_."' 1 Far East Journal of Mathematical Sciences (FJMS)
q p L Volume 32, Issue 1, 2009, Pages 145-152

\ Published online: March 18, 2009
,.) This paper is available online at http://www.pphmj.com
mw © 2009 Pushpa Publishing House

ROUGHNESS OF SUBb-SEMIRINGS/IDEALS IN
b-SEMIRINGS

RONNASON CHINRAM and KITTIMA PATTAMAVILAI

Department of Mathematics
Faculty of Science

Prince of Songkla University

Hat Yai, Songkhla 90112, Thailand
e-mail: ronnason.c@psu.ac.th

Abstract

In this paper, we discuss the roughness of subb-semirings, right ideals,
left ideals and ideals in b-semirings.

1. Introduction and Preliminaries

The notion of rough sets was introduced by Pawlak [7] in 1982. The
theory of rough sets has emerged as another major mathematical

approach for managing uncertainty that arises from inexact, noisy or

incomplete information. The algebraic approach of rough sets was

studied by some authors, for example, Iwinski [2], Kuroki [4-6], Biswas

and Nanda [1] and Jun [3], etc.

Let S be a nonempty set and *; and *9 be binary operations on S.

(S, #1, *9) 1s called a b-semiring if (S, *;) and (S, *9) are semigroups

and for all a, b,c € S,

a* (bxgc)=(a* b)xg(ax c)(b*c)qa=(0* a)x(x a)

a*g (b c)=(a*y b)* (a*gc)and (b c)xga=(b* a)* (c*g a)
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Let (S, #, *3) be a b-semiring. A nonempty subset 7 of S is called a
subb-semiring if (T, *{, *3) is a b-semiring. We have that 7 is a subb-
semiring of Sif and only if a +; be T and a*3 b e T forall a,beT.
A nonempty subset R of S is called a right ideal of S if a *; s € R
and a*yse R for all a € R and s € S. Left ideals of S are defined

analogously. A nonempty subset I of S is called an ideal of S if I is both a
right ideal and a left ideal of S. It is obvious that every right ideal, left
ideal and ideal of S is a subb-semiring of S. An equivalence relation p on

S is called a congruence on S if for all a, b, ¢ € S,
apb = (a* c)p(b+ c),(a*gyc)p(b*gc),(c* a)plcr b) and (c *g a)p(c *2 b).
In this paper, we discuss the roughness of subb-semirings, right

ideals, left ideals and ideals in b-semirings.

2. Roughness of Subb-semirings, Left Ideals, Right Ideals
and Ideals of b-semirings

Let S be a b-semiring and p be a congruence on S. Let [a]p denote the

congruence class containing the element a € S. A congruence p on S is

said to be complete if [a], *, [b], = [a % b]p and [a], *3 [b], = [a %, b]p for

P
all a, b € S.

Let A be a nonempty subset of S and p be a congruence on S. The
p-lower approximation and p-upper approximation of A are defined to be
the sets

p(A) = {x e S|[x]p c A} and p(A)={x € S|[x]p NA =},
respectively. Then p(A) ¢ A < p(A) and p(S) = S = p(S).

Proposition 2.1. Let p be a congruence on a b-semiring S and let A

and B be nonempty subsets of S. Then the following statements are true:
(@) p(AUB) =p(A)Up(B).

(i) p(AN B) = p(4)N p(B).
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(iii) A c B implies p(A) < p(B) and p(A) c p(B).
(iv) p(AN B) < p(A)Np(B).
) p(A)Up(B) < p(AU B).
(vi) B(A) % B(B) < B(A * B) and p(A) 5 B(B) < P(A *; B).
(vii) If p is complete, then p(A) # p(B) c p(A * B) and p(A) *; p(B)
c p(A % B).
Proof. (i) Note that
xepAUB) < [x|,N(AUB) # @ o (x], N A)U(x], N B) # @
e x,NA*2or[x],NB*2
o x e p(A) or x € p(B) = x  p(A)Up(B).
Therefore p(A U B) = p(A) U p(B).
(ii) Note that
xep(ANB) o [x], c ANB < [x], < 4 and [x], < B
& x e p(A) and x € p(B) < x € p(4) N p(B).
Then p(A N B) = p(A) N p(B).

(ii1) Assume that A < B. Then B=AUB and A = AN B. By (i)

and (i), we have

p(4) < p(A)Up(B) = p(A U B) = p(B)
and

p(A) = p(AN B) = p(A) N p(B) c p(B).
Therefore p(4) < p(B) and p(A) < p(B).

(iv) By (iii), we have p(A N B) < p(A) and p(A N B) c p(B). Thus
pP(AN B) c p(A)Np(B).
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(v) By (iii), we have p(A) c p(AU B) and p(B) c p(AU B). Thus
p(A)Up(B) c p(A U B).

(vi) Let u € p(A)* p(B). Then u = x *; y for some x € p(4) and
y € p(B). Then there exist a,becS such that ae[x],NA and
belyl, NB. Thus a* be A* B and ax* belx], x [y], < [x* y]p.
Hence a * b e [x % y], N (A * B). This implies u = x % y € p(4 * B).
Therefore p(A) *; p(B) < p(A *; B). Similarly, p(A)*y p(B) < p(A *5 B).

(vii) Assume that p is complete and let u e p(A) # p(B). Then u =
x % y for some x € p(A) and y € p(B). Then [x], c A and [y], c B. Then
[x * y]p =[x], # [v], € A% B. Thus u =x % y e p(A # B). Therefore
p(A)* p(B) c p(A # B). Similarly, p(A) *5 p(B) c p(A *o B). 0

Let p be a congruence on a b-semiring S. Then a nonempty subset A
of S is called a p-upper (p-lower) rough subb-semiring of S if the p-upper
(p-lower) approximation of A is a subb-semiring of S, a p-upper (p-lower)

rough right ideal (left ideal, ideal) of S if the p-upper (p-lower)
approximation of A is a right ideal (left ideal, ideal) of S.

Theorem 2.2. Let p be a congruence on a b-semiring S. Then

(1) Every subb-semiring of S is a p-upper rough subb-semiring of S.

(1) Every right ideal (left ideal, ideal) of S is a p-upper rough right
ideal (left ideal, ideal) of S.

Proof. (i) Let A be a subb-semiring of S. Then A # J, Ax; Ac A
and A%y A c A. Since A # @ and A c p(A), p(A) # J. By (iii) and
(vi) of Proposition 2.1, we have

P(A)* p(A) = p(A* A)cp(A) and p(A)*; p(A) = P(A *g A) < p(A).
Hence p(A) is a subb-semiring of S, that is, A is a p-upper rough subb-
semiring of S.

(i1) Let A be a right ideal of S. Thus A # &, A% S c A and A*9 S
c A Since A#J and A cp(A), p(A)= . By (iii) and (vi) of
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Proposition 2.1, we have

p(A)* S =p(A)* p(S) c p(4 # S) c p(A)
and
p(A)*9 S =1(A) *5 p(S) < P(A *5 S) = p(A).
Hence p(A) is a right ideal of S, that is, A is a p-upper rough right ideal

of S. The other case can also be proved in a similar way. 0

Theorem 2.3. Let p be a congruence on a b-semiring S. Then:

(i) If A is a subb-semiring of S such that p(A) # O, then A is a p-lower
rough subb-semiring of S.

(1) If A is a right ideal (left ideal, ideal) of S such that E(A) * &, then
A is a p-lower rough right ideal (left ideal, ideal) of S.

Proof. (i) Let A be a subb-semiring of S. Applying (iii) and (vii) of

Proposition 2.1, we have
p(A) # p(A) < p(A * A) c p(A) and p(A) *3 p(A) = p(A *3 A)  p(A).

Therefore B(A) is a subb-semiring of S, that is, A is a p-lower rough
subb-semiring of S.

(11) Let A be a right ideal of S. By (iii) and (vii) of Proposition 2.1, we
have
p(A)#; S = p(A)* p(S) < p(A # S) c p(A)
and
p(A) #9 S = p(A) *9 p(S) < p(A 5 S) < p(A).
Thus E(A) is a right ideal of S, that is, A is a p-lower rough right ideal of

S. The other case can also be proved in a similar way. 0
3. Rough Sets in a Quotient b-semiring

Let (S, #;, *3) be a b-semiring and p be a congruence on S. Define

binary operations e; and ey on S/p by

[aly o1 6], = [a* b], and [a], & [b], = [a * b],.

Then (S/p, ¢, ®3) is a b-semiring.



150 RONNASON CHINRAM and KITTIMA PATTAMAVILAI

A Db-semiring (S/p, e, ¢3) is called a quotient b-semiring of a
b-semiring S by a congruence p.

Note that if p is a complete congruence on S, then (S/p, *{, *9) is a

quotient b-semiring of a b-semiring (S, *;, *9) by a congruence p.

Let p be a congruence on a b-semiring S. The p-lower and p-upper
approximations can be presented in an equivalent form as shown below:

p(A)p = {x], € S/pllx], = A}
and
p(A)/p = {x], € S/pllx], N A = &}.

Now we discuss these sets as subsets of a quotient b-semiring S/p of
S by p.

Theorem 3.1. Let p be a complete congruence on a b-semiring S and
A be a subb-semiring of S. Then the following statements hold:

(1) p(A)/p is a subb-semiring of S/p.
(i) If p(A) # O, then p(A)/p is a subb-semiring of S/p.

Proof. (i) Since A is a subb-semiring of Sand A < p(A), p(A)/p # Q.
Let [x], and [y], be any elements of p(A)/p. Then [x], N A # & and
[v], VA # @. Thus there exist a, b S such that a €[], N A and
bely], NA So ax belx], * [y], and a5 b € [x], *5 [y],. Since A is
a subb-semiring of S, a*; b€ A and a*y b e A. This implies that
asbe(lel s [)NA and asbe (], % bl)N A So [+, % b,
€ p(A)/p and [x]; #3 [y], € p(A)/p. Therefore p(A)/p is a subb-semiring
of S/p.

(ii) Let [x], and [y], be any elements of p(A)/p. Then [x], < A and
[v], < A. Since A is a subb-semiring of S, we have [x]) # [y], c A% A
cA and [x];*[y], cA*y Ac A Thus [x], % [y], ep(A)p and
[x], *2 [¥], € p(A)/p. Hence p(A)/p is a subb-semiring of S/p. O
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Theorem 3.2. Let p be a complete congruence on a b-semiring S. If A
is a right ideal (left ideal, ideal) of S, then p(A)/p is a right ideal (left

ideal, ideal) of S/p.

Proof. Since A is a right ideal of S and A < p(A), p(A)/p # D. Let

[x], € P(A)/p and [y], € S/p. Then [x]; N A # &. So there exists a € [x],
N A. Thus a € [x], and a € A. Let b € [y],. Since A is a right ideal of S,
we have axy be A Sc A and a*xbe A*g S c A. Thus a* be
(Ix], +1 [y],)N A and a*g b e ([x], *2 [v],)N A. Then [x]; * [y], € p(A)/p
and [x]; *5 [y], € p(A)/p. Hence p(A)/p is a right ideal of S/p. The other

case can also be proved in a similar way. O

Theorem 3.3. Let p be a complete congruence on a b-semiring S. If A
is a right ideal (left ideal, ideal) of S and E(A) # I, then B(A)/ p is a right

ideal (left ideal, ideal) of S/p.

Proof. Let [x], € p(A)/p and [y], € S/p. Then [x], c A. Since Aisa
right ideal of S, we have [x]) # [y], c A% S c A and [x]; % [y],
Axy S c A Thus [x], # [y], € p(A)/p and [x], *5 [y], € p(A4)/p. Therefore
p(A)/p is a right ideal of S/p. The other case can also be proved in a
similar way. 0
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