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Abstract

In this paper, we obtain fixed point theorems without the continuity

condition, and completeness of X is weakened.

Let (X, d) be a metric space. Two maps S and T are said to be
compatible if, lim d(STx,, TSx,) =0 whenever {x,} c X is such that
n—oo

lim Tx,, = lim Sx, =t X. Two maps S and T are said to be weakly
n—oo n—oo

compatible if they commute at coincidence points.

Let A, B, S and T be selfmaps of a metric space (X, d) such that
A(X)c T(X) and B(X) c S(X). Define {x,} by x5 € X, x; such that
Tx; = Axgy, x9 such that Sxy = Bxy, and, in general, define {x, } so that
Txopy1 = Axgy, Sxgpyg = Bxg,yi. Define {y,} by yg, = Sxg,, Yons1 =

Txon+1-
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Theorem 1. Let A, B, S and T be selfmaps of a metric space (X, d)
satisfying A(X) c T(X), B(X) < S(X), and for each x, y € X, either

d(Ax, Sx)* + d(By, Ty
d(Ax, Sx) + d(By, Ty) }*‘Bd@sx,Tb) (1)

d(Ax, By) < oc{

if d(Ax, Sx)+d(By, Ty) #0,0,p>0,a+p <1, or
d(Ax, By) = 0 if d(Ax, Sx)+ d(By, Ty) = 0. ©)

If one of A(X), B(X), S(X) or T(X) is complete subspace of X, and
{A, S}, {B, T} are weakly compatible, then A, B, S and T have a unique

common fixed point.

Proof. In (1) set x = xg,,, ¥ = X9,,1 to get

d(Ax2n7 SxZn) + d(BxZnJrl’ Tx2n+l)

2 2
d(Axgy,, Bxgy) < Ot{d(szn’ Sxgn)” + d(Brgys1, Thgp11) }

+Bd(Sx,, Txgpy1)

or

2 2
d(Yon+1> Yon )" + d(Yon+2, Yon+1) }

d(Yon+1> Yon+2) < O
nr nr d(y2n+17 y2n) + d(y2n+21 y2n+1)

+Bd(yan, Yon+1)-

Setting x = x9,,, ¥ = Xg9,41 in (1) gives

A(yai1, Yo ) < @ d(¥ons1s Yon)* + d(Yon, Yon1)* + Bd(ygy, Yon_1)-
L " d(y2n+1’ yZn) + d(y2n’ y2n—1) " "

Therefore, for all n,

d(Yn-1: ) + Ans Yns1)
d(y,,, < I I i + Bd(y,,_1, . 3
(yn yn+1) 0‘{ d(yn—l’ yn)+ d(yn, yn+1) B (yn 1 yn) 3

From the argument of Theorem 4 of [6], if y,, = y,,; for some n, then

A, B, S and T have a common fixed point.
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Suppose now that y, # y,,; for all n. With d, :=d(y,, y,4), it
follows from (3) that

(L~ a)dy + (1= B)dydy 1 — (a+B)dy_y < 0.
The corresponding quadratic equation has one positive solution k& with
0 < k < 1. Therefore the above inequality implies that d,, < kd,,_;. Then
d(¥ys Yps1) = d,, < k'dy = k"d(yy, y1) and hence {y, } is Cauchy.
Now suppose that S(X) is complete. Then the subsequence {y,,} has
a limit in S(X) since {ys,} is contained in S(X). Let u = lim ys,.
n—oo

Since lim d, = 0, the subsequence {ys,_1} also converges to u. There
n—oo

exists a v € X such that Sv = u since u e S(X). To prove that Av = u,
let n = d(Av, u), and suppose that r; > 0. Setting x = v, y = x9,,_; in

(1) gives, since y, # y,41 for each n,

d(AU’ y2n) = d(AU’ Bx2n—1)

d(Av, Sv)? + d(Bxgy,_1, Txgy_1
<
= 0‘{ d(Av, S0+ d(Bry, 1. Trg, ) | PAS: Toon-1)
< O([d(AU, SU) + d(y2n’ Yon-1 )] + Bd(u’ Yon-1 )
Taking the limit as n — e« yields n = d(Av, u) < ad(Av, Sv) =

ad(Av, u), a contradiction. Therefore r, = 0; i.e., Av = u = Sv.

Since A(X)c T(X) and Av =u, ue T(X), there exists a we X
such that Tw = u. To prove that Bw = u, let r, = d(Bw, u), and assume

that r, > 0. Setting x = x9,,_9 and y = w in (1) gives

d(y2n—1’ Bw) = d(Ax2n—2’ Bw)

d(Axg, o, Ston_s ) + d(Bw, Tw)?
<
= 0‘{ d(Axs, o, Sty »)+ d(Bw, Tw) |+ PUS*2n—2, Tw)

< old(¥an-1, Yon-2) + d(Bw, u)]+ Bd(yay, -2, u).
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Taking the limit as n — « yields r = d(u, Bw) < ad(Bw, u), a

contradiction. Therefore r, = 0; i.e., Bw = u = Tw.

If we assume that T'(X) is complete, then, by the same argument, A
and S have a coincidence point, and B and 7T also have a coincidence
point.

If B(X) is complete, then u e B(X) < S(X). Similarly if A(X) is
complete, then u € A(X) c T(X). Thus, by the previous cases, A and S

have a coincidence point, and B and T also have a coincidence point.
Therefore u = Sv = Av = Tw = Bw.

Since A and S are weakly compatible, they commute at a coincidence
point v. Thus Au = ASv = SAv = Su. Since B and T are weakly
compatible, we get Bu = BTw = TBw = Tu. Since d(Av, Sv)+ d(Bu, Tu)
= d(u, u) + d(Bu, Tu) = 0, we obtain, from (2), that d(Av, Bu) = d(u, Bu)
=0. Hence Bu=u Since d(Au, Su)+d(Bu,Tu)=0, from (2),
d(Au, Bu) = d(Au, u) = 0. Hence Au = u.

Therefore u is a common fixed point of A, B, S and 7.

The uniqueness of u follows from (2).

Theorem 1 of Ahmad and Imdad [1] is a special case of Theorem 1,
since weakly commuting implies compatibility. We have improved
Theorem 4 of Jeong and Rhoades [6] by removing any assumption of

continuity and by not assuming that X is complete.

Theorem 2. Let A, B, S and T be selfmaps of a metric space (X, d)
satisfying A(X) c T(X), B(X) c S(X), and, for each x, y € X, either

d(Ax, By) < a{d(Ax’ Sx)d(Sx, By) + d(By, Ty)d(Ty, Ax)}

d(Sx, By) + d(Ty, Ax)
+ Bd(Sx, Ty) 4)
if d(Sx, By)+ d(Ty, Ax) # 0, 0,8 >0,00+p <1, or

d(Ax, By) = 0 if d(Sx, By)+ d(Ty, Ax) = 0. (5)
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If one of A(X), B(X), S(X) or T(X) is complete subspace of X, and
{A, S}, {B, T} are weakly compatible, then A, B, S and T have a unique

common fixed point.

Proof. From (4) we get, for all n,

d(Yn, Yns1) < a{d(y”‘ld’(i"f(i”j’)y ’”1)} + Bd(Yn-1> ¥n)- ®)

If, as in the proof of Theorem 5 of [6], y,, = ¥,,4+1 for some n, then A,

B, S and T have a common fixed point.

If y, = yp42 for some n, then d(yn, yn+2)+d(yn+l’ yn+1):0’ and,
from (5), d(¥pi1> Yni2)=0; 1€., ¥Ypi1 = Yn+2, which we have already
taken care of. Therefore, we may assume that y, # y,,9 for all n. From

(6), one obtains  d(y,, Yu1)< (@ +B)d(y,_1, ) a+B<1.  Then
d(yn, Yni1) < (o +B)'d(yg, y1) and hence {y,} is a Cauchy sequence.

Now suppose that S(X) is complete. Then the subsequence {y,,} has
a limit in S(X) since {yg, } is contained in S(X). Let u = lim yy,. The
n—oo

subsequence {yy,_1} also converges to u. There exists a v € X such that
Sv = u since u e S(X). To prove that Av = u, let n = d(Av, u), and

suppose that n; > 0. Setting x = v, y = x9,,_1 in (4) gives,

d(AU> yZn) = d(AU’ BxQn—l)

<q d(Av, Sv)d(Sv, Bxy,,_1 )+ d(Bxg,_1, Tx,_1)d(Tx9,_1, Av)
N d(SU, BxZn_1)+d(Tx2n_1, AU)

+ Bd(SU, Tx2n—1)

— a{d(AU’ u)d(u’ y2n) + d(an, Yon-1 )d(y2n—1’ AU)}
d(“? y2n) + d(y2n—1’ AU)

+ Bd(SU’ y2n—1)'

Since 1, > 0, there exists an N; such that, for all » > Ny, and ry :=

d(u, y9,,) + d(y9,,_1, Av) # 0. Therefore, for all n > Ny,
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d(Av, y9,,) < o[d(Av, u) + d(ya,, Yon-1)]+ BA(Sv, yan_1).

Taking the limit as n — o yields n = d(Av, u) < ad(Av, u), a

contradiction. Therefore rn; = 0; i.e., Av = u = Sv.

Since A(X)c T(X) and Av =u, u e T(X), there exists a we X
such that Tw = u. To prove that Bw = u, let ry = d(Bw, u) > 0. Setting
X = X9,_9 and y = w in (4) gives

d(yop-1, Bw)

= d(Ax2n—2’ BLU)

< o AAxon_g, Sxg,_9)d(Sx9,_3, Bw) + d(Bw, Tw)d(Tw, Axg,_3)
- d(SQan_g, BLU) + d(Tw, A)C2n_2)

+ Bd(SﬁXZgn_g R TLU)

_ a{d(an—l, Yon-2)d(Yen-2, Bw) + d(Bw, u)d(u, ya,-1)

+Bd(yo,-2, u).

Since ry >0, there exists an Ny such that r5 = d(ys,_o, Bw)+d(W, y9,-1)
> 0 for all n > Ny. Thus, for all n > Ny,

d(yon-1, Bw) < of[d(y9,_1, Yon-2) + d(Bw, u)] + Bd(ys,_9, ).

Taking the limit as n — « yields 0 < nry = d(u, Bw) < ad(Bw, u), a

contradiction. Therefore rp = 0; i.e., Bw = u = Tw.

If we assume that T'(X) is complete, then, by a similar argument, A

and S have a coincidence point, and B and T also have a coincidence
point.

If B(X) is complete, then u € B(X) < S(X). Similarly if A(X) is
complete, then u € A(X) < T(X). Thus, by the previous cases, A and S

have a coincidence point, and B and T also have a coincidence point.
Therefore u = Sv = Av = Tw = Bw.

Since A and S are weakly compatible, they commute at a coincidence
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point v. Thus Awu = ASv = SAv = Su. Since B and T are weakly
compatible, we get Bu = BTw = TBw = Tu.

Let Bu # u. Then d(Sv, Bu)+ d(Tu, Av) = 2d(u, Bu) # 0. Setting

x =v and y = u in (4) gives

d(u, Bu) = d(Av, Bu)

IN

a{d(Av, Sv)d(Sv, Bu) + d(Bu, Tu)d(Tu, Av)

d(Sv, Bu)+ d(Tu, Av) } + Bd(Sv, Tu)

Bd(u, Bu),
a contradiction. Thus Bu = u.

Let Au # u. Then d(Su, Bw)+ d(Tw, Au) = 2d(u, Au) # 0. Setting

x =u and y = w in (4) gives

d(Au, u) = d(Au, Bw)

IN

a{d(Au, Su)d(Su, Bw) + d(Bw, Tw)d(Tw, Au)

d(Su, Bw) + d(Tw, Au) } + Bd(Su, Tw)

= Bd(Au, u),
a contradiction. Thus Au = u.
Therefore u is a common fixed point of A, B, S and T.
The uniqueness of u follows from (4).

Theorem 2 of Imdad and Ahmad [4] is a special case of Theorem 2,
since weakly commuting implies compatibility. We have improved
Theorem 5 of Jeong and Rhoades [6] by removing the conditions of
continuity and the completeness of X.

Theorem 3. Let A, B, S and T be selfmaps of a metric space (X, d)
satisfying A(X) c T(X), B(X) c S(X), and, for each x, y € X, either

ad(Sx, Ax)d(Ty, By) + bd(Sx, By)d(Ty, Ax)

d(Ax, By) < d(Sx, Ax)+ d(By, Ty)

+cd(Sx, Ty) (7)

if d(Sx, Ax)+d(By, Ty)#0,a>0,0<c<1,a+2c<2, or
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d(Ax, By) = 0 if d(Sx, Ax)+ d(By, Ty) = 0.

If one of A(X), B(X), S(X) or T(X) is complete subspace of X, and
{A, S}, {B, T'} are weakly compatible, then A, B, S and T have a unique

common fixed point.

Proof. If y, = y,,; for some n, then, using the same argument as in

Theorem 6 of [6], A, B, S and T have a common fixed point.

From (7) we get, for all n,

ad(yn’ yn+1)d(yn+1’ yn+2)
d(¥n> Yns1) + AYni1> Ynr2)

d(Yp+1> Yna2) < +cd(Yps Yni1)- ()

Suppose that y, # y,,; for each n. Then with d, == d(y,, ¥,.1), it
follows from (8) that

21 +(1-a-c)d,d,,, —cd? <0.

The corresponding quadratic equation has one positive solution

. —(1—a—c)+\/(1—a—c)2+4c

5 with 0 < k < 1.

Thus the above inequality implies that d,,; < kd,. Therefore {y, } is
Cauchy.

The remainder of the proof is similar to that of Theorem 1 and
Theorem 2, and will therefore be omitted.

Theorem 1 of Ahmad et al. [2] is a special case of Theorem 3, and

Theorem 3 is an improvement of Theorem 6 of Jeong and Rhoades [6].

There are two contractive forms for three maps. One is obtained by
setting T = S and the other is obtained by setting B = A. Also for three

maps we can prove more general results.

For the situation in which 7' = S, set x; € X and define {x,, } by
Axgp = Sxops1, BXopi1 = Sxopig,

Yon = SXop, Yopi1 = SXopiq.
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Theorem 4. Let A, B and S be three selfmaps of a metric space (X, d)
such that, for each x, y € X, either

ad(Sx, Ax)d(Sy, By) + bd(Sx, By)d(Sy, Ax)

<
d(Ax, By) < d(Sx, Ax)+ d(Sy, By)

d(Sx, Ax)d(Sy, Ax)+ d(Sy, By)d(Sx, By)
" C{ d(Sx, By) + d(Sy, Ax) } ®

if d(Sx, Ax)+ d(Sy, By) # 0 and d(Sx, By)+ d(Sy, Ax) # 0, where a, b, ¢
>0 with a+2c < 2, or

d(Ax, By) = 0 if d(Sx, Ax)+ d(Sy, By) = 0 or

d(Sx, By)+ d(Sy, Ax) = 0. (10)
If AX)UB(X)c S(X) and one of A(X), B(X) or S(X) is complete

subspace of X, and if {A, S}, {B, S} are weakly compatible, then A, B and

S have a unique common fixed point.

Proof. If y, = y,,,1 for some n, then, as in the proof of Theorem 7 of

[6], A, B and S have a common fixed point.

Suppose that y, # y, 41 for each n. From (9) we get, for all n,

< ad(¥y_1, ¥2)dVns Yni1)

- + cd s . 11
0y )+ dlr vy T €0 Ina1) 11)

d(yn’ yn+1)

With d,, = d(y,,, ¥,,41), it follows from (11) that

1A-¢)d?+@1-a-c)d, 1d, <0
or

d,(1-¢)d, +1-a-c)d,_;)<0.

a+c—-1

Thus the above inequality implies that d,, < kd,,_1, where %k = T ¢

and 0 < k < 1. Therefore {y,} is Cauchy.

Now suppose that S(X) is complete. Then {y,} has a limit in S(X).
And {y9,}, {¥2,+1} have the same limit in S(X). Let w = lim{y,}=
n—eo
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lim {y9,,} = lim{yg,,,1}. Then there exists a ve X such that Sv=u
n—ow n—oo

since u € S(X).

To prove that Av = u, let = d(Av, u), and assume that r > 0.

Setting x = v, y = x9,,_1 in (9) gives

d(AU’ y2n)
d(AU, B.’X:zn_l)

ad(Sv, Av)d(Sxg,_1, Bxg,_1)+ bd(Sv, Bxg,_1)d(Sxs,_1, Av)
d(SU, Al)) + d(SxZn_l, Bx2n_1)

‘e d(SU Av)d(SxZn 15 AU)+ d(SxZn 15 BxQn l)d(SU B.’X'Qn 1)
d(Sv, Bxg,_1) + d(Sxg,_1, Av)

ad(u, Av)d(Yon-1, Yon) + bd(, y9,)d(y2,-1, Av)
d(u’ AU) + d(y2n—1’ y2n)

+ {d(u Av)d(yZn 1 AU)+d(y2n 1> y2n)d(u y2n)}
d(u’ y2n) + d(an 1 AU)

Taking the limit as n — « gives, d(Av, u) < cd(u, Av), a contradiction.

Hence Av = u, and A and S have a coincidence point v.

To prove that Bv = u, let r = d(Bv, u), and assume that ry > 0.

Setting x = x9,, ¥ = v in (9) gives
d(y2n+1’ Bv) = d(AxZna Bl))

ad(Sxs,,, Axg, )d(Sv, Bv)+ bd(Sx,y,, Bv)d(Sv, Axy,,)
d(Sxy,, Axy, )+ d(Sv, Bv)

e d(Sxs,,, Axy,)d(Sv, Axy, )+ d(Sv, Bv)d(Sxsy,, Bv)
d(Sxsy,, Bv)+ d(Sv, Axsy,)

ad(y,, Yon+1)d(u, Bv)+ bd(ys,, Bv)d(u, yo,.1)
d(Yon, Yon+1)+ d(u, Bv)

{d(yZn’ Yon+1)AW, Yon41) + d(u, Bv)d(ys,, Bv)}
d(yZn’ BU) + d(u y2n+1)
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Taking the limit as n — o yields, d(u, Bv) < cd(u, Bv), a contradiction.
Hence Bv = u. Thus B and S have a coincidence point v. Therefore
u =Sv = Av = Bu.

If A(X) is complete, then u € A(X) < S(X). Similarly if B(X) is
complete, then u € B(X) < S(X). Thus, by the previous cases, A and S
and B have a coincidence point; i.e., u = Sv = Av = Bu.

Since A and S are weakly compatible, Au = ASv = SAv = Su. Since
B and S are weakly compatible, Bu = BSv = SBv = Su. Thus Au =
Bu = Su.

Since d(Su, Au) + d(Sv, Bv) = 0, it follows from (10) that d(Au, Bv)
= 0; i.e., Au = Bv. But Bv = u. Thus Au = u. Therefore u is a common
fixed point of A, B and S.

The uniqueness of u follows from (10).

Theorem 1 of Divicarro et al. [3] is a special case of Theorem 4. And
Theorem 4 is an improvement of Theorem 7 of Jeong and Rhoades [6].

Theorem 5. Let A, B and S be three selfmaps of a metric space (X, d)

such that, for each x, y € X, either

d(Sx, By)d(Sx, Sy)
d(Sx, Sy) + d(Sy, By)

d(Ax, By) < ocl{ } + ag(d(Sx, Ax) + d(Sy, By))

+ a3(d(Sx, By) + d(Sy, Ax)) + a4d(Sx, Sy) (12)

if d(Sx, Sy)+ d(Sy, By) # 0, where a; >0 with o + 209 + 203 + 04 < 1,
or

d(Ax, By) = 0 if d(Sx, Sy) + d(Sy, By) = 0. (13)
If AX)UB(X)c S(X) and one of A(X), B(X) or S(X) is complete
subspace of X, and if {A, S}, {B, S} are weakly compatible, then A, B and

S have a unique common fixed point.

Proof. If y, = y,,; for some n, then, as in the proof of Theorem 9 of

Jeong and Rhoades [6], it follows that A, B and S have a common fixed
point.
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Now we assume that y, # y,,; for each n. From (12) we obtain, for

all n,

d(yn—l » Yn+1 )d(yn—l ) yn)
<
o o) $ o Gt st et 2

+ 03 (d(Yn-15 Yn) + dWns Yni1))
+ 03d(Vp-15 Yni1) + 04 d(Vp-1, Yn)
< o d(¥po1s Yp) + (0 + 03) (AWn-1s Yn) + dVns Yns1))
+ 0y d(Yp-15 Yp)- (14)

With d,, = d(y,, ¥,.1), it follows from (14) that d, < kd,_;, where

1 + Og + Og + Oy
1—&2—&3

k= , and 0 < k < 1. Therefore {y, } is Cauchy.

Suppose that S(X) is complete. Then {y, } has a limit in S(X). And
{¥on}» {¥an+1} have the same limit in S(X). Let v = lim {y,} = lim {yy,}
n—ow n—o

= lim {y9,,1}- Then there exists a ve X such that Sv =u since
n—o
u e S(X).

To prove that Bv = u, let r = d(Bv, u), and assume that r > 0.

Setting x = xg,,, ¥y = v in (12) gives

d(y2n+1’ BU) = d(Ax2n’ BU)

o d(Sxg,,, Bv)d(Sxz,, Sv)
Y d(Sxs,, Sv)+ d(Sv, Bv)

+ 09 (d(Sxy,,, Axg, )+ d(Sv, Bv))
+ a3(d(Sxy,, Bv)+ d(Sv, Axg,,))+ 04d(Sxg,, Sv)

-2 B ) 000+ 50

+ Ot3(d(y2n’ BU) + d(u’ Yon+1 )) + Ot4d(y2n’ u)

Taking the limit as n — o gives r < (ag + a3)r, a contradiction. Hence
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Bv = u. Thus B and S have a coincidence point v. Since d(Sv, Sv)+
d(Sv, Bv) = 0, by (13), d(Av, Bv) = 0. Hence Av = Bv. Thus Av = Bv =
Sv = u. So A and S also have a coincidence point v. If A(X) is complete,
then u e A(X) < S(X). Similarly if B(X) is complete, then u e B(X)
< S(X). Thus, by the previous cases, A and S and B have a coincidence
point v; i.e., Av = Bv = Sv = u. Since A and S are weakly compatible,
Au = ASv = SAv = Su. Since B and S are weakly compatible,
Bu = BSv = SBv = Su. Thus Au = Bu = Su.

Suppose that Su # u. Then, by (12),
d(Su, u) = d(Au, Bv)

< | S 5u) (S, By 2@l Au) + d(So, B)

+ g (d(Su, Bv)+ d(Sv, Au))+ 0,,d(Su, Sv)

= (o + 203 + ay)d(Su, u),
a contradiction. Hence Su = u.
Therefore u is a common fixed point of A, B and S.
The uniqueness of u follows from (13).

The Theorem of Pande and Dubey [7] is a special case of Theorem 5.
And Theorem 5 is an improvement of Theorem 9 of Jeong and Rhoades

[6].
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