.e., ,21 ++ = nn yy  which we have already

taken care of. Therefore, we may assume that 2+≠ nn yy  for all n. From

(6), one obtains ( ) ( ) ( ) .1,,, 11 <β+αβ+α≤ −+ nnnn yydyyd  Then

( )1, +nn yyd  ( ) ( )10, yydnβ+α≤  and hence { }ny  is a Cauchy sequence.

Now suppose that ( )XS  is complete. Then the subsequence { }ny2  has

a limit in ( )XS  since { }ny2  is contained in ( ).XS  Let .lim 2nn
yu

∞→
=  The

subsequence { }12 −ny  also converges to u. There exists a Xv ∈  such that

uSv =  since ( ).XSu ∈  To prove that ,uAv =  let ( ),,1 uAvdr =  and

suppose that .01 >r  Setting 12, −== nxyvx  in (4) gives,

( ) ( )122 ,, −= nn BxAvdyAvd

( ) ( ) ( ) ( )
( ) ( ) 








+
+

α≤
−−

−−−−
AvTxdBxSvd

AvTxdTxBxdBxSvdSvAvd

nn

nnnn
,,

,,,,

1212

12121212

( )12, −β+ nTxSvd

( ) ( ) ( ) ( )
( ) ( ) 








+
+

α=
−

−−
Avydyud

AvydyydyuduAvd

nn

nnnn
,,

,,,,

122

121222

( )., 12 −β+ nySvd

Since ,01 >r  there exists an 1N  such that, for all ,1Nn >  and =:3r

( ) ( ) .0,, 122 ≠+ − Avydyud nn  Therefore, for all ,1Nn >
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( ) ( ) ( )[ ] ( ).,,,, 121222 −− β++α≤ nnnn ySvdyyduAvdyAvd

Taking the limit as ∞→n  yields ( ) ( ),,,1 uAvduAvdr α≤=  a

contradiction. Therefore ;01 =r  i.e., .SvuAv ==

Since ( ) ( )XTXA ⊆  and ,uAv =  ( ),XTu ∈  there exists a Xw ∈

such that .uTw =  To prove that ,uBw =  let ( ) .0,2 >= uBwdr  Setting

22 −= nxx  and wy =  in (4) gives

( )Bwyd n ,12 −

( )BwAxd n ,22 −=

( ) ( ) ( ) ( )
( ) ( ) 








+
+α≤

−−
−−−−

2222

22222222
,,

,,,,

nn

nnnn
AxTwdBwSxd

AxTwdTwBwdBwSxdSxAxd

( )TwSxd n ,22 −β+

( ) ( ) ( ) ( )
( ) ( ) ( ).,

,,
,,,,

22
1222

12222212 uyd
yudBwyd

yuduBwdBwydyyd
n

nn

nnnn
−

−−
−−−− β+









+
+α=

Since ,02 >r  there exists an 2N  such that ( ) ( )12225 ,,: −− += nn yudBwydr

0>  for all .2Nn >  Thus, for all ,2Nn >

( ) ( ) ( )[ ] ( ).,,,, 22221212 uyduBwdyydBwyd nnnn −−−− β++α≤

Taking the limit as ∞→n  yields ( ) ( ),,,0 2 uBwdBwudr α≤=<  a

contradiction. Therefore ;02 =r  i.e., .TwuBw ==

If we assume that ( )XT  is complete, then, by a similar argument, A

and S have a coincidence point, and B and T also have a coincidence

point.

If ( )XB  is complete, then ( ) ( ).XSXBu ⊆∈  Similarly if ( )XA  is

complete, then ( ) ( ).XTXAu ⊆∈  Thus, by the previous cases, A and S

have a coincidence point, and B and T also have a coincidence point.

Therefore .BwTwAvSvu ====

Since A and S are weakly compatible, they commute at a coincidence
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point v. Thus .SuSAvASvAu ===  Since B and T are weakly

compatible, we get .TuTBwBTwBu ===

Let .uBu ≠  Then ( ) ( ) ( ) .0,2,, ≠=+ BuudAvTudBuSvd  Setting

vx =  and uy =  in (4) gives

( ) ( )BuAvdBuud ,, =

( ) ( ) ( ) ( )
( ) ( ) ( )TuSvd

AvTudBuSvd
AvTudTuBudBuSvdSvAvd

,
,,

,,,, β+






+
+α≤

( ),, Buudβ=

a contradiction. Thus .uBu =

Let .uAu ≠  Then ( ) ( ) ( ) .0,2,, ≠=+ AuudAuTwdBwSud  Setting

ux =  and wy =  in (4) gives

( ) ( )BwAuduAud ,, =

( ) ( ) ( ) ( )
( ) ( ) ( )TwSud

AuTwdBwSud
AuTwdTwBwdBwSudSuAud ,

,,
,,,, β+







+
+α≤

( ),, uAudβ=

a contradiction. Thus .uAu =

Therefore u is a common fixed point of A, B, S and T.

The uniqueness of u follows from (4).

Theorem 2 of Imdad and Ahmad [4] is a special case of Theorem 2,
since weakly commuting implies compatibility. We have improved
Theorem 5 of Jeong and Rhoades [6] by removing the conditions of

continuity and the completeness of X.

Theorem 3. Let A, B, S and T be selfmaps of a metric space ( )dX ,

satisfying ( ) ( ) ( ) ( ),, XSXBXTXA ⊆⊆  and, for each ,, Xyx ∈  either

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )TySxcd

TyBydAxSxd
AxTydBySxbdByTydAxSxad

ByAxd ,
,,

,,,,, +
+
+≤ (7)

if ( ) ( ) ,22,10,0,0,, <+<≤≥≠+ cacaTyBydAxSxd  or



w
w

w
.p

ph
m

j.c
om

G. S. JEONG90

( ) 0, =ByAxd  if ( ) ( ) .0,, =+ TyBydAxSxd

If one of ( ),XA  ( ),XB  ( )XS  or ( )XT  is complete subspace of X, and

{ } { }TBSA ,,,  are weakly compatible, then A, B, S and T have a unique

common fixed point.

Proof. If 1+= nn yy  for some n, then, using the same argument as in

Theorem 6 of [6], A, B, S and T have a common fixed point.

From (7) we get, for all n,

( ) ( ) ( )
( ) ( ) ( ).,

,,
,,

, 1
211

211
21 +

+++

+++
++ +

+
≤ nn

nnnn

nnnn
nn yycd

yydyyd
yydyyad

yyd (8)

Suppose that 1+≠ nn yy  for each n. Then with ( ),,: 1+= nnn yydd  it

follows from (8) that

( ) .01 2
1

2
1 ≤−−−+ ++ nnnn cdddcad

The corresponding quadratic equation has one positive solution

( ) ( )
2

411
:

2 ccaca
k

+−−+−−−=  with .10 << k

Thus the above inequality implies that .1 nn kdd ≤+  Therefore { }ny  is

Cauchy.

The remainder of the proof is similar to that of Theorem 1 and
Theorem 2, and will therefore be omitted.

Theorem 1 of Ahmad et al. [2] is a special case of Theorem 3, and
Theorem 3 is an improvement of Theorem 6 of Jeong and Rhoades [6].

There are two contractive forms for three maps. One is obtained by

setting ST =  and the other is obtained by setting .AB =  Also for three

maps we can prove more general results.

For the situation in which ,ST =  set Xx ∈0  and define { }nx  by

,, 2212122 +++ == nnnn SxBxSxAx

.:,: 121222 ++ == nnnn SxySxy
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Theorem 4. Let A, B and S be three selfmaps of a metric space ( )dX ,

such that, for each ,, Xyx ∈  either

( ) ( ) ( ) ( ) ( )
( ) ( )BySydAxSxd

AxSydBySxbdBySydAxSxad
ByAxd

,,
,,,,

,
+
+≤

( ) ( ) ( ) ( )
( ) ( ) 





+
++

AxSydBySxd
BySxdBySydAxSydAxSxd

c
,,

,,,,
(9)

if ( ) ( ) 0,, ≠+ BySydAxSxd  and ( ) ( ) ,0,, ≠+ AxSydBySxd  where a, b, c

0≥  with ,22 <+ ca  or

( ) 0, =ByAxd  if ( ) ( ) 0,, =+ BySydAxSxd  or

( ) ( ) .0,, =+ AxSydBySxd  (10)

If ( ) ( ) ( )XSXBXA ⊆∪  and one of ( ),XA  ( )XB  or ( )XS  is complete

subspace of X, and if { } { }SBSA ,,,  are weakly compatible, then A, B and

S have a unique common fixed point.

Proof. If 1+= nn yy  for some n, then, as in the proof of Theorem 7 of

[6], A, B and S have a common fixed point.

Suppose that 1+≠ nn yy  for each n. From (9) we get, for all n,

( ) ( ) ( )
( ) ( ) ( ).,

,,
,,

, 1
11

11
1 +

+−

+−
+ +

+
≤ nn

nnnn

nnnn
nn yycd

yydyyd
yydyyad

yyd (11)

With ( ),,: 1+= nnn yydd  it follows from (11) that

( ) ( ) 011 1
2 ≤−−+− − nnn ddcadc

or

( ) ( )( ) .011 1 ≤−−+− −nnn dcadcd

Thus the above inequality implies that ,1−≤ nn kdd  where 
c

cak
−
−+=

1
1

and .10 << k  Therefore { }ny  is Cauchy.

Now suppose that ( )XS  is complete. Then { }ny  has a limit in ( ).XS

And { } { }122 , +nn yy  have the same limit in ( ).XS  Let { } ==
∞→ nn

yu lim
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{ } { }.limlim 122 +∞→∞→
= nnnn

yy  Then there exists a Xv ∈  such that uSv =

since ( ).XSu ∈

To prove that ,uAv =  let ( ),,1 uAvdr =  and assume that .01 >r

Setting 12, −== nxyvx  in (9) gives

( )nyAvd 2,

( )12, −= nBxAvd

( ) ( ) ( ) ( )
( ) ( )1212

12121212
,,

,,,,

−−

−−−−
+

+
≤

nn

nnnn
BxSxdAvSvd

AvSxdBxSvbdBxSxdAvSvad

( ) ( ) ( ) ( )
( ) ( ) 








+
+

+
−−

−−−−
AvSxdBxSvd

BxSvdBxSxdAvSxdAvSvd
c

nn

nnnn
,,

,,,,

1212

12121212

( ) ( ) ( ) ( )
( ) ( )nn

nnnn
yydAvud

AvydyubdyydAvuad

212

122212
,,

,,,,

−

−−
+

+
=

( ) ( ) ( ) ( )
( ) ( ) .

,,
,,,,

122

221212









+
+

+
−

−−
Avydyud

yudyydAvydAvud
c

nn

nnnn

Taking the limit as ∞→n  gives, ( ) ( ),,, AvucduAvd ≤  a contradiction.

Hence ,uAv =  and A and S have a coincidence point v.

To prove that ,uBv =  let ( ),,2 uBvdr =  and assume that .02 >r

Setting vyxx n == ,2  in (9) gives

( ) ( )BvAxdBvyd nn ,, 212 =+

( ) ( ) ( ) ( )
( ) ( )BvSvdAxSxd

AxSvdBvSxbdBvSvdAxSxad

nn

nnnn
,,

,,,,

22

2222
+

+
≤

( ) ( ) ( ) ( )
( ) ( ) 








+
+

+
nn

nnnn
AxSvdBvSxd

BvSxdBvSvdAxSvdAxSxd
c

22

2222
,,

,,,,

( ) ( ) ( ) ( )
( ) ( )Bvudyyd

yudBvybdBvudyyad

nn

nnnn
,,

,,,,

122

122122
+

+
=

+

++

( ) ( ) ( ) ( )
( ) ( ) .

,,
,,,,

122

212122









+
++

+
++

nn

nnnn
yudBvyd

BvydBvudyudyyd
c
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Taking the limit as ∞→n  yields, ( ) ( ),,, BvucdBvud ≤  a contradiction.

Hence .uBv =  Thus B and S have a coincidence point v. Therefore

.BvAvSvu ===

If ( )XA  is complete, then ( ) ( ).XSXAu ⊆∈  Similarly if ( )XB  is

complete, then ( ) ( ).XSXBu ⊆∈  Thus, by the previous cases, A and S

and B have a coincidence point; i.e., .BvAvSvu ===

Since A and S are weakly compatible, .SuSAvASvAu ===  Since

B and S are weakly compatible, .SuSBvBSvBu ===  Thus =Au

.SuBu =

Since ( ) ( ) ,0,, =+ BvSvdAuSud  it follows from (10) that ( )BvAud ,

;0=  i.e., .BvAu =  But .uBv =  Thus .uAu =  Therefore u is a common

fixed point of A, B and S.

The uniqueness of u follows from (10).

Theorem 1 of Divicarro et al. [3] is a special case of Theorem 4. And
Theorem 4 is an improvement of Theorem 7 of Jeong and Rhoades [6].

Theorem 5. Let A, B and S be three selfmaps of a metric space ( )dX ,

such that, for each ,, Xyx ∈  either

( ) ( ) ( )
( ) ( ) ( ) ( )( )BySydAxSxd

BySydSySxd
SySxdBySxd

ByAxd ,,
,,

,,, 21 +α+








+
α≤

( ) ( )( ) ( )SySxdAxSydBySxd ,,, 43 α++α+ (12)

if ( ) ( ) ,0,, ≠+ BySydSySxd  where 0≥αi  with ,122 4321 <α+α+α+α

or

( ) 0, =ByAxd  if ( ) ( ) .0,, =+ BySydSySxd (13)

If ( ) ( ) ( )XSXBXA ⊆∪  and one of ( ),XA  ( )XB  or ( )XS  is complete

subspace of X, and if { } { }SBSA ,,,  are weakly compatible, then A, B and

S have a unique common fixed point.

Proof. If 1+= nn yy  for some n, then, as in the proof of Theorem 9 of

Jeong and Rhoades [6], it follows that A, B and S have a common fixed
point.
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Now we assume that 1+≠ nn yy  for each n. From (12) we obtain, for

all n,

( ) ( ) ( )
( ) ( )






+
α≤

+−

−+−
+

11

111
11 ,,

,,
,

nnnn

nnnn
nn yydyyd

yydyyd
yyd

( ) ( )( )112 ,, +− +α+ nnnn yydyyd

( ) ( )nnnn yydyyd ,, 14113 −+− α+α+

( ) ( ) ( ) ( )( )113211 ,,, +−− +α+α+α≤ nnnnnn yydyydyyd

( ).,14 nn yyd −α+ (14)

With ( ),,: 1+= nnn yydd  it follows from (14) that ,1−≤ nn kdd  where

,
1 32

4321
α−α−

α+α+α+α
=k  and .10 << k  Therefore { }ny  is Cauchy.

Suppose that ( )XS  is complete. Then { }ny  has a limit in ( ).XS  And

{ } { }122 , +nn yy  have the same limit in ( ).XS  Let { } { }nnnn
yyu 2limlim

∞→∞→
==

{ }.lim 12 +∞→
= nn

y  Then there exists a Xv ∈  such that uSv =  since

( ).XSu ∈

To prove that ,uBv =  let ( ),, uBvdr =  and assume that .0>r

Setting vyxx n == ,2  in (12) gives

( ) ( )BvAxdBvyd nn ,, 212 =+

( ) ( )
( ) ( )






+
α≤

BvSvdSvSxd
SvSxdBvSxd

n

nn
,,
,,

2

22
1

( ) ( )( )BvSvdAxSxd nn ,, 222 +α+

( ) ( )( ) ( )SvSxdAxSvdBvSxd nnn ,,, 24223 α++α+

( ) ( )
( ) ( ) ( ) ( )( )Bvudyyd

Bvuduyd
uydBvyd

nn
n

nn ,,
,,

,,
1222

2

22
1 +α+









+
α= +

( ) ( )( ) ( ).,,, 241223 uydyudBvyd nnn α++α+ +

Taking the limit as ∞→n  gives ( ) ,32 rr α+α≤  a contradiction. Hence
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.uBv =  Thus B and S have a coincidence point v. Since ( ) +SvSvd ,

( ) ,0, =BvSvd  by (13), ( ) .0, =BvAvd  Hence .BvAv =  Thus == BvAv

.uSv =  So A and S also have a coincidence point v. If ( )XA  is complete,

then ( ) ( ).XSXAu ⊆∈  Similarly if ( )XB  is complete, then ( )XBu ∈

( ).XS⊆  Thus, by the previous cases, A and S and B have a coincidence

point v; i.e., .uSvBvAv ===  Since A and S are weakly compatible,

.SuSAvASvAu ===  Since B and S are weakly compatible,

.SuSBvBSvBu ===  Thus .SuBuAu ==

Suppose that .uSu ≠  Then, by (12),

( ) ( )BvAuduSud ,, =

( ) ( )
( ) ( ) ( ) ( )( )BvSvdAuSud

BvSvdSvSud
SvSudBvSud

,,
,,

,,
21 +α+







+
α≤

( ) ( )( ) ( )SvSudAuSvdBvSud ,,, 43 α++α+

( ) ( ),,2 431 uSudα+α+α=

a contradiction. Hence .uSu =

Therefore u is a common fixed point of A, B and S.

The uniqueness of u follows from (13).

The Theorem of Pande and Dubey [7] is a special case of Theorem 5.
And Theorem 5 is an improvement of Theorem 9 of Jeong and Rhoades
[6].
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