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Abstract 

In this paper, we continue the study of most general class of 

submanifolds of a Kaehler manifold initiated in [4], which includes             

all existing classes of submanifolds (complex submanifolds, totally        

real submanifolds, CR-submanifolds, slant submanifolds). Such a 

submanifold M of a Kaehler manifold M  has naturally defined 

operators φ, F, ψ and G. We study the geometry of a general submanifold 

with parallel F and obtain a condition under which a general 

submanifold is a complex submanifold. 
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1. Introduction 

The geometry of submanifolds of a Kaehler manifold is interesting 
because of the influence of the complex structure of the Kaehler manifold 
on the submanifold. Accordingly, there are various types of special 
submanifolds of a Kaehler manifold namely, complex submanifolds [5], 
totally real submanifolds, CR-submanifolds [1] (this class includes both 
complex submanifolds and totally real submanifolds), slant submanifolds 
[2]. We have initiated the study of most general submanifolds of a 
Kaehler manifold which includes all the existing types of submanifolds 
(cf. [4]). A general submanifold of a Kaehler manifold naturally carries 

four operators φ, F, ψ and G defined on this submanifold. In [4], it has 

been shown that a general submanifold of a Kaehler manifold with 

parallel φ is essentially a CR-submanifold and there are examples of 

general submanifold where φ is not parallel. There are lot many 

questions about a general submanifold of a Kaehler manifold to be 
answered, for instance the impact of conditions that one of the structure 

operators F, ψ and G is parallel, as well as impact of other algebraic 

restrictions on the properties of these operators on the general 
submanifold. In this paper, we consider the question that the structure 

operator F is parallel on the general submanifold of a Kaehler manifold 

and study its impact on the geometry of general submanifold. 

2. Preliminaries 

Let M be an n-dimensional smooth manifold immersed into an 

mkn 2=+ -dimensional Kaehler manifold ( )gJM ,,  with Riemannian 

connection ∇  and the induced metric and connection on M be g and ∇, 

respectively. Then we have the following fundamental equations for the 
submanifold, namely 

   ( ) ( ),,,, MYXYXhYY XX X∈+∇=∇  (2.1) 

 ( ) ( ),,, vNMXNXAN XNX Γ∈∈∇+−=∇ ⊥ X  (2.2) 

where ( )MX  is Lie-algebra of vector fields on M, ( )vΓ  is the space of 

normal sections of the normal bundle v of M, h is the second fundamental 
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form, NA  is the Weingarten map with respect to ( ),vN Γ∈  ⊥∇  is the 

connection in the normal bundle v. The Weingarten maps NA  are related 

to the second fundamental form h by 

( ) ( )( ) ( ) ( ).,,,,,, vNMYXNYXhgYXAg N Γ∈∈= X  

For an n-dimensional submanifold M of an mkn 2=+ -dimensional 

Kaehler manifold ( ),,, gJM  define: 

( ) ( ) ( ) ( ),, NGNJNXFXJX +ψ=+φ=  

where ( )MX X∈  and ( ),vN Γ∈  and ( ) ( )TJXX =φ  the tangential 

component of JX, ( ) ( )⊥= JXXF  the normal component of JX, ( )Nψ  

( )TJN=  and ( ) ( ) ,⊥= JNNG  which define linear operators ( ) →φ MX:  

( ) ( ) ( ) ( ) ( )MvvMFM XXX →ΓψΓ→ :,:,  and ( ) ( ),: vvG Γ→Γ  respectively. 

It is trivial implication of the definition that: 

( ) ( )( ) ( ) ( )( ),, 22 NFNNGXFXX ψ−−=ψ−−=φ  

( )( ) ( )( ) ( )( ) ( )( ),, NGNXFGXF ψ−=ψφ−=φ   (2.3) 

hold for ( ) ( )., vNMX Γ∈∈ X  Also 

 ( )( ) ( )( ) ( ) ( ) ( )( )YXgJYXgYJXgYXFJXgYXg φ−=−==−=φ ,,,,,  (2.4) 

similarly, we have 

( )( ) ( )( ),,, 2121 NGNgNNGg −=  (2.5) 

( )( ) ( )( )NXgNXFg ψ−= ,,  (2.6) 

and 

( )( ) ( )( )XFNgXNg ,, −=ψ  (2.7) 

hold for ( )MYX X∈,  and ( ).,, 21 vNNN Γ∈  

If we define the covariant derivatives ( ) ( )YFDX  and ( ) ( )NDXψ  for 

the operators ( ) ( )vMF Γ→X:  and ( ) ( )Mv X→Γψ :  by 

( ) ( ) ( )YFYFYFD XXX ∇−∇= ⊥  
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and 

( ) ( ) ( ) ( ),NNND XXX
⊥∇ψ−ψ∇=ψ  

then we have the following: 

Lemma 2.1 [4]. The operators ψφ ,, F  and G obey 

( ) ( ) ( ) ( )( ),, YXhXAY YFX ψ+=φ∇  

( ) ( ) ( )( ) ( )( ),,, YXhYXhGYFDX φ−=  

( ) ( ) ( ) ( )XAXAND NNGX φ−=ψ  

and 

( ) ( ) ( ) ( )( )NXhXAFNG NX ψ−−=∇⊥ ,  

for ( )MYX X∈,  and ( ).vN Γ∈  

We define the operators 

( ) ( )MMFB XX →ψ ::  

and 

( ) ( ),:: vvFC Γ→Γψ  

then it is easy to see that they are symmetric operators. Also, using (2.3) 

we see that B commutes with φ that is BB φ=φ  and that G commutes 

with C that is .GCCG =  As a result of this we get 0=φtrB  and 

.0=CtrG  

3. Submanifolds with Parallel F 

In this section, we are interested in submanifolds with parallel F, 

that is, 

( ),YFFY XX ∇=∇⊥  

where ( )., MYX X∈  Using Lemma 2.1, we immediately have 
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Lemma 3.1. Let M be a submanifold of a Kaehler manifold .M  Then 

the operator F is parallel if and only if 

( )( ) ( )YXhYXhG φ= ,,  

for ( )., MYX X∈  

Remark. Observe that if F is parallel, then by Lemma 3.1, 

( ) ( )YXhYXh ,, φ=φ  

holds for ( )., MYX X∈  The operator C defined in previous section is 

symmetric and we have 

( ) ( ) ( ) ( ) ( ) ( ).,, vNMXNCNCNC XXX Γ∈∈∇−∇=∇ ⊥⊥⊥ X  

The operator C is said to be parallel if ( ) ( ) ,0=∇⊥ NCX  ( ),MX X∈  

( ).vN Γ∈  

Theorem 3.1. Let M be an n-dimensional submanifold of an 

( ) mkn 2=+ -dimensional Kaehler manifold ( ).,, gJM  If the operator F 

is parallel, then C is also parallel. 

Proof. We have for ( ) ( )vNMX Γ∈∈ ,X  that 

( ) ( )( ) ( ) ( )( ) ( ( ))NFNFDNFCN XXXX ψ∇+ψ=ψ∇=∇ ⊥⊥⊥  

( ) ( )( ) ( ) ( )( ) ( ( )),NNDFNFD XXX
⊥∇ψ+ψ+ψ=  

that is, 

( ) ( ) ( ) ( )( ) ( ) ( )( ).NDFNFDNC XXX ψ+ψ=∇⊥  

Using Lemma 2.1 in above equation, we get 

 ( ) ( ) ( )( ) ( )( ) ( )( ).,, XAXAFNXhNXhGNC NGNX φ−+ψφ−ψ=∇⊥  (3.1) 

Also, using Lemma 3.1, we get ( )( ) ( )( ),,,,, GNYXhgNYXhg −=φ  that 

is, ( ) ( ),,, YXAgYXAg GNN =φ  which gives 

 .XAXA NGN φ=  (3.2) 
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Finally, using Lemma 3.1 together with equations (3.1) and (3.2), for 

parallel F, we get 

( ) ( ) ( ) ( )vNMXNCX Γ∈∈=∇⊥ ,,0 X  

that proves the theorem. 

For ( ),vN Γ∈  if ( ) ,NNC λ=  ( ),MC∞∈λ  then λ is said to be an 

eigenvalue of C and N is called the eigenvector of C corresponding to 

eigenvalue λ. Using equation (3.2) we have the following: 

Corollary 3.1. Let M be an n-dimensional submanifold of an 

( ) -2mkn =+ dimensional Kaehler manifold ( ).,, gJM  If the operator F 

is parallel, then ψ is also parallel. 

Proof. If F is parallel, then we get equation (3.2). Using equation 

(3.2) together with Lemma 2.1, we get ( ) ( ) ,0=ψ NDX  that is, ψ is 

parallel. 

Lemma 3.2. Let M be an n-dimensional submanifold of an ( ) =+ kn  

2m-dimensional Kaehler manifold ( ).,, gJM  If the operator F is 

parallel, then the eigenvalues of C are constants. 

Proof. Let ( ) ,NNC λ=  ( ),vN Γ∈  ( ).MC∞∈λ  Without loss of 

generality we can assume that N is a unit normal vector field. As F is 

parallel by Theorem 3.1, we have C is parallel and consequently 

( ) ( )NCX
⊥∇=0  

( ) ( )NCCN XX
⊥⊥ ∇−∇=  

( ) ( )NCN XX
⊥⊥ ∇−λ∇=  

( ) ( ).NCNNX XX
⊥⊥ ∇−∇λ+λ=  

Taking inner product with ( ),vN Γ∈  we get 

( ) ,0=λX  

which proves that λ is a constant. 
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Let M be an n-dimensional submanifold of an ( ) -2mkn =+  

dimensional Kaehler manifold ( ).,, gJM  Define 

( ) ( )( )∑
=α

αα=
k

NCNCgC
1

2 ,,  

for a local orthonormal frame { }....,,1 αNN  Since C is symmetric we can 

choose an orthonormal frame { }αNN ...,,1  that diagonalizes C. Then in 

light of Lemma 3.2, we have proved the following: 

Lemma 3.3. Let M be an n-dimensional submanifold of an ( ) =+ kn  

2m-dimensional Kaehler manifold ( ).,, gJM  If the operator F is 

parallel, then 2C  is a constant as well as the trC  is also a constant and 

.2ψ−=trC  

Using equation (2.3), we have CIG −−=2  and for a local 

orthonormal frame { }αNN ...,,1  of normal vector fields, we have 

( ) ( )( )∑
=α

αα=
k

NGNGgG
1

2 ,  

( )( )∑
=α

ααα +=
k

NNCNg
1

,  

.2ψ−= k  (3.3) 

Theorem 3.2. Let M be an n-dimensional submanifold of an ( )kn +  

=  2m-dimensional Kaehler manifold ( ).,, gJM  If the operator F is 

parallel, then 2G  is a constant. 

Proof. Suppose F is parallel. Then by equation (3.3) 

,22 kG =ψ+  

to prove 2G  is a constant, it is enough to show that 2ψ  is a 
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constant. Since the operator C is symmetric, we have 

( ) ( ) ( )( ) ( )( )⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−=⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
ψψ=ψ ∑∑

=α
αα

=α
αα

kk

NNCgXNNgXX
11

2 ,,  

{ (( ) ( ) ) ( ( ) )}∑
=α

α
⊥

ααα
⊥ ∇+∇−=

k

XX NNCgNNCg
1

.,2,  

Using Theorem 3.1 and the local orthonormal frame { }αNN ...,,1  of 

normal vector fields that diagonalize C with ( ) ,ααα λ= NNC  we get 

together with Lemma 3.2 that 

( ) ( )∑
=α

α
⊥

αα =∇λ−=ψ
k

X NNgX
1

2 ,0,2  

which proves that 2ψ  is a constant. 

Theorem 3.3. Let M be an n-dimensional submanifold of an ( )kn +  

=  2m-dimensional Kaehler manifold ( ).,, gJM  If the operator F is 

parallel, and ,0=trC  then M is a complex submanifold. 

Proof. Suppose F is parallel and .0=trC  Then by Lemma 3.3,              

we have 02 =ψ  and that gives .0=ψ  This also gives 0=B  and 

consequently 

( ) ( ) ( ),,,,0 2 MXFXFXFXgXBXg X∈−=−==  

that is, ( ).,0 MXFX X∈=  Thus the equations (2.3) and Lemma 2.1 

prove that φ satisfies I−=φ2  and ( ) ( ) .0=φ∇ YX  That is, M is a complex 

submanifold of the Kaehler manifold .M  

4. Examples 

Example 4.1. Consider the Kaehler manifold ( ),,,,4 JR  where J 

is the complex structure defined by 
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,,,
431221 xx

J
xx

J
xx

J
∂
∂=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂

∂
∂−=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂

∂
∂=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂  and 

34 xx
J

∂
∂−=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂  

321
,,

xxx ∂

∂

∂

∂

∂

∂
 and 

4x∂

∂
 being coordinate vector fields on 4R  that is for 

each vector fields 

( ),4
4

4
3

3
2

2
1

1 R
x

f
x

f
x

f
x

fX X∈
∂

∂+
∂

∂+
∂

∂+
∂

∂=  

,
4

3
3

4
2

1
1

2

x
f

x
f

x
f

x
fJX

∂
∂+

∂
∂−

∂
∂+

∂
∂−=  (4.1) 

and ,  is the Euclidean metric on .4R  We denote by ∇  the Euclidean 

connection on .4R  Take 3RM =  and the embedding 4: RMf →  

( ) ( ).,0,,,, zxyzyxf =  

Then we find the local orthonormal frame { }Neee ,,, 321  of ,4R  where 

431221 ,,
x

e
x

e
x

e
∂

∂
=

∂

∂
=

∂

∂
=   and  ,

3x
N

∂

∂
=  

such that { }321 ,, eee  is local orthonormal frame on M. Let ∇ be the 

induced Riemannian connection on M. Then using properties of ,∇  it is 

straight-foreword to check that 

 ,3,2,1,,0 ==∇ jie jei
 (4.2) 

and using (4.1), we find that 

 ( ) ( ) 0,0 21 == eFeF   and  ( ) ,3 NeF −=  (4.3) 

and as N is parallel in the normal bundle, consequently using equations 
(4.1), (4.2) and (4.3), we get that 

( ) ( ) ( ).,,0 MYXYFDX X∈=  

Thus F is parallel. 

Next, we construct an example where F is not parallel, that is, M will 
not be a CR-submanifold. 
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Example 4.2. Consider 4-dimensional Euclidean space 4R  with 

Euclidean metric .,  Then ( ),,,4 JR  is a Kaehler manifold with the 

complex structure J defined by 

431221
,,

xx
J

xx
J

xx
J

∂
∂=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂

∂
∂−=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂

∂
∂=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂  and ,

34 xx
J

∂
∂−=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂  

where ,,,
321 xxx ∂

∂

∂

∂

∂

∂
 and 

4x∂
∂  are the coordinate vector fields on .4R  

It is easy to see that J is parallel with respect to the Euclidean 

connection ∇  on ,4R  that is, 

,YJJY XX ∇=∇  

holds for ( )4, RYX X∈  the Lie-algebra of smooth vector fields on .4R  

Now consider the product 11 SSM ×=  of two copies of the unit 

circle 1S  and define 

4: RMf →  

by 

( ) ( ),sin,sin,cos,cossin,cos,sin,cos ϕθϕθ=ϕϕθθf  

where θ and ϕ are local coordinates of 1S  and ,1S  respectively. Then it is 

straight forward to see that at ( ) ,, Mp ∈ϕθ=  differential pdf  at Mp ∈  

has the matrix respectively 

,

cos0

0cos

sin0

0sin

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

ϕ

θ

ϕ−

θ−

=pdf  

which has rank 2 at each ;Mp ∈  (as if ,0sinsin =ϕθ  then 0coscos ≠ϕθ  

and vice-versa). Thus 
4: RMf →  is an immersion of M into ,4R  that is, 
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M is a 2-dimensional submanifold of .4R  Choosing 

,cossin,cossin
422311

xx
e

xx
e

∂

∂
ϕ+

∂

∂
ϕ−=

∂

∂
θ+

∂

∂
θ−=  

,sincos,sincos
422311

xx
N

xx
N

∂

∂
ϕ+

∂

∂
ϕ=

∂

∂
θ+

∂

∂
θ=  (4.4) 

we get a local orthonormal frame { }2121 ,,, NNee  of 4R  such that { }21, ee  

is a local orthonormal frame on M with respect to the induced metric g as 

a submanifold of 4R  and that { }21, NN  is local field of normal to M. 

Let 
θ∂
∂

=1e  and 
ϕ∂
∂

=2e  be the vector fields on the first and second 

copies of 1S  in .11 SSM ×=  Then we have 

( )( )1,1 edfe ϕθ=  

and 

( )( ).2,2 edfe ϕθ=  

Next, we compute the values of F at 1e  and ,2e  respectively. Using 

( ) ( ) ( )MXXFXJX X∈+φ= ,  

and the equations (4.4), we get 

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂θ+

∂
∂θ−=

311 cossin
xx

JJe  

( ).cossin 4
42

R
xx

X∈⎟
⎠
⎞

⎜
⎝
⎛

∂
∂θ+

∂
∂θ−=  

We can express it as 

,21211 dNcNbeaeJe +++=  

where cba ,,  and ( ).4RCd ∞∈  Then by (4.4) 

( ) ( )
211 cossincossin

x
db

x
caJe

∂
∂ϕ+ϕ−+

∂
∂θ+θ−=  

( ) ( ) ,sincossincos
43 x

db
x

ca
∂
∂ϕ+ϕ+

∂
∂θ+θ+  
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equating the two values of ,1Je  we conclude that 

,0cossin =θ+θ− ca  

,0sincos =θ+θ ca  

θ−=ϕ+ϕ− sincossin db  

and 

.cossincos θ=ϕ+ϕ db  

Solving these equations, we get 

( ) 0,cos,0 =θ−ϕ== cba   and  ( ),sin θ−ϕ=d  

that is, 

( ) ( ) ,sincos 221 NeJe θ−ϕ+θ−ϕ=  

thus using 

( ) ( ),111 eFeJe +φ=  

we arrive at 

 ( ) ( ) .sin 21 NeF ϕ−θ=  (4.5) 

Similarly, using equation (4.4) we get 

( )4
312 cossin R

xx
Je X∈

∂
∂ϕ−

∂
∂ϕ=  

and consequently 

( ) ( ) .sincos 112 NeJe θ−ϕ+θ−ϕ−=  

Thus we arrive at 

 ( ) ( ) .sin 12 NeF θ−ϕ=  (4.6) 

Now, we show that for this submanifold, F is not parallel. Since the 

immersion 4: RMf →  is local embedding, we have 

 ( ) ( ) ,cossin
311111 x

e
x

eee
∂
∂θ+

∂
∂θ−=∇  (4.7) 
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let ∇ be the Riemannian connection on M with respect to the induced 

metric. Then as 

 ,212111
NdNcebeaee +++=∇  (4.8) 

where cba ,,  and ( ).4RCd ∞∈  Also using Gauss equation, we have 

 ( )., 1111 11
eehee ee +∇=∇  (4.9) 

Inserting values of 121 ,, Nee  and 2N  into (4.8) and comparing with 

(4.7), we get 

,sincossin 1 θ−=θ+θ− eca  

,cossincos 1 θ=θ+θ eca  

0cossin =ϕ+ϕ− db  

and 

.0sincos =ϕ+ϕ db  

Solving these equations and substituting in (4.8), we get 

011
=∇ ee  

and from (4.9), we get that 

( ) ., 111 Neeh −=  

Similarly, computing for 12 21
, ee ee ∇∇  and ,22

ee∇  we get 

 ( ) 0,,0,0,0 21212 221
==∇=∇=∇ eeheee eee  and ( ) ,, 221 Neeh −=  (4.10) 

(this is consistent with ( ) 0, 121 =eeeR  as M is flat torus). 

Also computing ,11
Ne∇  ,12

Ne∇  21
Ne∇  and 22

Ne∇  together with 

equation (2.2) we conclude 

 .0,0,0,0 2211 2121
=∇=∇=∇=∇ ⊥⊥⊥⊥ NNNN eeee  (4.11) 
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Thus using equations (4.7), (4.10) and (4.11) we compute ( ) ( )21
eFDe  to 

arrive at 

( ) ( ) ( ) .cos 121
NeFDe θ−ϕ−=  

Similarly, we have ( )( ) ( ) ( )( ) ( ) ,cos,cos 2121 21
NeFDNeFD ee ϕ−θ=ϕ−θ−=  

( ) ( ) ( ) .cos 122
NeFDe θ−ϕ=  Since { }21, ee  is a local orthonormal frame, 

we see that in general ( ) ( ) ,2,1,,0 =≠ jieFD jei
 that is, there are points 

where 

( ) ( ) ( ),,,0 MYXYFDX X∈≠  

that is, F is not parallel. 
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