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Abstract 

A coefficient inequality for a new class of harmonic multivalent functions 

is derived and is found to be a sufficient condition for harmonic 

multivalent functions to belong to this class. This condition is shown to 

be also necessary for a subclass of the new class introduced here. Certain 

other properties of the subclass are also obtained. 

1. Introduction 

In a seminal paper on harmonic functions Clunie and Sheil-Small [2] 

introduced and investigated a class H of harmonic functions ghf +=  
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that are univalent and sense preserving in the unit disc { }1: <=Δ zz  

with the normalization 
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This work opened up a series of studies of various subclasses of the class 

H in which coefficient inequalities which provided sufficient conditions 

for harmonic functions to be elements of the subclasses were obtained. 

Recently Ahuja and Jahangiri [1] defined the class ( ) ( ∈npnH p ,  

{ })...,2,1=N  consisting of all p-valent harmonic functions ghf +=  

that are sense preserving in Δ and h and g of the form 
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A subclass ( )γHG  of H consisting of functions Hghf ∈+=  that 

satisfy the condition 
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10 <≤ r  and α, θ real, was introduced and studied in [4]. We further let 

( )γHG  [4] denote the subclass of ( )γHG  consisting of functions ghf +=  

such that h and g are of the form 
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The differential operator mD  was introduced by Sălăgean [5]. For 

ghf +=  given by (1), Jahangiri et al. [3] defined the modified Sălăgean 

operator for harmonic functions. 

For multivalent harmonic functions ghf +=  given by (2), the 

modified Sălăgean operator has been defined in [6] and is given by 
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In this paper, we introduce a new class ( )γ,,, pnmGH  of Sălăgean-

type harmonic multivalent functions based on the modified Sălăgean 

operator .fDm  For ,10 <γ≤  ,Nm ∈  ,0Nn ∈  nm >  and ,Δ∈z  

( )γ,,, pnmGH  denotes the family of multivalent harmonic functions f of 

the form (2) such that 
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where fDm  is defined by (3). 

Let ( )γ,,, pnmGH  denote the subclass of ( )γ,,, pnmGH  consisting 

of harmonic functions mm ghf +=  such that h and mg  are of the form 
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where ,0, 11 ≥−+−+ pkpk ba  .1<pb  

We note that 

1. ( )γ,1,0,1HG  coincides with the class ( )γHG  [4]. 

2. ( )γ+ ,1,,1 nnGH  coincides with the class ( )γ,nRSH  [9]. 

3. ( )γ,1,, nmGH  coincides with the class ( )γ,, nmGH  [7]. 

4. When ,0=α  ( )γ,1,, nmGH  coincides with the class ( )( )21,, γ+nmSH  

[8]. 
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Here we obtain coefficient inequality which gives a sufficient condition 
for a function f to be in ( ).,,, γpnmGH  This coefficient inequality is 

indeed a necessary condition for f to be in ( ).,,, γpnmGH  As a 

consequence of this inequality, extreme points, distortion bounds are 

obtained for the class ( ).,,, γpnmGH  

2. Main Results 

We derive the coefficient inequality which gives a sufficient condition 
for functions in ( ).,,, γpnmGH  

Theorem 2.1. Let ghf +=  be so that h and g are given by (2). 

Furthermore, let 
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,1=pa  ,10 <γ≤  ,Nm∈  ,0Nn ∈  and .nm >  Then f is sense preserving, 

harmonic univalent in Δ and ( ).,,, γ∈ pnmGf H  
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which proves univalence. Note that f is sense preserving in Δ. This is 

because 
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According to the condition (4) we only need to show that if (6) holds, then 
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where ,θ= irez  ,20 π≤θ≤  10 <≤ r  and .10 <γ≤  

Note that ( ) ( ) ( ) ( )zfDezfDezA nimi αα −+= 1  and ( ) ( ).zfDzB n=  

Using the fact that γ≥wRe  if and only if ,11 ww −γ+≥+γ−  it 

suffices to show that 

 ( ) ( ) ( ) ( ) ( ) ( ) .011 ≥γ+−−γ−+ zBzAzBzA  (7) 
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Substituting for ( )zA  and ( )zB  in (7) we obtain 
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This last expression is non-negative by (6) and so the proof is 
complete. The harmonic univalent functions 
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In the following theorem it is shown that the condition (6) is also 

necessary for functions ,mm ghf +=  where h and mg  are of the form (5). 
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The above required condition (10) must hold for all values of z in Δ. Upon 

choosing the values of z on the positive real axis where 10 <=≤ rz  we 

must have 
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 (11) 

If the condition (9) does not hold, then the numerator in (11) is negative 

for r sufficiently close to 1. Hence there exists 00 rz =  in ( )1,0  for which 

the quotient in (11) is negative. This contradicts the required condition 

for ( )γ∈ ,,, pnmGf Hm  and the proof is complete. 

Next we determine the extreme points of the closed convex hull of 

( )γ,,, pnmGH  denoted by ( ).,,, γpnmGclco H  

Theorem 2.3. Let mf  be given by (5). Then ( )γ∈ ,,, pnmGf Hm  if 

and only if 
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and so ( ) ( ).,,, γ∈ pnmGclcozf Hm  

Conversely, suppose ( ) ( ).,,, γ∈ pnmGclcozf Hm  
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Letting 
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The following theorem gives the distortion bounds for functions in 

( )γ,,, pnmGH  which yields a covering result for this class. 
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Theorem 2.4. Let ( ).,,, γ∈ pnmGf Hm  Then for ,1<= rz  we have 
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Proof. We prove the right hand side inequality for .mf  The proof 

for the left hand inequality can be done using similar arguments. Let 

( ).,,, γ∈ pnmGf Hm  Taking the absolute value of mf  then by Theorem 

2.2, we obtain 
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The following covering result follows from the left hand inequality in 
Theorem 2.4. 

Corollary 2.1. Let ( ).,,, γ∈ pnmGf Hm  Then for ,1<= rz  we have 

{ [ ( ) ( ) ] ( )}.,,,,,,1: Δ⊂γΩ−γφ−−< mpp fbpnmpnmbww  

Remark 2.1. The results of this paper for 1=p  coincide with the 

results in [7]. 

References 

 [1] O. P. Ahuja and J. M. Jahangiri, Multivalent harmonic starlike functions, Ann. 
Univ. Marie Curie-Sklodowska Sect. A 55 (2001), 1-13. 

 [2] J. Clunie and T. Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci. Fenn. 
Ser. A. I. Math. 9 (1984), 3-25. 

 [3] J. M. Jahangiri, G. Murugusundaramoorthy and K. Vijaya, Sălăgean-type harmonic 

univalent functions, Southwest J. Pure Appl. Math. (2002), no. 2, 77-82 (electronic). 

 [4] T. Rosy, B. Adolf Stephen, K. G. Subramanian and J. M. Jahangiri, Goodman-
Ronning type harmonic univalent functions, Kyungpook Math. J. 41 (2001), 45-54. 

 [5] G. S. Sălăgean, Subclasses of univalent functions, Complex Analysis - Fifth 

Romanian-Finnish Seminar, Part 1, (Bucharest, 1981), pp. 362-372, Lecture Notes in 
Math., 1013, Springer, Berlin, 1983. 

 [6] B. Sekar and S. Eker, On Sălăgean type harmonic multivalent functions, Gen. Math. 

15 (2007), 52-63. 

 [7] K. G. Subramanian, T. V. Sudharsan, B. Adolf Stephen and J. M. Jahangiri, 
Sălăgean-type harmonic univalent functions, Gen. Math. (2008), to appear. 

 [8] S. Yalçin, A new class of Sălăgean-type harmonic univalent functions, Appl. Math. 

Lett. 18 (2005), 191-198. 

 [9] S. Yalçin, M. Öztürk and M. Yamankaradeniz, On the subclass of Sălăgean-type 

harmonic univalent functions, JIPAM, J. Inequal. Pure Appl. Math. 8 (2007), Article 
54, 9 pp. 


