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Abstract

A coefficient inequality for a new class of harmonic multivalent functions
is derived and is found to be a sufficient condition for harmonic
multivalent functions to belong to this class. This condition is shown to
be also necessary for a subclass of the new class introduced here. Certain

other properties of the subclass are also obtained.
1. Introduction

In a seminal paper on harmonic functions Clunie and Sheil-Small [2]

introduced and investigated a class H of harmonic functions f = h + g
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that are univalent and sense preserving in the unit disc A = {z : |z | < 1}

with the normalization

h(z)=z+2anz (z)—sz |b | < 1. (1)

n=2

This work opened up a series of studies of various subclasses of the class
H in which coefficient inequalities which provided sufficient conditions

for harmonic functions to be elements of the subclasses were obtained.

Recently Ahuja and Jahangiri [1] defined the class H,(n) (p, n €
N =1{1, 2, ...}) consisting of all p-valent harmonic functions f =h+ g

that are sense preserving in A and & and g of the form

[oe}

o8]
hz) =27 + Y @12 P 8(2) = Y brpa® P by (<1 @)
k=2 k=1

A subclass Gg(y) of H consisting of functions f = h+ g € H that

satisfy the condition

o LG 2 (1)
Z f(e)

Rei(1 +e —el>y, 0<y<l,

0 <r <1 and a, 0 real, was introduced and studied in [4]. We further let

G#(y) [4] denote the subclass of Gy (y) consisting of functions f = h + g
such that A and g are of the form

hz)=2z- Z| a, |2, g(z) = Z| b, |2".
n=2 n=1

The differential operator D™ was introduced by Siligean [5]. For
f = h+ g given by (1), Jahangiri et al. [3] defined the modified Saligean

operator for harmonic functions.

For multivalent harmonic functions f =h+ g given by (2), the

modified Siligean operator has been defined in [6] and is given by



A CLASS OF HARMONIC MULTIVALENT FUNCTIONS ... 57

D"f(z) = D"h(z) + (-1)"D"g(z), p > m, ®3)

where for p > m,

s m
D™h(z) = 2P + Z(%) ak+p_12k+p71,
k=2

o0
E+p-1\" k+p—1
Dg(z) = Z(L) bysp 12k,
s P
In this paper, we introduce a new class Gg(m, n, p, y) of Siligean-
type harmonic multivalent functions based on the modified Salagean
operator D™'f. For 0<y<1l, me N, ne Ny, m>n and z e A,
Gy (m, n, p, v) denotes the family of multivalent harmonic functions f of

the form (2) such that

o Dmf(z) o
Re (1 2 IE) el 4
e{( S D¢ }” @

where D™f is defined by (3).

Let E(m, n, p, y) denote the subclass of Gg(m, n, p, y) consisting

of harmonic functions f,, = h + g,, such that h and g,, are of the form

o}

h(z) =22 = Y gy P gn(2) = (Y a2t 6)
k=2 k=1

where ap, 1, bppg 20, |b, | <1
We note that
1. Gy (1, 0, 1, y) coincides with the class Gg(y) [4].
2. Gy(n+1, n, 1, y) coincides with the class RSy (n, v) [9].
3. Gy (m, n, 1, v) coincides with the class Gg(m, n,y) [7].

4. When o.=0, Gg(m,n,1,7y) coincides with the class Sz (m,n,(1+7)/2)
[8].
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Here we obtain coefficient inequality which gives a sufficient condition
for a function f to be in Gg(m, n, p, y). This coefficient inequality is

indeed a necessary condition for f to be in Ggy(m, n, p,y). As a
consequence of this inequality, extreme points, distortion bounds are

obtained for the class E(m, n, p,v).

2. Main Results

We derive the coefficient inequality which gives a sufficient condition
for functions in Gy (m, n, p, y).

Theorem 2.1. Let f = h+ g be so that h and g are given by (2).

Furthermore, let

{W(m: n, p, Y)l ak+p—1 | + e(m7 n, p, Y)| bk+p—l |} < 2’ (6)
k=1
where
m n
S M G L
y(m, n, p, y) = =
and
kE+p-1\" a(k+p-1Y"
o Br2L) - (B2 ey
0(m, n, p, y) = P P

I-y
a, =1, 0<y<1l, meN, ne Ny, and m > n. Then f is sense preserving,

harmonic univalent in A and [ € Gg(m, n, p, y).

Proof. If z; # z5, then

f(z1) - f(z2)
Mz1) - h(z2)

>1_‘ 8(z1)-8(22)
[ Al(z1) - hlz2)

0

k+p-1 k+p-1
Zbk+p—1(zl P — 29 P70
k=1

:]_—

0
k+p-1 k+p-1
CREIDNAPRIC AT
k=2
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k+p—1]m m—n(k-ﬁ-p—l)n

o 9 TP (4 EXP=2 ) (14y) by

Z( BT oy (B2 ) by
1_

>1- k=l ! >0

k+p—1)m (k+p—1)”
2 - 1+v) apyp
(222 2L (L) ap |

1-

o0
k=2 1=y

which proves univalence. Note that f is sense preserving in A. This is

because

W@ 21= Y (k+p=D)] agpr [|2[P7

k=2
m n
A (e
) = | @rpr |

i Z(k +5—1)m _(_l)m—n(k +5—1)"(1+y)

|bk+p—1|
k=1 1-y

o0

> (k4D =1)bpypor |27 2] g(2)]
k=1

According to the condition (4) we only need to show that if (6) holds, then

1+ ) D™ f(z) - e*D"f(z)| _ A@)
Re{ D'f(e) } B T

wherez=rei9,039£2n,0£r<1 and 0 <y < 1.

Note that A(z) = (1+e*)D™f(z) - e*D"f(z) and B(z) = D"f(2).
Using the fact that Rew >y if and only if |1-y+w|2|1+y-w]|, it

suffices to show that

| A(z) + (1 - v)B(z)| - | A(z) - (1 + v) B(2) | = 0. )



B. ADOLF STEPHEN et al.

Substituting for A(z) and B(z) in (7) we obtain
| (1 + €)D" f(z) - € D"f(z) + (1 - v) D"f(2) |

~[ @+ )D"f(z) - (L + €)D" f(z) - €*D"f(2)) |

S (k+p-1)" k+p-1
S

k=2

=11+ ei“)[zp

C(k+p-1\" -
+(—1Y”:E:(———f?———) By p12 P 1]
k=1

o0
k+ 1 k+p—1
Z( - ) Ay p12" P

k=2

-y ”{ﬁ

—(k+p-1Y _
" (_1)n2(+) bk+p—lzk+p 1]

k=1

k=2

_ (1+y+ei(x)|:2p Z(ker 1) ak+p_1zk+p—1

—(k+p-1Y Z
+(_1)n2(+) bk+p—12k+p 1]

k=1

k=2

. ei“){zp Z(k +p- 1) ak+p712k+p71

(k+p-1)" Z
" (_1)m2(+) bk+p—lzk+p 1]
k=1

k=2

- @)+ i{[(%)m - (- Bre=t

J]
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N em{(k +p- 1)’” B (k +p- ljn:|}ak+p_1zk+p—l
D D
B (_l)ni“(k +£ - 1)n(y S1)- (_1)mfn(k +11)) - l)m}

k=1

. _ n _ m|| ——
+ew{(k+ p 1) ~ (_Dm_n(m 5 1) kuw_lzkw_l

p

R e i

k=2

. _ m _ n
el (et (krp=ifl, ) o

0

g lueafteg=t) ez ]

k=1

. _ n _ m _—
. em{(%j ~yr(Eepsl) kuk

- E+p-1\" E+p-1Y bt p—
> (@2-y)|2" |- |42 —y 2P | Qpsp ]2 [P
D D

k=2

< k+p-1\" E+p-1Y) bt p—
—y| 2P |—Z{2(+) _(2+Y)(+) :||ak+p—1 ||z| el

k=2

k+p-1Y —ng(k+p—1Y" B
T g

—

k=1

{(—k 21 g sy - g 2oL 1)'”} ‘| brrp |27
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o k+p-1\" (k+p—1)n
—_ p|_ ALY o _yl 2 -
201-v)| 2" | ZEHH » ) 1=
k+p-1Y" k+p-1 © E+p-1\" .
_(T) }|ak+p_1 [ 2] -2 E kl{z(T m—n is odd
kE+p-1Y)" k+p-
S <1+y>}|bk+p1||z| o
o kE+p-1\" (k+p—1)n
- p|_ RASLEY SN Y AL )
201-y) 27 |-2) kZQH » ) =
k+p-1Y* k+p-1 o k+p-1\" .
_(L) }|ak+p_1 ||2]*P~ -2 E k:1{2(+) m—nis even

p

E+p-1Y" Ftp—
e (1+y>}|bk+p_l [Ehes

Zw 2(k+p—1)’" _y(k+p—1)”_(k+p—1)”
k=2 p p p

=2(1-y)[2P |s1- Ty |arspa ||2|k+p_2
E+p-1\" n(k+p-1Y"
o e Mt A G L
- = [ brepa ] 2]
=1
m n
e =) (B 0

> 21 -y 1= = s p

k=2

m n
» Q(MJ _ (_1)m*n(wj (1+7)
+ Z P 1— y L | bk+p—l |

k=1

This last expression is non-negative by (6) and so the proof is

complete. The harmonic univalent functions

o0

0
1 k+p-1 1 _ktp1
z)=2P + — x4 — 9y, 2P (8)
) 1; w(m, n, p,y)* ; o(m, n, p, 7) (
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where m € N, ne Ng, m >n and Y |x; |+ Y |y | =1, show that the
k=2 k=1

coefficient bound given by (6) is sharp. The functions of the form (8) are

in Gg(m, n, p, v) because

NgE

(w(m, n, p,v)| apyp-1 |+ 6(m, n, p, )| byipg |}

>
Il

1

=1+ j§:|xk |+ j;:lykl = 2.
k=2 k=1

In the following theorem it is shown that the condition (6) is also

necessary for functions f,, = h + g_m, where h and g,, are of the form (5).
Theorem 2.2. Let f,, :h+a be given by (5). Then f,, eGy(m,n, p,y)
if and only if

o0

[W(ma n7 pa Y)ak+p—1 + e(m7 n’ p7 a)bp+k—1] S 2(1 - Y)7 (9)
k=1

where a, =1, 0<a <1, me N, ne Ny and m > n.

p

Proof. Since @(m, n, p,y) < Gg(m, n, p, y), we only need to prove

the “only if ” part of the theorem. For functions f,, of the form (5), we

_pm .
note that the condition Re{(l + em)%’”(z) - em} > y is equivalent to
D" (2)

ReHa )P - Z:zgﬂ(%)m _ {%ﬂ
+ eia[(k +5 - 1jm B (k +5 - 1jn}}ak+p12k+p1
SO {K%)m ) WU’"”(%)”}
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ol (B+p—-1Y\" m-n(k+p—-1)" ki1
' em{( p j - n( p ) brepa? "
o (k+p-1Y' k+p—1
{Zp - Zk=2( p j Ghpa?

0 _ n
+ (—1)’”*”‘121621 (%) bkﬂ,lzk”’l}} > 0. (10)

The above required condition (10) must hold for all values of zin A. Upon
choosing the values of z on the positive real axis where 0 < z =r <1 we

must have

- N k+p-1\" _ k+p—1j" k-1
{1 Y Zkzz {2( P j 1+ y)( - ayr
© g k+p—1Y" n(k+p-1Y" .
DL o IOV ) R N
» (k+p-1Y* - © (k+p-1)" ~
B 2 o

(11

If the condition (9) does not hold, then the numerator in (11) is negative

for r sufficiently close to 1. Hence there exists zg = rp in (0, 1) for which
the quotient in (11) is negative. This contradicts the required condition

for f,, € Gg(m, n, p, y) and the proof is complete.

Next we determine the extreme points of the closed convex hull of

(_}H(m, n, p, y) denoted by clco 6H(m, n, p, y)
Theorem 2.3. Let f, be given by (5). Then f, € Ggy(m,n, p,v) if

and only if

@) = D rs ptPhs p-1(E) + Ve p18my, 4 ()L
k=1
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where
1 _
hp(2) = 2P, hyy p 1 (2) = 2P ———————2FPTT (R =23, )
y(m, n, p, v)
and
_ 1 _
=z2P 4+ (-1 1 = Fhkepl k=12 ..
gmk+p71 (Z) =4 ( ) e(m’ n’ p’ 'Y) 4 ( )

o0 o0 .
Xpip120, Ypyp1 20, x,=1- Zk:z Xpsp-1— Zk:l Yk+p-1- In particular,

the extreme points of Gy (m, n, p, y) are {hy.},_1} and {gmk+p_1}.

Proof. Suppose

0

@) = > B pte p1 )+ Vi pt &g 4 ()]

k=1
o0 o0 1

= X _ 1(z Zp _ - - _x _ Zkerfl
;( k+p-1YEk+p 1(2)) kzzw(m’ n, D7) k+p-1

o0
_1yn-1 1 —k+p-1
D I i TR G

Then

i‘l’(m, n, p, 'Y)( 1 —xk+p71)
%=9 \V(ma n, p, Y)

0
1
+ ;e(m’ n, p’ Y)(e(m’ n’ p’ ,Y) yker*l)

o0 o0
= Zxk+p—1 + Ye+p-1 :1_xp <1
k=2 k=1
and so f,,(2) € clco Gy (m, n, p, v).

Conversely, suppose f,,(z) € clco Gy (m, n, p, 7).
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Letting

Xp =1- Z:=2 Xptp-1 ~ Z::1 Yk+p-1»
set
Xprp-1 = W(m, n, p, v)ap,pq (k=238 ..)
and

Yrep1 = 00m, n, p, Vb py (R =1,2,..).

We obtain the required representation, since

o0 0
k+p-1 m-1 —k+p-1
(@) =27 = > g pa 2P+ (Y a2
k=2 k=1
c 1
D _Z k+p-1
=z —_—X z
o ylm, n, p,y) Fe

o0
_qyn-1 1 —k+p-1
A e By

=2 - Z [z - hk+p—1(z)]xk+p—1 - Z (2P - Empipa (z)]yk+p—1
k=2 k=1

)
k=2 k=1 k=2

0 0
[1 - Zxk+p—1 - yk+p—1]'2p + Zxk+p—1hk+p—1(z)

0
+ Z yk+p—1gmk+p_1 (Z)
k=1

o0
= [Z xk+p—1hk+p—1(2) + Yk+p-18my, 4 (Z)]
k=1

The following theorem gives the distortion bounds for functions in

Gy (m, n, p, v) which yields a covering result for this class.
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Theorem 2.4. Let f,, € G (m, n, p, v). Then for |z|=r <1, wehave

| (@) < @+ b,)rP + {8(m, 1, p, v) = Qm, n, p, 7)by P

and
|fm(z)| 2 (1 - bp)rp - {¢(m’ n, p, 'Y) - Q(m’ n, p, Y)bp}rp+1,
where
1-vy
¢(m’ n, p, Y) = n men+l s
p+1 p+1 B
(2 )
P + 1 m—n
- (1)1 +y)
Q(m, n, p, y) = ( P j

)

Proof. We prove the right hand side inequality for | £, |. The proof
for the left hand inequality can be done using similar arguments. Let

fn € Gg(m, n, p, y). Taking the absolute value of f,, then by Theorem
2.2, we obtain

| fn(2)]

0

o0
k+p-1 m—1 k+p-1
= ZP_E A+ p-17 P74 (A1) E bryp-17 P
k=2 k=1

0

0
k+p-1 k+p-1
<rf+ E Qi P+ E b p-1”
k=2 k=1

ZOO 1
— p - -
- (1 + bp)r + ¢(m7 n, p, Y)k:2 d)(m, n, p,

1
) (ak+p—1 + bk+p—l)’"pJr

o0
<(1+by)r? +o(m, n, p,y)r’™ Z\v(m, n, p,Y) @ p +0(m, n, p,v)bpy pq
k=2

<@ +b,)r? +{o(m, n, p, y) - Q(m, n, p, y)bp}rp+1.
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The following covering result follows from the left hand inequality in

Theorem 2.4.

Corollary 2.1. Let f,, € Gg(m,n, p,y). Then for |z| =r <1, we have

w:lw|<1-b, -[d(m, n, p, v) - Qm, n, p, Y)by] < f,(A)}.

Remark 2.1. The results of this paper for p =1 coincide with the

results in [7].
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