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Abstract
It is shown that, if A € M,,, then

2,k
2T <y < Zaa2i+1ap),

and also that, if A and B are in M,,, then

2| AB| < |A*A + BB*|

1 2 2 2 22 2
<SIAR+IBIE + V(AR -1 B + 4 4BJ?],

where w(-) and ||-|| are the numerical radius and the usual operator

norm, respectively. We apply the numerical radius inequality to derive
new bounds for the zeros of these polynomials.

1. Introduction

In this paper, we are concerned with the problem of locating the zeros
of polynomials by employing the numerical radius inequality. Numerical
radii estimate of companion matrices have been invoked by Linden [10]
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and Kittaneh [7, 9]. In addition, it has been shown by Kittaneh [9], that if
A e M,(C), then

244 + ATA] < w?(4) < £|AA" + AA.
In addition, we know that
A
1AL < wiay <) ay.

In this paper, it is shown that, if A € M,(C), then

M@ﬁ< wa) < LAz ap),

and it shows that, if A and B are in M,,(C), then

9| AB| < |A"A + BB®|

<SUAPR+IBE (A -] BI)? + 4] ABJP]

where w(-) and |-| are the numerical radius and the usual operator

norm, respectively.

We apply the numerical radius inequality to the Frobenius
companion matrices of monic polynomials to derive new bounds for the

zeros of these polynomials.

In this work, let M, (C) denote the algebra of all nxn complex

matrices.

Definitions 1.1 [3]. If A € M,(C), then:

(I) The spectral norm (or the operator norm) is defined by
| Ax |
| A ]| = max Willxll #0p, [A]=max{] Ax||: x| =1. @)

(II) The numerical radius of A is defined by

w(A) = max{| (Ax, x)| : x € C", || x || = 1}. 2
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Now, we list some known results as the pre-requisite.

Lemma 1.1 [13]. If A and B are in M,,(C), then
2s;(A"B) < s;(AA" + BB*) for1<j<n, 3)

which is, Zhan’s inequality (see [13] and [1]).

Lemma 1.2 [3]. If A € M, (C), then
A

1AL < wiay <) a). @

Lemma 1.3 [7]. If A € M, (C), then

1 9L
w(A) < §(|| Al +|A%2). (5)
Lemma 1.4 [9]. If A € B(H), then

2447 + ATA] < w?(4) < 2| AA" + AA. ©)

Lemma 1.5 [6]. If A and B are positive operators, then

1 1
1 2 272112
[A+B[<SlAl+IB] +\/(|| A|-|B[)" +4]A2B2|"]. )
C
Lemma 1.6 [11]. If X = i is positive, then
25;(C) < s;(X) for1<j<n. (8)
Lemma 1.7 [5]. Let
—a,  -ayq o -Gz —ap
1 0 0 0
C(p)=| 0O 1 0 0
| 0 0 1 0 |

be a companion matrix of
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1

p(z)=2"+a,2" P +a, 12" 2+ tagz+a

with a; € C for 1 <i <n and a; # 0. Then

2 2
”C(p)”:\/(a"'l)"'\/(a;'l) —4|a1| ,

n
where o = Z|aj|2.
=

Lemma 1.8 [8]. If A and B are in M,(C), then
|A*A + BB"| < max{] A %, | B|*} + | AB],
which is, Kittaneh’s inequality (see [8]).
2. Main Results

Now we state Lemma 1 in another form as follows:

Lemma 2.1. If A and B are in M,,(C), then
25;(AB) < s;(AA* + BB") for1<j<n.

A* B

Proof. Let M = [
0 0

} . Then

. |A"A+BB* 0 . AA*
X = MM* = Y =M'M =
0 0 (AB)"

From the inequality (8), we have

©)

(10)

(1D

12)

AB
B'B|

25;(AB) < 5j(X) = s;(Y) = 5;(AA" + BB") for 1 < j < n.

Lemma 2.2. If A and B are in M,,(C), then

* * 1
|4+ BB < Ll AP <[ BIE + AP - BPP + 4 4B ). (3

Proof. The desired inequality (13) follows from the inequality (7), by

substituting A*A instead of A and BB™ instead of B, respectively.
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The inequality (13) is sharper than the inequality (11), because

1 2 2 2 22 2
SUAP +IBP (AP -1 BIP)? + 4] ABJP]
1 2 2 2 2
<S[lAP +IBP +|(1 4 -1 BIP)1+] AB|

2 2
< max{| A% [ B"} + | AB].

Corollary 2.3. Let A, B € M,,(C) be positive semidefinite. Then

1 2 2 2 212
||A2+32||S§[IIAII +|BI2+(AJ? - B + 4| AB || BA|]. (14)

Corollary 2.4. Letting A = B e M,(C) in the inequality (13), we

have
|A"A + AA%| < | AP+ A%, (15)
which is, Kittaneh’s inequality see [8].

Theorem 2.5. If A € M,(C), then

1
4%]3 VTR
L <y < Lqazy1ap). 16)

Proof. The right hand side of the inequality (16) follows from the
inequalities (6) and (15).

The left hand side of the inequality (16) follows from the inequality
(12).

The inequality (16) is sharper than the inequality (4), because

1 2 1 2 2
Laazpepap < Lqap pap) < g4l
and 4% < A"

Also

| =

ES R P
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Now, we use previous theorem to present new bounds for the zeros of
polynomials as follows:

Theorem 2.6. If z is a zero of
_.n n-1 n-2
p(z)=2"+a,z""" +a, 12"+ taz+q
with a; € C for 1 <i <n and a; # 0, then

_1 Jer D)@+ 4o P61+ VE-1)7 + 48
|z|_\/§ 5 + 5 , (17)

1 2 2\
8 =5 o +p)+((a-B)" +4[¢")z],
and
n n n
2 2 -
a=Y g, =YL c=-> aL; Lj=ana;-a;4
j=1 j=1 j=1

for 1 < j < n, with ay =0 and

5 = Lo+ B+ (@ - B+ 4 P)3),

N

where

n n n
’ 2 ! 2 ’ -
o =Z|aj| y B =Z|LJ| y C=C =—Zaij.
j=3

j=3 j=1

Proof. The desired inequality (17) follows from the inequality (16)

w(C(p) = LACE) ]+ C@) ),

where C(p) is the companion matrix of p(z), such that

2 ’
I(C(p)?| < J G+1)+ W |
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and
2 2
ot - e Dol -t
where
S = %[(oc +B)+ (o0 - B)2 +4| ¢ |2)%]’
and

n n n _
a=>la;’, B=D L c=-) L Lj =aya;-aj;,
1 =

J=1

for 1 < j < n, with gy =0 and

’ ]- ’ ’ ’ ’ ’ l
8 = Sllo + )+ (o~ ) + 4 ¢ [*)2],
where
n n
' 2 ' 2
o = | B =D L
j=3 j=3
and

(see [5], and [7]).
3. Open Problems
The first open problem is possible to complement the upper bound (6)

by giving an upper bound estimate for the zeros of p.

The second open problem is possible to complement the upper bound
(6) or the bound (16) by giving a lower bound estimate for the zeros of p.

To see this, observe that the zeros of the polynomial

q(2)=§p(1)

zZ
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are the reciprocals of those of p. Thus, applying the upper bound (6) or

the bound (16) to the zeros of g yields the desired lower bound estimate

for the zeros of p. This enables us to present a new annulus containing

the zeros of p.
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